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PREFACE.. 



The Preface to Bks. I and II of the " Gradations in Euclid" 
contains most of the observations which can be required from the 
Author. One of them he now repeats ; — "At the present day 
nearly every edition of Euclid's Elements must be more or less 
a compilation, in which the Author draws freely on the labours 
of his predecessors. * The Gradations' are, in a great degree, of 
this character ; and an open acknowledgment will suf&ce, once for 
all, to repel ainy charge of intentionally claiming what belongs to 
others. It is affectation to pretend to great originality on a subject 
which has, like Geometry, for so many centuries exercised men's 
minds." 

Originality has not been the Author's aim, but usefulness. 
With this purpose before him, he has endeavoured to show how 
few, if any, Geometrical Truths are destitute of a practical appli- 
cation. The stigma which some have attempted to fasten on what 
they name, " mere Mathematical Theories," is thus removed, and 
the Science, instead of being repulsive from its dry abstractions, is 
invested with the ever-abiding charm of being both the foundation 
and the builder-up of very many most important practical results. 
In fact, there is scarcely a branch of human knowledge, from the 
art of sketching an outline, to that of spaiming and measuring the 
heavens themselves, which does not depend for its vigour and conf- 
prehensiveness on the aids which Geometry furnishes. 



VI. PREFACE. 

Step by step man ascends the Himalayas and compasses the 
earth; step by step is the Mathematician's course. As in the First 
Part, so in this Second Part of the " Gradations," the same method 
has been pursued. Prefixed to the Proof are references to the 
principles that hare to be employed, and often quotations of the 
very words in which Euclid embodies those principles. These are 
not so fully given, indeed, as in the First Part, for it is presumed 
that familiarity with leading principles and propositions has been 
already attained. Occasionally too, in the steps of the Construc- 
tion and Demonstration, the special reference is not made in the 
margin to the evidence on which an argument or a conclusion rests ; 
but the Learner will scarcely find this any obstacle, if he has 
mastered what he has read. 

It will be well for the Learner thoroughly to consider the refer- 
ences, before he proceeds to the Particular Enunciation, the Con- 
struction and the Demonstration of the Proposition ; — indeed, 
were he of himself to put together the truths with which he is supplied* 
and to see how the new truth is to be deduced from them, he would 
derive the best assistance, that from the reasoning of his 
own mind, to understand and appreciate the fuller proof of the 
formal demonstration. The Memory, no doubt, is a most valuable 
power in acquiring any kind of knowledge, but in Mathematics es- 
pecially it is the understanding and the reasoning faculty that are 
employed to most advantage and developed with greater exactness. 

As an instance of the method reconmiended, let the Learner take 
that important Proposition, 35, III, " If two at, lines cut one another 
within a circle, the rectangle contained hy the segments of one of them 
if equal to the rectangle contained hy the segments of the other,''* After 
weighing these words of the Qeneral Enunciation, let him call to 
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mind tlie seyeral truths contained in the references under the heads, 
"Con.," construction, and "Dem.," demonstration; and if he has 
forgotten any of them let him turn back to the very propositions 
numbered, as 10, I., 3, III., 47, I., &c., and carefully think them 
over. He thus burnishes up his old weapons; and now let him try 
to trace out the connexion between the propositions referred to, and 
to ascertain how they lead to the new proposition which he seeks to 
establish. He will say to himself, here are several undoubted truths 
and facts presented to me; — I have already accepted them as prin- 
ciples of Geometrical Eeasoning, — ^and they are now given that 
I may demonstrate some other truth, or solve some other problem. 
Can I not, with the implements provided, build this new hou se 
and see how, like the others, it is composed of indestructible 
jnaterials ? 

He may rely, that by thus exercising his judgment, he will do 
more, than any mere effort of memory can do, for really under- 
standing and retaining mathematical truths. 

A very full Table of signs and abbreviations is given, and this 
should be consulted until they have become well known. 

Some of the Demonstrations, as in 8, V, and 15, V, have been 
shortened. By the time the Learner has mastered so much of the 
Geometry, he will readily perceive the connexion of the argument, 
and not require the entire fulness of which it is capable ; or, if he 
should, he may be expected to supply it from his own resources. 

The Index was a subject of some consideration. An alphabetical 
Index had been prepared, but it was rejected, because it would have 
occupied too much space. The advantage of learners appeared to 
be more promoted by having the whole of the General Enunciations 



Till. PREFACE. 

of Euclid's Geometry brought together under the heads of Problems 
and Theorems, with their respective illustrations, applications, and 
uses. An alphabetical Index would have facilitated references to 
particular truths, but the consecutive or synoptical Index conduces 
more to the understanding of the whole work, and to the tracing 
out of the connexions of its parts. 

A word or two to those who, from inexperience, do not under- 
stand the difficulty of avoiding errors of the press in a work where 
many signs, abbreviations, and references are used. As a most 
justly celebrated mathematician* has observed, — The Table of 
Corrigenda, at the end of the volume, " may convey an impression 
that the work is incorrectly printed, which is not the case ;" and he 
adds, " If every mathematical work, at its completion, had the 
fruits of some years of examination presented to the reader, I know 
of none which would not have lists as large in proportion to their 
size and the number of symbols contained in them as the present 
one." On this subject the author will simply remark, that should 
" the Euclid Practically applied" attain a second edition, these and 
some other faults will be carefully amended. 

In his Mathematical Preface, " written at his poor House at 
Mortlake, Anno 1570, February 9," " John Dee, of London," 
addressed himself " to the vnfained Lovers of Truthe and constant 
Studentes of Noble Sciences ;" " he hartely wisheth them grace from 
heaven and most prosperous successe in all their honest attempt es 
and exercises." So, with him, I say to all who value good learn- 
ing, " I commit you vnto God's Mercyfull direction for the rest; 
hartily beseechyng hym,to prosper your Studyes and honest Intentes 
to His Glory and the Commodity of our Country." 

October 1, 1861. 
* Db Mosqan, in his Differential and Integral Calculus, a.d. 1842. 
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IX. 



SYMBOLICAL NOTATION AND ABBREVIATIONS. 

I. — Signs common to Arithmetic, Algebra, and Geometry. 



•/ because. 


+ plus, add, together with. 


.-. therefore. 


— minus, subtract, take away 


.• wherefore. 


~ difference between. 


= equals, or equal. 


X into, multiply. 


:^ not equal to, or unequal. 


-f- by, divide. 


> greater than. 


>/ root. 


3> not greater than. 


: ratio. 


< less than. 


: = : equality of ratios. 


<t; not less than. 


: : : : proportion. 



: : : Numbers or Quantities in Progression 

The sig^s >, >, <> "4I> between ratios, as A : B > C: D, or 
A : B > C: D, or A: B < C : D, or A: B < C: D, 
denote that the one ratio is greater than, or not greater than, 
less than, or not less than, &e other ratio, according to the 
sign. 

II. — Geometrical Signs. 



I 



Z. 



a point. * 

straight line. 

parallel, parallel to. 

angle. 

perpendicular to, at rt. /_ s. 



triangle, 
parallelogram. 
D square, l i rectangle. 
circle. 



©ce circumference. 
* When an 5 is added to a sign, or to an abbreviation, the plural is denoted 

A single capital letter, as A, or B, denotes the point A, or the 
point B ; but sometimes, as in Bks. V and VI, the quantity, or 
magnitude. A, B, C, &c. 

Two capital letters, as A B, or C D, denote the straight line A B, or 
C D ; but when the letters indicate opposite angles, they 
denote a parallelogram, or a rectangle, or a polygon, as the 
figure will show. 

A capital letter, or two capital letters, with the numeral ^j^si above 
to the right hand, as A^, or A B^, denote hot the square of 
A, A B, but the squarp on A or A B. 



X. 



ALGEBRAIC EXPRESSIONS, &C. 



Capital letters, with a point between them, as A B . C D, denote, 
not the product of A B multiplied by C D, but the rectangle 
formed by two of its sides meeting in a common point. 



III. — Additional Algebraic Expressions. 



M Magnitude. 

m multiple. 

m A &c. multiple of A &c. 

»i A, »i B, &c. equimultiples of A,B 

&c. 
w ( A + B) multiple of ( A+B) 
w ( A — B) multiple of ( A-B). 
m (A+B — C) multiple of the excess 

of (A+B) above C. 



n orp 
»i + n 

mn 
mnA 

(to + n) A 

pt 
suh-m 



another multiple. 

the sum of the quanti- 
ties TO & n. 

the product of to x n. 

a multiple of A by mn 

a multiple of A by 
TO + n. 

part. 

submultiple. 



III. — Abbreviations, 



Add Addendo, by adding. 

App Application of a Prop. 

Appl Applicandoj by applying 

C. or Con. .Construction. 

C. 1 &c. ..Step 1 &c. of the Con- 

struction. 

Cone Conclusion, inference. 

Cor Corollary. 

Dat Datum, or data. 

t>. or Dem. Demonstration. 

D. 1 &c. .:Step 1 &c. of the Dem. 

£. or Exp. .Exposition, or Particular 
• Enunciation of a Prop. 

Ex Example. 

Gen General Enunciation. 

H. or Hyp-Hypothesis of a Prop. 

H. 1 &c.. .Step 1 &c. of the Hyp. 

L Line. 

'^L or Mfig. Magnitude. 

P. or Prop. Proposition. 



Pon Ponendo, by placing, by 

position. 

Prob Problem. 

Proced ...Precedendo,hj going on. 

Prel Preliminary. 

Prod Product. 

Pst.orPsts.Postulate, or Postulates 

Quaes QucBsitum or Qucesita. 

K Ratio. 

Bee Becapitulation. 

Bemk. . . .Bemaik to be made. 

Sch Scholium or Scholia. 

Sim So, similarly, by similar 

reasoning. 
S. or Sol. . . Solution of a Problem. 

Sum SumCj take away. 

Sup Suppose, or Let. 

Super Superponendo, by super- 

dosition. 

Theor Theorem. 



ABBREVIATIONS 



XI. 



Q. E. D. quod erai demonstrandum, which was the thing to be 
proved. 

Q. E. F. quod erat faciendum, which was the thing to be done. 

adj adjacent. 

ad impo88,»ad impoasibilef to an im- 
possibility. 

a fort a fortiori, by a stronger 

reason. 

alt ahitnde. 

altr alternate. 

antec . . .' .antecedent. 

ang angular. 

assnm aseumendo, by adopting. 

bis bisects, or bisect. 

bisd .bisected. 

bisg bisecting. 

cen centre. 

ch chord. 

com common. 

comp- . .. .compound. 

compl complement. 

con. sup. . .contrary supposition. 

c. scr circumscribe. 

c. scg circumscribing. 

conseq consequent. 

cont continued.. 

conterm ...conterminous. 

contn contain, or contained. 

descr describe, or described. 

descg describing. 

diag diagonal. 

diam diameter. 

diif. difference. 

dist distance, or distant. 

div divide, or divided. 



dapl. . . 


...duplicate. 


eq 


. .equal or equally. 


eq. ang.. 


..equiangpilar. 


eq. lat . 


.. .equilateral. 


ex. ab.. 


.. ,ex absurdo, by an ab- 




surdity. 


ex gr,,,. 


. .. .exempli gratia, 




for example's sake. 


ext . . . 


. , .exterior, or exteriorly. 


extn. . « 


. ..extemallv. 


extr. .. 


. . .extremity, or extremities 


fig.... 


. ..figure. 


gr 


. .greater. 


homol. 


. .homologous. 


hyp 


. .hypotenuse. 


inch. . . 


. . .include, included. 


indef. . 


.. .indefinitely. 


inscr. . 


.. .inscribe, inscribed. 


int.. .. 


. ..interior. 


inters. . 


.. .intersect, intersection. 


intr .... 


internal, internally. 


m or 
mult. ' 


. > multiple 



magn magnitude. 

meas. *. . . .measure. 

mid middle. 

ob obtuse. 

opp opposite. 

par parallel 

parlm parallelogram. 

pent pentagon. 

perp perpendicular. 



Xll. 



ABBREVIATIONS. 



pos position. 

prod produce, produced. 

propl proportional. ' 

pt part. 

qiL ang. ..qnadrangolar. 
qu. lat. .. .quadrilateral. 

rad radius. 

rat ratio. 

recip reciprocal. 

rect rectangle. 

recti rectilineal. 

rectr. rectangular. 

reg regular. 

rem. remaining. 

resp respective. 



rt '. .right. 

sect sector. 

seg segment. 

sem. c. . .semicircle. 

sem. cirf....8emicircumference. 

sim similar to, similarlj. 

sim. sit. .. .similarly situated. 

sq square. 

st straight. 

suppl supplemental. 

tang tangent. 

rap trapezium. 

imdiv undiyided. 

uneq unequal, or unequally. 

vert vertex, vertical. 



GRADATIONS IN EUCLID. 



BOOK III. 



TREATING OF THOSE PROPERTIES OF THE CIRCLE, AKD OF STRAIGHT 

LINES IK AND AROUT IT, WHICH CAN RE DEDUCED FROM 

THE FIRST AND SECOND BOOKS. 

A circle, strictly speaking, signifies the space bounded by a 
circumference, but in this book the term is employed sometimes 
to denote that space, and at other times, the circumference itself. 

Euclid, too, occasionally assiunes from experimental knowledge, 
certain properties of the circle, which a more rigid and exact 
method of reasoning would have established before using them. 
This is the case in the first Proposition itself, where it is taken 
for granted that the perpendicular to the chord of an arc vdll meet 
the circle in two points. In some instances also the method of 
indirect demonstration is adopted, when the more satisfactory 
method of direct proof is available ; examples of this occur in Props. 
2, 13, 16 and 36. 

By restricting the meaning of the term angle to an opening 
formed by two conterminous lines, and less than two right angles, 

B 



2 GRADATIONS IN EUCLID. 

Euclid renders some of his demonstrations, as that of Prop. 21, 
more cumbersome than they need be. 

The Properties of the right-angled triangle, of the drcle, and 
of certain lines in and abont a circle, as the radius, the sine, the 
tangent and the secant, have laid the foundations of by far the 
most extensive branch of Mathematics. Trigonometry, Plane and 
Spherical, resting on these properties and at first "confined to 
the solution of one general problem, has now spread its uses over 
the whole of the immense domains of the mathematical and physical 
sciences." — Labdneb's Trigonometry, p. 3. 

The Learner may therefore enter on the study of this Third 
Book with the assurance, that he is about to cross the threshold 
of one of the most important parts of Plane Geometry. " The 
influence, indeed, of the properties of the circle upon abstract 
mathematical analysis has been so great that an attempt to describe 
the manner in which the means of expression derived from this 
figure has been used, would fill a volume." 

The quaint English Editio Princeps of Euclid, published in 
1570, thus opens to the Header ilie Summary of Bk. lU. 

"This third booke of Euclide entreatetfa of the most perfect 
figure, which is a circle. Wherefore it is much more to be 
cstemed then the two bookes goyng before, in which he did set 
forth ihe most simple proprieties of rightlined figures. For 
saences take their dignities of ihe worthynes of the matter that 
they entreat of. But of al figures the circle is of most absolute 
perfection, whose proprieties and passions are here set forth, and 
most certainly demostrated. Here also is entreated of right 
lines subtended to arkes in circles: also of angles set both at 
tibe drcumf erence and at the centre of a circle, and of the varieiie 
and difference of them. Wherfore the readyng of 'this booke, is 
very profitable to the attayning to the knowledge of chordes and 
arkes. It teacheth moreover which are drcles continget, and 
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which are cattmg the one the other: and also that the angle of 
oontingence is the least of all acate rightlined angles : and that 
the diameter in a circle is the longest line that can be drawen in 
a circle. Farther in it may we leame how, three pointes beyng 
genen how soever (so that they be not set in. a right line) may be 
drawen a circle passing by them all three. Agayne, how in 
a solide body, as in a Sphere, Cube, or such lyke, may be found 
the two opposite pointes. Whiche is a thyng very necessary 
and commodious, chiefly for those that shall make instrumentes 
seruyng to Astronomy and other artes." — Billingsley's Euclid, 
fol. 81. 



Definitions. 

1. Equal circles are those of which the diameters are equal, or, 
from the centres of which the straight lines to the circumferences 
are equal. 

The criterion of the equality of drcles is that their diameters or their 
radii are equal; — ^but this is neither a Befinitioii nor an Axiom; 
properly it is a Theorem, the tnith of which may be proved by super' 
position ; — for if centre be placed on centre and the equal radS or 
diameters on each other, the circumference of the one will in each 
point coincide with the circumference of the other, — ^and thus the space 
included by one circumference will equal Ihe space included by the 
other. 

2. A straight line is said to touch a circle, t. 6. is a Tangent, 
when it meets the circle, and being 
produced does not cut it; as AB tan- 
gent to E F C in 0. 

The point in which the straight line meets 
the circle is the point of contact; the 
straight line "does not cut," i. e. does 
not pass into the circle. A Secant is a 
straight line which, when it meets the 
circle and is produced, passes into the 
circle, i.e., cuts or crosses the circumference; as BHD, secanf^to 
EFCinH. 




4 DEFINITIONS. 

The tenns Tangent and Secant are often restricted in meaning ; — ^the first 
to the line which bj one extremity touches an extremity of the diameter 
at right angles to it, and which has its other extremity terminated by a 
straight line, the Secant, from the centre of the circle across the circum- 
ference ; the second to the line from the centre, across the circumference, 
and terminated by the tangent. Thus BC is the tangent and DB the 
secant of the arc CH, or of the angle CDB measured by the arc; the 
name Cosine being given to the space D K cut off between the centre D 
and the sine ; and Versed Sine to the space K C between 1^ sine and 
tiie tangent point C. 

The term Sine denotes a perpendicular to a diameter from the point where 
the secant crosses the circumference ; as HK. 

The terms Tangent, Secant, Sine, &c., thus restricted, were of continual use 
in Trigonomeby ; and with a widely extended meaning are now con- 
stantly employed. The process is instructive, by which extension has 
been given to Trigonometrical Symbols, and may thus be briefly stated ; 

1. Sine, cosine, &c., at first denoted lines so named drawn in and about a 
circle, with reference to an angle at the centre, and measured by its arc, 
each angle having a different sine, &c., according as the radius of the 
circle was increased or diminished in length. 

2. To avoid these continual diversities, that radius was supposed always to 
be a unit, or rather the unit of measurement for the other lines ; and the 
secant, sines, &c., to be multiples or fractional parts of that unit ; thus 
the sine of 60°, being equal to the radius, was unity, or 1, and the sine 
of 30° was \t or ' 5. The names sines, cosines, &c., in this way lost 
their first meaning ; they denoted, not lines, but the numerical ratios of 
those lines to the radius, and were abstract numbers. 

3. Another btep was to represent the angle itself by an abstract number. 
Degrees wi minutes had been the measure of the central angle, that 
angle was measured by its arc, and the arc bore a numerical ratio to the 
unit (^ measurement, the radius. 

4. A fourth step made the process perfect. Hitherto the sum of the 
angles could not exceed four right angles, but this limit also was to be 
passed. The idea of a line revolving round a point, and continuing its 
rotation after a revolution had been completed, originated the method of 
using angles consisting of more than four right angles. 

Thus angles, sines, &c., were all represented by numbers ; and though 
the old names were retained, Trigonometry which at first was a simple 
application of Geometrical truths, and which still rests on Geometry 
for its foundation, became a branch of the higher Arithmetic, and has 
its operations conducted on arithmetical and algebraical principles. 

3. Circles are said to touch one another, wbicli meet, bat do 
not cut one another. Thus the circle of which L is the centre, 
touches E F C in E, and circle G touches it in F. 
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4. Straight lines are said to be equally distant from the centre 
of a circle, when the perpendiculars drawn to j^ 
them from the centre are equal; thus EF and 
GH are equally distant from C, when perp. 
CA = perp. CB. 




5. And the straight line on which the 
greater perpendicular falls, is said to be 
farther from the centre ; thus I K is farther Jf ~Q 

from C than GH is, because the perp. CD > perp. C B. 

As the distance from the vertex of a triangle to its base is measured by 
a perpendicalar, so the distance of a straight line from the centre of a 
circle is the perpendicular drawn to it from the centre. A Proposition 
analagons to Props. 7 and 8, Book HI., would explain "why the per- 
pendicular from a point on a straight line is called the distance from that 
line." 




6. A segment of a circle is the figure con- 
tained by a straight line, and the circumference 

which it cuts off; as the fig. A B C A. A^ 

« 

"A figure included by an arc and its chord is ^v / A \„ 

a segment."— Labdnbe. ^ f Q> jE 

The straight line of a segment, as AB, is named \ 
the chord, and the circumference it cuts off the 
arc, as ACB. Every chord, except a diameter, — ^.. 

diyides the circle into unequal portions. The F 

division of the circle by a diameter makes semi-circles, D CE, and DFE- 
by two diameters, bisecting at right angles, quadrants, as DF, Pe! 
Two arcs ACB, AFB, having the same chord AB, evidentiy make 
up the whole circle. 

7. The angle of a segment is that which is contained by the 
straight line and the circumference : as angle ABC contained bv 
ABandthearcBCA. ^ 



8. An angle in a segment is the angle con- 
tained by two straight lines drawn from any 
point of the circumference of the segment, to the 
extremities of the straight line which is the base 
of the segment; as Z. ACB, or Z ADB. 




DEFINITIONS AND AXIOM A. 




9. An angle is said to insist , or, stand upon the circumference 
intercepted between the straight lines that contain the angle; as 
Z. ACBonarc AEB. 

10. A sector oi a circle is the figure contained by two straight 
lines drawn from the centre, and by the circumference between 
them; as ACB. 

Sectors are equal when they have equal radii and 
equal angles ; for bj superposition their boun- 
daries coincide in every respect. 

Certain Sectors of a definite size are known by 
definite names ; as the Quadranty a sector of 
which the arc is 90® ; the Sextanty of 60° ; the 
Octanty of 45°. 

11. Similar segments of circles are those 
in which the angles are equal, or which contain 
equal angles ;aszACB=Z.DFE. 

The idea of similarity here introduced belongs to A 
all regular figures : all squares, equilateral 
triangles, hexagons, &c. are similar, though not 
equal, — the similarity depending on the equality 
of the angles. Figures become identical "^Ylgh 
their sides as well as their angles are respectively 
equal each to each. 

12. Concentric circles are such as have a 
common centre; thus, circle A and circle B have 
the same centre C. 






Axiom A. 



" If the distance of a point from the centre of a circle be less 
than the radius of the circle, the point is within the circle; and if 
the distance of a point from the centre of a circle is greater than 
the radius, the point is without the circle." — Hose, p. 300. See 
also SoH. 2, Pr. 1, III. 



PROP. I. — ^BOOK m. 



PROPOSITIONS. 



Prop. 1. — Pros. 
To find the centre of a given circle. 

Sol. — ^Pst. 1. Let it be granted that a st. line m&j be drawn fiom any 

one point to anj other point. 
10, 1. To bisect a given finite st. line. 
11, I. To draw a st. line at Tt,/_8 to a given st line from a given point 

in the same. 
Pst. a. A temunated line maj be produced to any longfih in a st. line. 

DxH. — ^Def. 15y L A is a plane figure contained by one line, which is 
called the circumference, and is such that all st. lines drawn fix>m a 
certain point within the figure to the 0ce are equal to one another. 

S, L If two As have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal, the angle which is 
contained by the two sides of the one, shall be equal to the angle con- 
tained by the two sides equal to them of the other. 

Def. 10, 1. When a st line standing on another st. line makes the adj. 
/_B equal to each other, each of these /.s is called a rt. /. ; and the 
St. line which stands on the other is called a perpendicular to it 

Ax. 1. Things which are equal to the same thing are equal to oneanotherr 



E.l 
2 


Dat 
QiiaBS. 


C.l 


Pst. 1. 10,1. 


2 
3 


11. 1. 
Pst. 2. 10,1. 


4 


Sol. 


5 
6 


Assum. 
Pst. 1. 



Let AB G be the giren © ; 
to find its centre. 

Draw aay diord AB, and 

bis. it in D ; 
at D draw DC X AB; 
prod. CD to E, and bis. 

CEinF; 
then • F is the cen. of 

ABC. 
If not, take 6 as the cen ? 
and join G A, GD, GB. 
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GRADATIONS IN EUCLID. 



D. 1 

2 
3 

4 

5 
6 

7 
8 



C.l,I)ef.l5,I 

8,1. Def.10,1 
C 2. Ax. 1. 

ad imposs. 
Sim. 
C. 3, 

Def. 15, I. 
Cone. 



In A 8 ADG, BDG V DA= D B, GA= G B 

& GD com. 
.-. z:ADG=zBDG, /. BDGisart.z. 
But V Z FDB is a rt.Z. /. ZFDB=Z. 

BDG, t. e, the less = the gr. ; 
an impossibility /. G is not the cen. 
So, no point out of C E is the cen. 
And •/ CE is bis. in F, 
/. any other point in C E is not the cen., 
.'. No point but F is cen. of ©ABC. 

Q. A. F* 



Cor. — If in a Q a sL line, CE, bisects- another y AB, at rt. l_Sy 
the cen. of the Q is in the line, C E, which bisects the other. 

ScH. — 1. When the • G' is ta^en in the diam. CE, the demonstration holds 
good only if G' coincides with E; should this not be the case, it is evident that 
G' C 9^ G'E /. G' is not the cen. 

2. The rigour of the reasoning would have been greatly promoted, if Euclid, 
previously to the above Problem, had established the following proposition ; Attjf 
point, T>,fig' I, E, fig. 2. being assumed within aQ, a rt. tine, HD or HF, 
drawn through it and produced indefinitely in both directions, unU meet the m 
two points, and not in more ; and every point of the line between these two points 
of intersection will be within the Q, and every point beyond them without it — 
Lasdneb's Euclid, p. 91 

I. Let H D through D, also pass through the cen. C. Fio. I. 



C 
& 

D 



1 
2 

3 

4 

5 
6 



Pst. 3. 
Cor. 3, 1. 

Ax. A. m. 
3.1. 

Ax. A.m. 

3.1. 
Def. 15, 1. 



Prod. H D indef. in both directions ; 
& from C makeCK, C Leach > C B, 

CA; 
.*. the • 8 E & L are without the 0. 
Also from C make C D, C H each 

< C B, C A ; 
.*. the • s H & D are within the 0. 
Lastly, from C make C B, C A each 

= rad. C E ; 
.*, the • s A & B on the 0ce. 




n. Let H F through F riot pass through the cen. C. 



C 1 
& 2 
D 
3 

4 

5 



11 L 

19, L a fort 

Cor.3. 47,L 

3, L Pst. 1. 

D.3.&47, L 



From C draw CD ±FH; 
•.•CD<CF&CF< 

rad. C A.'. CD < CA. 
Find A D« = rad.2-C D", 

t. c. CA«- CD*, 
from D set D A =: D B 

& join C A, C B. 
VBD»orDA« + CD« = 

rad.« /. C A=CB = rad. 



Fio. 2. 




PROP. II. BOOK III. 



6 

7 

8 

9 
10 

11 



Def. 15, L 
C&Ax. A 

19,1. 

Ax. A. 

Cone. 

Becap. 



.*, the • s A & B each on the 0ce. 

Again '.• D F < D A < rad. C A .•. P is within 

the©. 
And •/ from G or H in AB produced, CG, or CH 
. > rad. C A ; 

.'.the • 8 G & H are without the 0. 
'Hence the st line H F meets the 0ce onlj in two 

points. 
\ Any point being assumed, ^c, Q. E. d. 



Use. — 1. Practically the centre of a is found, hy 
hisecting any chord, A B with a perp. C E, terminated in 
the 0ce ; and C E being bisd. in F, F is the centre. 

■ 

2. The First Prop. bk. m. is applicable to all cases 
in which the centre of any circular object, as of the hori- ^ 
zontal section of a tree, may be required. A circular disk of 
metal, a wheel, a flower-bed, any object possessing the 
circular form wUl have its centre found in the same way. 




Prop. 2. — Theor. 

If any two points be taken in the circumference of a circle, the 
straight line which joins them shall fall within the circle. 

ft 

Coir. 1, HL Pst. 1 & 2. 

Dem. Def. 15, 1. 
5, 1. The angles at the base of an isosc. A are equal to each other ; and 

if the equ^ sides, be produced, the /,s on the other side of the base 

shall be equal. 
16, L If one side of a A be produced the ext. /_ is greater than either 

of the int. opp. angles. , 

19, 1. The gr. /. of every A is subtended by the gr. side^ or has the gr. 

side opposite to it. 



El 
2 



Hyp. 
Cone. 



Let A B C be 0,ittid A B any two • s in the 0ce; 
the St. line from A to B within the 0. 
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GRADATIONS IN BUCLIB. 



Sup. — If not within^ and it is possible, let it be without^ as 
AEB. 



C. 1 



D. 1 



4 
5 

6 
7 
8 
9 



1. III. Pst. 1. 

Aamm. 



Pst. 1 & 2. 



Def. 15, 1. 5, 1. 

C. & 16. L 

D. 1. 

19.1. 
Def. 16,1, ad imp. 

Cone. 
Sim. 
Cone. 
Eecap. 



FindDcen-of ABC, 
&joinDB, DA ; 

in 0ce A F B take any 
• F; 

join D F, and prod, it to 
meet A B in • E. 




M B 



Then •.• D A = D B, 

/. z DAB =21 DBA; 

& V ABin A DAE is prod. toB; 

/. ext. Z DEB > int. & opp. Z. DAE. 

Bnt Z. DAE = zl>BE; 

/. z, DEB >Z BBE; 

and /. DB > DE. 

Now DB = DF .-. DF> DE; an 

impossibility ; 
.•, the line from A to B not without the . 
So, AB does not fall upon the 0ce; 
/. AB is within the 0. 
*. If any two points be taken ^'C. 

Q. E. D. 



Cor. 1. — A at, line, A B, cannot cut the Qce of a Q in more 
points than two ; for, every st. line joining any two points in the 
0ce falls within the 0, neither co-inciding with any other points 
in the 0ce, nor meeting it except in the two given points. 

Cor. 2. — A st, line which touches a circle meets it only tin one 
point. 

Cob. 3. — ^A circle is concave towards its centre. 



ScH. — ^Instead of the ex absnrdo demonstralion cOMb Proposition, a direct 
method of proof, founded on Axiom A, bk. nL was given by CoiaujsrDTNBf 
who lived between AD. 1509 and 1575 ; he applied himself to mathematics at 
Verona, and in 1572, at Fesaio, published Eaelid's JSlementa m ^Sbxa books, 
in Latin. 



PBOP. ni. — ^BOOK III. 
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In the given line AB, take any • E; 
find D cen. of the ; and join DA, 

DE, DB. 
VinADAB, DA = DB; 

/, 2iI>AB=Z.DBA; 
and V in A AED, AE is prod. 

toB, 
/, ext. /_ DEB > int. and opp. A' 

Z.DAE; 
hut Z. DAE=:2l DBE; 

/. ZI>EB> Z.DBE. 
But Z. D EB > 2i DB E /, DB > D E ; 
». e. DE the dist. of E from D < DB the rad. 
.*, the • E is within the circle. 
So is every • hetween A and B ; 
/. the line AB, joining A and B falls within the 0. 

Q. E. D, 



Use. — On this proposition are grounded those which show, that a circle 
touches a st. line in only one point; for if the st. line touched two points of 
the 0ce the st. line would be drawn from one point of the 0ce to the other, 
and consequently would fall within the circle, contraiy to the very definition 
of such a Ime, that it does not cut the circumference. THEODOsnis of Tripolis, 
a mathematician who lived some time after the reign of Trajan, compiled a work 
on the Properties of the Sphere and of the circles described on its surface, an 
edition of which was published at Oxford in 1675 : he used Prop. 2. bk. in. to 
demonstrate that a Globe resting on a plane surface cannot touch the plane in 
any but a single point ; otherwise the plane would enter the globe. 



C. 1 
2 


Assum. 
l,in.Pst.I. 


D. 1 


Def. 15,L5,I 


2 


C. 


3 


10, L 


4 


D. 1. 


5 
6 

7 
8 
9 


D. 4. 19,1. 
Hemk. 
Ax. A. ill 
Sim. 
Cone. 



Prop. 3. — Theor. 

If a straight line drawn through the centre of a circle bisect a 
straight line in it which does not pass through the centre, it shall cut 
it at right angles; and conversely , if it cuts it at right angles y it shall 
bisect it. 

Con. 1, m. Pst. 1. 

Deh. Def. 15, L 8, 1. Def. 10, L 5. 1. 
26, 1. If two As have two /.s of the one equal to two /,s of the other, 
each to each, and one side equal to one side, viz., either the sides adj. 
to the equal /.s in each, or the sides opp. to them, then shall the other 
sides be equal, each to each, and also the third ^ of the one to the 
third Z, of the other. 
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OBADATIOKS IN EUCLID. 



E.l 
2 



C.l 



Hyp. 1. 
2 



j> 



Cone. 1. 



» 



2. 






1, III. Pst. 1. 



Let AB C be a circle ; 
& CD a straight line 

throngh E the cen. 

bisg. A B a st. line 

not through E ; 
then CDcutsAB J. 

inF; 
& if i. in F, A F = 

FB. 
Take E cen. of ©, 

&joinE A, EB. 




I. ITie st, line CD shall cut AB at rt, /_8. 



D.l 

2 
3 



H 2. & C. 

Def. 15, 1. 8, I. 
Remk. Def. 10, 1. 

Cone. 



•/ A F = F B, and FE com. to as 

A F E, B F E ; 
& V EA=EB.-. ZAFE==ZBFE; 
& being adj. Z.s .'. Zs AFE & BFB 

rt. /.s. 
*. CD through E, bisg. AB not through 

E, cuts AB at rt. ^is. 



n. Also CD cutting AB at rt, Lh ^«'«- A.B, i,e, AF=FB. 



D.l 
2 
3 

4 
5 



Def. 15, 1. 5, 1. 
Def. 10, I. 
D. 1, 2 & C. 

26,1. 
Bee. 



V EA=EB .-. L EAF=Z.EBF; 

andrt. L AFE=:rt. L BFE; 

Thus Z-sEAF, AFE=Z8EBF,BFE, 

& EF com.; 
/. AF = FB, Le, AB is bisd. 
', If a st, lint be draum, ^c. q.b.d. 



Cob. 1. — A st. line E F, bisecting any chord, A B, at rt, Z*i 
passes through the centre E of the circle. 

Cor. 2. — All chords, A B, G H par, to the tang, C K, at either 
extremity of the diam. CD, are bisected by the diam. 

Cor. 3. — The st, line which bisects AB, the com, chord of two 
circles, ACB, ALB, at rt, L «, passes through E ^ D, <Ae centres of 
both circles. 



PROP. III. ^BOOK III. 
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Cor. 4. — Wh^n in a circle there are several chords, AB, GH 
par. to each other the locus of their points of bisection is in that diam, 
CD, which is at rt. Ls to them; and if the line, CD, which bisects one 
chord be aperp. that line bisects all the par. chords at rt, /is. 

ScH. — This Prop, might be more briefly given ; "If a diam. cut any other 
chord at rt. /_8, it shall bisect it ; and conversely, if a diam. bisect any other 
chord, it shall cat it at rt. ^*e." 

Use awd App. — The use of this Prop, extends to the various cases, in 
which arcs, or circles, have to be drawn, and their centres ascertained ; as, — 



L Given a circle, ABC, to find its centre, as in the last figure. 



S. 1 
2 
3 

D. 1 
2 



Pst. 1. 10,L 11,1. 

P8t.2. 

10. L 

C. 1. Cor. 3, m. 

C. 2., Dec 16, 1. 



Draw any ch. AB ; bis. it in P by the perp. E F ; 
prod. EF to • 8 C, D, forming diam. CD ; 
bis. CD in E ; and E is the centre. 
'.• C D bis. A B _L /. D C through the centre ; 
•/ CD is a diam. /. its mid. • E cen. of 

Q* E. F. 



n. Given an arc AB D, to find the cen. of the Q of which it is an arc. 



S. It Asstan. 

2 Pst. 1. 

3| 10, 1. & 11, L 

SoL 

D. 1 Cor. 3, m. 

2i Cone. 



Take any • B, between the ex- 
tremities of the arc ; 

from B draw chords to A & D ; 

bis. AB & B D by perps. from 
F & G, meeting in C ; 

then, the intersecting • C is the 
centre. 

*.* the cen. lies in FC & also 
inGC; 

.*. it must be in the interseclr 
ing • C. 




N.B. With rad. C A, or C D, the circle, AB D E, may be completed. 



HL Through three points, A, B, D, not in a st line, to draw a circle^ 



S. 1 
2 
3 

4 



Pst. 1. 10, 1. 
11. L 
Cor. 3, HL 
Pst. 3. 



Join AB, B D, and bis. them in F, G; 
at F & G raise perps. intersecting in G ; 
C is the centre of© through A, B, D: 
and with rad. A C, or B C the circle 
may be drawn. 



N.B. The Dem. is given in Prop. 9, m. 




'^^^.E--'' 
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OBADATIONS IN EUCLID. 



IV. In Trigonometry we show Ist, by this Prop., in the last figure but one, 
that the half chord F B or FA of an arc A H B is peip. to the semidiam. C H, 
and consequently is the Sine of the half arc H B, or H A ; 2nd, that the sides 
of a triangle (4, VL) haye the same ratio as the sines of their opp. anglea. 

y. In the last figure but one, That part of the perp. to the chord which 
passes through the centre and is intercepted between the centre and the chord, 
namely, CF, is called the versed sine (see note to Def. 2, p. 4) ; and the radius, 
semichord, and versed sine form respectiyely the hypotenuse, base and perp. of 
a rt. angled triangle, and by 47, I., when any two &re measured, or given, the 
third may be fou nd ; — for, 

rod, s= ^ae mich,^ + vers, sin ^ ; semich. = ts/radJ* — vers, sin^ ; 

and vers, sine = s/rod,* — semich? 



Prop. 4. — Theor. 



If in a circle two straight lines cut one another^ which do not 
both pass through the centre, they do not bisect each other. 

Con.— 10, L 1, m. Pst 1. 

DEM.--Def. 16, 1 8, HL 
Ax. 11. All rt. l_% are equal. 
Ax. 9. The whole is greater than its part. 



E.l 
2 



Z 



j> 



Hyp.l.l Let AB C be a circle ; 

2. & A C, B D two St. lines cutting 
in E, but not both througb cen. F ; 
then AC, B D do not bis. one another ; 
i.e. E not mid. . both of AC & BD. 



Cone. 




Sup. I. Let ^D pass through the centre and AC not. 



C. 
D. 



10,I.Def.l5,I. 
Def. 15, I. 



Bis. BD in P, then P cen. of 0. 
V FB = FD .-. E not mid. . of BD; 
i. e. B D not bisected in E by AC. 



PBOP. V. ^BOOK in. 
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Sup. n. l£t neither AC nor BDpass through the centre. 



E.1 

C. 

D.l 

2 

3 

4 
5 
6 
7 
8 



Hyp- 

1, IDL PsL 1. 
H. 

3. in. 

H. 

3, in. 

Ax. 11. 
Eemk. Ax. 9. 
Cone 
Bee. 



If possible let both AE = 

EC and BE = ED. 
Find F the cen. and join FE. 
•/ F E through cen. F, bis. J 

AC not throngh F, J^^ 

/. FE cuts AC±, and FE A 

is a rt. /_. 
Again, v FE through cen. F 

bis. B D not through F, 
/. FEcutsBD ±, and FEB is art. Z- 
/. FEAart. Z = FEB art. /!_, 
i, e. a part = the whole; — ^an impossibility; 
/. AC and BD do not bisect eadk other. 
'. If in a circle two at, lines, ^c. q.s.d. 




Cob. — No parallelogram except a rectangle can he inscribed 
in a circle. 



D.l 

2 

3 



C. & 34. 1. 

Def. 15, L 
8, 1. 34, 1. 

Cone. 



*/ the diags. are diams. •*« the diags. bis. each 

other in their centres. 
/. the diags. are equal. 
And •.' the suppl. Z.s are equal; 
/. each Z. is a rt. Z » and all the /_ s are rt. Z. s. 
i, e. the inscribed fig. must be a rectangle. 



Use. — ^The fourth Prop, has been employed to determine the eccentridfy 
of the Snn's apparent path, or of the Earth's orbit described in a year. 

In an eccentric wheel the distance of the fixed point, or centre of rotation, 
E, round which the revolution is performed, from E, the centre of the wheel, 
wiU be found in the same way. 



Prop. 5. — Thbor. 



If two circles cut one another, they shall not have the same centre, 

C0N.-^P8t 1. 

XhEM.— Del 15, L Axs. 1 & 9. 
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ORADATI0H8 IH EUCLID. 



E.1 
2 



Hyp. 
Cone 



Let the two ©s ABC, CDG 

cut in • s B & C; 
then, they haye not the same 

centre. 



Sup. — If possible let E he the cen, of 
both circles. 




C.l 



Pst. 1. 



D.l 


Sup. Def. 15, 1 


2 


» ?> 


3 


D. & Ax. 1. 


4 


Bemk. Ax. 9. 


5 


Cone. 


6 


Bee. 



Join EG, & from E draw a st. Hne EFGH, 
meeting the 0s in • s F & O. 

V Ecen. of © ABC /. EC = EF. 

V Ecen. of © CDG /. EC = EG. 
But EC = EF /. EP = EG, 

i.e. the less = gr.; an impossibility; 

/. E not the com. cen. of ©s ABC, CDG. 

•. If circles cut one another, ^c 

Q. E, D. 



8cH. — "This proposition may be better an- 
nounced thus : * Concentric circles cannot meet, and 
that which has the lesser radius will be included within 
the other.'" — ^Lasdnbb, p. 94. 

For •/ C A < CB /. © A within © B. 




Pbop. 6. — Theob. 



If one circle touch another internally, they shall not have the 
same centre. 



Con. — ^Pst. 1, 

Dax.— Def. 15, 1. Azs. 1 & 9. 



E.1 
2 



Hyp. 
Cone. 



Let © CDE touch © ABC inter- 
nally in C ; 

they haye not the same cen. . 
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Sup. — If they have the same centre let it he • F. 



C. 

D.l 
2 
3 
4 
5 
6 



Pst. 1. 

Sup. Def. 15, 1. 

D. 1. & Ax. 1. 
Bemk. Ax. 9. 
Cone. 
Eec. 



Join PG, and from F draw a st. line FEB, 

meeting the s in • s E & B. 
•/ F cen. of © A B C /. F C = FB; 
V F cen. of C DE .-. F C = F E; 
Bnt FC = FB /. FE = FB, 
t. e, the less = gr. ; which is impossible ; 
/. F not the com .cen. of 0s ABC, CDE. 
•. If one circle touch another internally^ ^c. 

Q. E. D. 



ScH. — ^Props. 5 & 6 may be combined into one; ''circles with a common 
centre do not touch either externally or internally:" for the cu*cle with the 
kss radins will have every point within the circomference of the other, and con- 
sequently does not meet the other in any point whatever. 



Prop. 7. — Theor. 

If any point which is not the centre he taken in the diameter of a 
circle, then, 1st, of all the straight lines which can he drawn from it to 
the circumference, the greatest is that in which the centre is, and the 
other part of that diameter is the least ; and, 2nd, of any other st. 
lines, that which is nearer to the line which passes through the centre is 
always greater than the one more remote; also 3rd, those lines which 
make equal angles with the diameter are equal ; and, 4ith, from the 
same point there can he drawn only two equal st. lines, one upon each 
side of the diameter. 

Cow. — ^Pst. 1. 23, I. At a given • in a given line, to make a recti. /. 
eqnal to a given recti. /_. 

3, L From the gr. of two given lines to cut off a part equal to the less. 

Dem. — 20. L Any two sides of a A are together gr. than the third side. 

Def. 15, 1. Ax. 9. 

24, 1. It two As have two sides of the one eqnal to the two sides of the 
other, each to each, bnt the /. contained by the two sides of the one 
gr. than the /_ contained by the two sides of the other, the base of 
9iat which has the gr. Z_ shall be gr. than the base of the other. 

Ax. 5. K equals be taken from unequals the remainders are unequal. 

4. L If two As have each two sides and the included /_ of the one 
equal to two sides and the included ^i of the other, the As are equal in 
every respect. — ^Ax. 1. 
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ORAOAXKtKB nC JI1T0US. 



E.1 


Hyp. 1. 


2 


n 2. 

• 


3 


n 8. 


4 


CoxK. 1. 


5 


,t 2. 


6 


w 8. 


7 


„ 4. 


8 


„ 5. 


C.l 


Pst. 1. 




Let ABCD be a Q and AD 

its diam. 
and in diam. AD any • F 

not the oea. 
and let E be the centre; ^' 
First, then of all st. lines FB, 

FC, FD &c. frOTi F to 

©ce. 
FA through cen. E tiie 

greatest, 
FD the other pt. of diam. AD the least; 
Second, of any other lines, 
FB nearer to FA > FG more remote md FC > 

FG; 
Third, lines FB, FI making equal /, s mth diam. AD. 
the line FB = the line FI. 
and Fourth, of lines from the same • F to the ©ce, 
only two eq. lines, F G, F H, one" on each side of 

diam. AD. 
Join BE, CE, GE. 



"Lf^A line FA through cem^ E > <my other Une oa BF« 



D.l 
2 



20. L 
Def.16, 1. 



V two sides of a A > third side /. BE + EF 

>BF, 
but AE = BE .% AE + EF ix. FA > FB. 



IL — The other part of the dkm.^ FD < ani^ other Ime FG. 



D.l 



5 
6 



2 Ax. 9. 24, I. 
S Situ, 
420.I,Def.l5,I 



Def. 15, 1. 0.1 Again v BE = CE & FE com. to asBEF, 

CBF, 
but Z.BEF > ZCBF .•. BF > GF; 
So GF > GF and GF > DF. 
Also V GF + FE > GE,andEG»BD; 
/. GF + FE > ED. 
taie away* com. pt, F B /. rem. GF > rem. 

FD. 
.% Of all St. lines from Fa • not the cen. to 

the ©ce, 
FA through cen. E is the greatest, andFD the 

least; and 



Suh. Ax. 6. 
Cone. 



PKOP. Vn. — ^BOOK III. 



1^ 



in. — Line BF nearer diam. > GFmore remote ^ CF > GF. 

IV,— The lines FB, FI, making with AD z BFA= ZiFA, 
are equal. 

Suppose one to be gr. £. c. FB > FI. 
C. 



D.l 

2 
3 



3, I. Pst. 1. 
C. & H. 

4, I. 
Def.l6,I.Ax.I. 

Cone- 



Make FL = FI and join EL and EL 

Tn AS FLE, FIE v FE com., FL =s FI, 

& z BFA=:*Z IFA, 
.% EL = EI; 

but EI = EC /. E€ = EL. 
i, e, a, port = the whole, which is absurd. 
/. Neither FB nor FIthegr.; 

I. e.FB =: FL 



V. — Also indff two eqtud lines, FG, FH, from •¥ to the ©ce. 



C. 



D.l 

2 
3 

4 
5 
6 

7 
8 



23. L Pst: 1. 



Def. 15, L C. 

4, L 

Bemk. 

Sup, 

C. Ax. 1. 

Eemk. 

Case III. 

Eee. 



At E in EF make Z FEH =: Z FEG, 
and join FH. 

V GE = HE, EFcom. and z GEF = 
Z HEF, 

A FG = FH, 

And from F to 0ce. no other Bne = FG, 

If possible let FK = FG; 

V FK = FG ='FH /. FK = FH, 
i, e, a line nearer the diam.=a line more remote, 
which has been proved to be impossible. 
Therefore, If any point which is not the centre, 

^C, Q. E. D. 

SoH. — If i^m a point, within a cirde, not tliiB centre, as F, a st. line of 
indef. length, as FX, revolve so as in each part of its revolution to be terminated 
or eat off hy the circamference, as in A, B, C, G, D ; its maximum length 

FA, wHl be attained when it coincides with that part of the diam. A D, in 
winch E the centre is ; and its minimum FD, when it coincides with the other 
pert of thediam.; and the nearer F X, is to the maximum the greater it is, as 

FB, and the nearer to the minimumy the less, as F G. 

Use. — Theodostus, mentioned p. 11, by aid of this proposition proves 
that, if from the pole of the world, which is not the pole of the horizon, 
(for the zenith is its pole) several arcs of great circles be drawn to the circum- 
ference of the horizon, the greatest arc shall be that part of the meridian which 
passes through the zenith. 

By this proposition we may also prove that the Earth being in Aphelion 
is at the greatest distance from the Sun, in Perihelion, at the least ; and so for 
an the other pl^ets. 
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Prop. 8. — Thkor. 



If any point he taken without a circle, and straight lines he 
drawn from it to the circumference, whereof one passes through the 
centre; 1st, those which make equal angles with the line passing through 
the centre are equal ; '2nd, of those which fall upon the concave circum- 
ference, the greatest is that which passes through the centre; arid of 
the rest, that which is nearer to the one parsing through the centre 
is always greater than one m>ore remote; hut, Srd, of those which fall 
upon the convex circumference, the least is that hetween the given point 
without the circle and the diameter, and of the rest, that which is 
nearer to the least is always less than one more remote; and, Ath, only 
two equal lines can he drawn from the same point to the circumference, 
one upon each side of the line which passes through the centre. 

Con. 1, m, Pst. 1. 3, L 23, 1. 

Dem. 4, 1. Def. 15, L Ax. 1 & 2. 20, 1. Ax. 9. 24, 1. Ax. 6. 
21. 1. If from the ends of the side of a A there be drawn two st. lines 
to a • within the A, these Unes shall be less than the other two sides 
of the Ay but^shall contain a gr. /.. 

Let ABC be a and D any 

• without it; 
from • D let st. lines DA, 

DE, DF, DC, and DO be 

drawn to the ©ce; 
Of these let D A pass through 

cen. M, 
and D E, D make with D A, 

Z ADE= z_ ADO; 
the line DE = KneDO; 

1st. Of lines incident on A'EYG 

the concave Qce, 
the greatest is D A passing through cen. M ; 
and any line nearer D A is > a line more remote, 

i.e. BE > DFandDP > DC: 



E.l 


Hyp. 1. 


2 


,, 2. 


3 


„ 3. 


4 


„ 4. 


5 


Cone. 1. 


6 

7 


» 2. 
11 3. 
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E.8 
9 

10 



C.l 

21 



Cone. 4. 
5, 



j> 



99 



6. 



1, ni. 

Pst. 1. 



2nd. But of lines incident on HLKG the convex Qce^ 

the least is D G, between • D and diamj. G A ; 
and any line nearer D G < a line more remote, 
i. e. DK < DL and D L < DH. 
Also only two equal lines, D B and D K, from • D 
to 0ce, can be drawn, one upon each side of DA- 

Take M the cen. of ABC 

and join MO, ME, MF, MC, MH, ML, and MG. 



C. 

D.l 

2 
3 
4 
5 



I. The St. lines DE and DO are equal, making equal /_ s with DA. 
Sup. If possible let D > D E. 

Make DP = D E, and join M E, MP. 

In AsMPD, MED v MDcom. DP=DE 

and Z ADE = /. ADOor ADP; 
.-. MP = ME. 
But MQ = ME /. MP = MQ, 

t. e. a part ^ the whole, which is absurd ; 

.-. Neither D nor D E gr., i. e. D O = D E. 



3, I. Pst. 1. 

C. and H. 

4,1. 

Def.l5,I.Ax.l 
Ax. 9. 
Cone. 



II. Of lines incident on AEFC the concave 0oe, DA through the cen. 
is greatest, and DE, nearer DA is > DP more remote, and DF > DC ; 



D.l 
2 
3 

4 

5 
6 



Def. 16,l.Add, 

Ax. 2. 

20,1. 
Def.l5,I.Ax.9 

24,1. 

Sim. 

Cone. 



V AM = ME, to each add MD; 
.-. AM + MD, i.e. AD = EM + MD; 
but EM + MD > ED /. AD > ED. 
Again V ME = MF, MD com. & /. EMD 

> Z FMD, 
.-. ED > FD. 
In like manner FD > CD. 
/. DA through cen. M is the greatest, DE > DP 

&DF > DC. 



m. 0^ lines incident on "RliKG the convex Qce, DG, between 
D and the diam. AG, is the least, DK < DL & DL < DH. 



D,l 
2 
3 



20, L Def. 15,1 
Ax. 5. 
C. 






MK + KD > MD, & MK = MG; 
/. rem. KD > rem. GD; i.e. GD < KD, 
& \* M L D is a a , and from • s M, D, extra, 
of one side MD, MK & DK are drawn to 

• K within the a : 



22 OBADATIOMB m BWhlD. 

D.4| 21, 1. j A MK + KI>< ML + LD; 

6 pef.l5,LAi.5 but MK = ML .*. rem. KD < rem. LD. 
6 Sim. In lite maimer D L < D H : 

7| Cone. I .', Da the least, DK < DL & DL < DH. 



TV. Also only two equal St. lines Ci 
the Qce, one on each side of AS the lin 



n he drawn from the ■ D to 
which passes through cen. M. 



1, L Pst. 1. AtMinMDmake /. DMB = z. DMK,& 
joinDB 

■.- in AS KMD, BMD, MK = MB, MD 

com. & Z KMD = Z HMD; 
.-. DK = DB. 
Remk. But besides D B no other line firom • D to the 

©ce = DK; 
Sup. If there can, let it be D N ; 

D.i&3,Ax.l. V DK = DN&also = DB .*. DB = DN" 
Bemk. i.e. a line nearer the least ^ one more remote; 

D. II. 7. but this has been proved to be impossible; 

Couo. .-. No Une but DB = DK. 

There&re, If ant/ point be taken, &a, u.e.d. 

8oE. 1. — The concave and convex porta of a ciicomfersnca are detenained 
br the tongenU from a, point external to the circumference. All the parte of the 
ciTcumfereDce which ore farther from the external point than the tangent ptnnts 
of the circle, are eoncave with respect to that point ; and tbo«e nearer to the 
eUetnal point than the tangent points are convex. 

ScH. 2. — A propodlion, analagonB to Prop. 7 & B, explains whf in Dei. 4, 
m. and in U & 15, m. the perp. from a point oat of a Bt line to Uie line is 
called the dUtance tk the point &ma or to Ae line. — Eo8b, p. 302. 



Ifany ■ C he taken mU of a tt Um A.^ 

C F, C G, from that ■ to the M. line, the 
least, C D, shall be that which U perp. 
to the It. line ; and of the rest, CE, CF, CG, 
Aat aMck is nearer, luCE, to the perp., shall 
ofHiijM be leas than that, CF or C G, lohich i* 
more renutte ; and from lhi» • C then can be 
' n to t^ tt line AB, only one tt. line ^ 



OtA qf aU St. lines, C D, C E, 



. C, ( 



n the app. 



n0F^ Tm.->-4K>0K in. 
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L Theperp.C'DutUUMtUne/rmCioABt CX>CD,C]r>CE 

V Z.CDBi»airL Z» /. Z CBD<art Zl 
Ifnot,m A CDE, /.sCDEH- CED<twort ^s; 
which is impossible. 

/. /_ CDE > Z CBD /. CE > CD. 
Also V Z CED<art. Z .'. Z CEF>art. Z- 
and in like manner Z CFD < a rt. Z* 
/. Z CEF > Z CFE, and CF > CE. 
SoalsoCG>CF; 

HeacetheperjKCD is ihekuii CE > CD, CF > CE» & 
CG>CF. 

n. From • C only one st line, CE = CE a given st Unefrom C to AW 
on the opp. side oftheperp, CD. 



D.l 


H 


2 


H. & Sap. 


3 


17,1. 


4 


D. & 19, L 


5 


D. 4. 


6 


5m. 


7 


19, L 


8 


Sim. 


d 


Corns, 



Cll 23, L 
«p8t.2. 
3 Cone. 



D.l 

3 

4 
5 

6 

7 



Ax.ll,C.l 

26,1. 

Sbp. 
BLD.2AX.1 

Casel. 
Cone* 



At C in D C make Z I>CH = Z D CE ; 
and let CH eat AD in K ; 
Then CK = CE. 

Vrt. Z CDKa rt ZCDi;, Z I>CK= Z I>CB, and 

CD com. 
• C E ^ C E. 

Also no line from C to AB, hat CE s: CE ; 
If theie can he, let it be C L ; 
Then V CL = CE & CK = CE /. CL =?; CK ; 
t. e. CL, more remote from CD than C£^ eqaals 04 ; 
which is impossible. 
Hence from C only one st line to AS; Wm^f CS ^ CE (n 

the opp. sido of peip. CP» 



S5cH. 3.— ^Thyg Proposition,** says the Translator of 1670, "is called 
commonly in old bookes amongest the barbaroos Cauda Pauonis, that is, the 
Feacockes taile."-*Fol. 88. 

UsB AND App. — ^I. The Proportion 8 Bk. IIL is employed to show, that L* 
a tangent and secant be dhiwn to the same point, the tanff. < sec, bat > 
eKtermd part of the secant : Thos in fig. to Prop. 8, let D H represent a tang, 
and M D a sec. to arc H G, or Z H M G, then D H < D M bat > D G. 

n. By aid of Props. 7 & 8, and Ax. A, bk. IIL, we may demoDfltrate ; 

1st. When one circle A is contained 
within another, B, withoat toaching it, the 
distance between the centres, DE < (DF 
rv EG), liie difiteence (^ tiie radii : and 
converemff when the distance between the 
centres, DE< (DFoo EG), the difference 
of the radii, the lesser circle will be within 
the greater withoat myeeting it. 
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• 2nd. When two ciides, B, C, lie each without the other and do not meet 
the distance between the centres, DH > (DF + HK,) the sunn of the radii, and 
conversely, when the distance between the centres, DH > (DF + HK,) the sum 
of the radii, the circles lie each without the other and do not meet. 



Prop. 9. — Theor. 



• If a point he taken within a circle, from which there fall more 
than two equal straight lines to the circumference, that point is the 
centre of the circle. 

Con. Pst. 1 & 2. 

Dem. Def. 17, L A diam. of a O ^^ ^^7 Bt. line through the cen., and ter- 
minated both ways by the 0ce. — 7, HL 



E.llHyp.l 
2 



2 
3 



>j 



Cone. 



In ABC let • D be taken, 

& from D to 0ce more than two equal 

Unes, asDA = DB = DC; 
then • D shall be the cen. of the 0. 




Sup. For if not, let • "E be the centre. 
C. Pst. 1 & 2. Join DE, & prod, it to the 0ce in F & G. 



DJ 



3 
4 
5 
6 



Def. 17, I. 

7, III. 

H. ad imp. 

Cone. 

Sim. 

Cone. 

Bee. 



•/ PG is the diam., & '.• in FG is taken • D 

not the cen. 
.-. DG greatest line from D to 0ee, DC >DB^ 

andDB > DA; 
but they are also equal ; — an impossibility ; 
/, • E not the cen. of ABO. 
So no point but D the cen. 

• D is the cen. 
\ If a point he taken, ^c. q. e. d. 



• • 



Cor. — 1. From any other point than the centre only two equal at. 
lines can he drawn to the Qce, whether the point (7, III.) he within^ 
iyt* (8, III.) without the circle. 

Cor. — 2. Frmn three points given not in the same at. line the 
circumference of the circle may he found. 



PROP. X. — ^BOOK III. 
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Sgh« — ^This Prop, giyes Hiq criterion for detennining the centre of a circle ; 
it is, that from a point, supposed to be the centre, to the circumference moie 
than two points in the circumference shall be equally distant from the centre. 

Use and App. — By this Proposition the Problems may be demonstrated ; 
1st, To draw a circle through three given points, A, B, D ; 2nd, To find the 
centre of a given circle A B I) £ ; and 3rd, To determine the centre of ABD, an 
arc of a circle. The demonstration of the first, is equlyalent to the demonstration 
of the other two. 



C. 1) Pst. 1. 10, 1 



3 

3 

A 

Dl. 



11, L 

Psts. 1. & 3. 
SoL 

C. 1 &2 



Join • 8 A,B;D and bis. AB and 

BD; 
at Fand G raise perps. PC, 6C 

meeting in C; 
join CA, CB, CD and with either 

as rad. from C dcsc. a 
the O passes through A,B and D. 




« 



2 4, I. 

3 Sim 
4lAx.l.&9.in. 






>K 



V AF = FB, PC couL and 

Z. AFC=ZBFC, 
/. AC = CB 
In like manner CD = CB 
/. C A = C B = C D & /. C cen. of© through . s A, BD, 

Q* £i. F* 



Prop. 10. — Theor. 



One circumference of a circle cannot cut another in more than two 
points. 

CoK. 1, nL Pst 1. 

Deic Def. 15, 1. 9, m. 

5. in. If two circles cut one another they shall not have the same centre. 

Sup. — If possible let Qce FAB cut Qce BEF inmore than 
two • Sj as in B, O, F. 



C. 

D.l 
2 



1, III. Pst. 1 
C. Def. 15, 1. 
C. 



Take K cen. of A B C, and 
join KB, KG, KF 

V Keen, of ©ABC .% 
KB = KG = KF: ;» 

and V within © DEF 
there fall from K to © 
more than two equal 
St. lines. 
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D.3 

4 
5 



6 

7 



9, ni. 

0. 

Cone. 

5, m. 

Bee. 



.-. . Kiscen.of0l>EF; 

bat • K also cen. of ABC; 

/• tlie same • is cen. of two 0s cutting each 

other ; 
which is impossible ; 

therefore, One circumference of a eirele, ^c. 

Q. B. n. 



ScH. — " Two circles cannot have more than two points in common ;*' 
if the^ coincide in three points they will coincide in every point ; or, ^ only one 
circle can be drawn throagh three given points*" 



Prop. 11. — Theob. 

If one circle touch another internally in any point, the straight 
line which joins their centres being produced shall pass through the 
point of contact. 

Con. Psts. 1, 2. 

Dem. 20, 1. Bef 15, 1. Ax. 5. 



E.1 
2 
3 



Hyp. 1. 
„ 2. 
Cone. 



Let AD E touch AB C in- 
ternally in A, 

and let F be cen. of ABO, G jf 
cen. of ADE; 

then the st. line joining F, G, being 
produced passes through A, the 
• of contact. 




PP Sup. — If ¥Q( produced do not pass through A, let it, ifposStbUj 
/aWojjFGDH. 

C. Pst. 1. Join AF and A G. 

20,I.Def.l5,I. 
Sub, Ax. 5. 



D.l 

2 
8 



V PG + GA > PA, bat PA = FH, 

.-. FG + GA> FH, 

takeaway com.pt. PG/» Mm..AG > rem. GB; 
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DA 
5 
6 



7 
8 



Def. 15, 1. 
Renik.ad imp. 
Cone 



Remk. 
Bee. 



but AG = GD /. GD > GH; 

I. e. the less > the greater ; — ^an impossibilitj. 
/. FG joining F and G, being produced cannot 

fall except upon • A ; 
i.e. FG prod, must pass through A, the ' of contocL 
Therefore, If one circle touch, ^c, 

Q. B. D. 



ScH. — ^When the distance, I'K, between I* and E, the centres of the two 
dreles ADE and ABC is eqnal to the di£fetence of the laSn, AI* and AS, 
the circles toach intemaBy. For 



C. 

D.l 
2 

3 
4 



Bst 1. 

20,LDefl5,L 

Sim. 
Cone. 



Take L^ a* in0 AI)E,andjomKIi,FL; 

then V in A FKL, FL < FK + KL, but K A = KL ; 
.-. FL < FK +KA t. e. < FA .'. X within ABC. 
So all other • s in Q ADE except • A lie within ABC. 
When the distancebetween the centres, ffc. * 



Use and Apf. — I. By aid of this proposition an oval may he demtribed on 
any given major axis, ae AH. 



C.V 
2 



5 

el 



IOJ.11,1 
Bem V* 

Fst3 



4 tr8e2,34j. 



Pst. 3. 
Fst. 1, 2. 



7 Fat. 3. 

8 Pst. 3. 

9 11, in. 

UOlSoL 



Bis.ABinCbTa 

perp. CD, CE 
the minor axis is 

OF, t. c. DB 

prodnoed. 
If on C with rad. . 

CA or CB aW 

line reyolve a 

circle will be 

traced; 
but div. AB into 

threeeq. pts.AF 

= FG = GB; 
6x>mF andOwithFAandGBdescQsAEGDandBEFD; 
from • s of inters. D,E, draw DE, DG, EF, EG, prod, to 

H,I,K,L; 
next from D with rad. DH or DI desc. arc MH 019^ 
and from E with rad. E E or EL desc. arc MKF N ; 
the arcs AH, HI, IB, B L, LK, and K A touch in • sH,T,B:,L» 
and the carve AHCIB LP K A will form an ovaL 




If the major aus be divided into four or more eqnal parts, by a similar 
method ovals more elongated, or with the minor axis in less proportion to the 
major, maj be described. 

N.B. — The oval thns described is only an approach to the true ellipse^ 
the method bemg jproctica^ useful, not theoretically coiiect. 



28 



GBADATIOH8 DT EUCLID. 




n. It is on tiie same principle 
that a Spiral is described, bj sue- 
oessive semidicles taken altemateijr 
from two common centres A and 
B; for the line AB which joins tfaem 
bc^ produced, passes throogfa the 
points of contact of the snocessire 
semicircles, ^ la, », o, p, q, r, s. 

Prom A, the eye of the spinl,^ 
with rad. AB describe the semi- 
dicle C; from B, with Bi^ the 
semic. D; from A, with An, 
semic. £; from B, with B«, 
semic. F; from A, with Ao, 
G ; from B, with B /i, H ; from A, 
with Ag, I ; and from B, with Br, 
K. The spiral maj be continued 
to any extent in the same way. 

A Spiral is a curve line making revolutions round the centre or eye of 
the curve, which do not return into themselves as the revolutions of a circle do. 
A Plane Spiral is generated by a continually increasing radius, and according 
to the law or rate of increase spirals differ in their curves. Our older English 
writers considered tiie circle and the ellipse to be spirals ; but they are excluded 
by the above definition, inasmuch as their revolutions return into themselves^ or 
to the very point from which they started. 

Besides the above, the principal plane Spirals are, the Spiral of Archimedes 
or Conon, — ^the Hyperbolic or Reciprocal Spiral, — the Lituus, and the Logar 
rithmic Spiral ; but they can only be noticed here by way of definition. 1st, 
When from a given point any number of Unes are drawn forming equal angles 
at that point, and die length of each line increases in succession by an equal 
quantity, the curve which passes through these points is named the Spiral of 
Archimedes, 2nd, The Hyperbolic or reciprocal Spiral is a curve passing 
through the extremities of any number of arcs of circles of equal length 
measmied from a given st. line. 3rd, The Lituus, so named from the crooked 
staff of the Roman augurs, is a Spiral to be thus described ; — ^* Let a variable 
circular sector always have its centre at one fixed point, and one of its terminal 
radii in a given direction. Let the area of the sector always remain the same, 
then the extremity of the other terminal radius as it revolves describes the 
Lituus." 4th, The Logarithmic Spiral, in which the radii make equal angles, 
and the spiral cuts them all at an equal angle, the length of the successive 
ladii increasing in geometrical progression. 

It nuiy be observed that curves are infinite in variety, though only about 
thirty have received specific names. The Parabola, Hyperbola, (>cloid, Watt's 
Parallel motion curve, &c., are among them ; but it would be out of place to 
explain them here. 



PROP. XII. BOOK III. 
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Prop. 12. — Theor. 

If two circles touch each other externally in any pointy the straight 
line which joins their centres shall pass through that point of contact. 

Con. Pet. 1. 

Bek. Ax. 2. 9. Def. 15, I. 20, I. 



E.1 
2 
3 



Hyp. l.j Let the two ©s ABC, ADE 
touch extern, in A ; 
2. and let F be the cen. of ABC, 
G of ADE; 

Cone, then FG shall pass through 
A, the • of contact. 



» 




Sttp. If not, let it pass through C and D. 



C. 

D.l 
2 
3 

4 

5 



Pst. 1. 

H.2.Def.l5,I. 
H.2.Def.l5,I. 
Ax. 2. 9. 

20jl, ad imp. 
Cone. 



Rec. 



Join FA and GA. 

V F is cen. of © ABC .-. FA = FC ; 
and V G is cen. of © ADE /. GA = GD; 
/. FA + GA = FC + GD, and /. FG 

> FC + DG. 
But FG<FA + AG; which is impossible. 
/. the st. line F G cannot pass except through 

A the • of contact; i, c. FG must pass 

through A. 
Therefore, If two circles touch, ^c. q. b. d. 



ScH. — Should /^i the distance between the centres of two circles, be equal 
to /A + A^, the sum of the radii, the circles tonch each other externallj. 

Use AiTD App. — The drawing of a Serpentina Line, or coma recta, between 
two ^yen points, as A, B, depends on this 
12tibL Prop. For join A B, and bisect it in C ; 
again bis. AC by perp. D E and B C bj perp. 
FG ; make D E = FG ; and from E with 
rad. E C desc. arc AHC, and from G with 
nuL GO, the arc C K B ; the arcs touch in 
the • C, and the two arcs form the serpentine 
AHCKB ; which might be continued to any 
extent by following up the same process. 




M 



OEADATIOKS IN EUCLID. 



Prop. 13. — Thbor. 

One circle cannot touch another in more points than onCj whether 
it touches it on the inaide or the cuteide. 

Con. Pst. 1, 11, L 

Dbm. 2, m. 11, m. Cor. 1, lEL 



E.1 



Hyp. 



If possible let EBF toucli © ABC in more • s 
than one. 



I. — On the inaide in the • s B, D. 



C. |Pst.l.ll,L 



D.l 



4 
5 



H. 2, III. 
Cor.l,IIL 

11, m. 

H. 
Cone 

Bee. 



Join B D, and draw GH bisecting B D J.. 









• s B, D are in the 
©ce of each © .*. BD 
falls within them ; 

their centres are in 
GH which bis. BD±; 

•*• G H passes through the 
• of contact; 

but • s B, D, are without 
the St. line G H, 

/• GH does not pass 
though the • of contact, 
which is absurd. 

•\ one © cannot touch 
another internally in 
more • s than one. 




II. — If possible, let © ACK touch © ABC externally in 
A uvd C. 

C. Pst. 1. Join AC. 



D.l 
2 



Hyp. 

2, m^ 

H. 






A & C are in tiie ©cc of ^, 

the ©ACK, ^' 

.*. AC which joins ihem 

falls within © ACK; 
But © A C K is without © AB C, /. AC if 

without © ABC; 
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D.41 
5 
6 

7 
8 



H. 

2, m. 

Cone' 

Case I. 
Eec. 



but V A & C are • s in the ©ce of the ABC, 
.*. AC must also be within the same ; an absurdity; 
•*• one cannot touch another on the outside in more 

• s than one. 
And s cannot touch on the inside in more • s than one; 
Therefore one circle cannot touch, ^c. q. e. d. 



ScH. — ^It has been b^ assuming two points of contact between circles, and 
by showing the assumption to be impossible, that the proposition has been 
proved, that two circles cannot touch in more parts than one. But for this tn- 
direct method of demonstration, it is better to substitute the direct method; thus 

1st. If the circles touch internally, as at D, each point in tiie 0ce of the 
kss 0, except tbe eomniicni point of contact, D, through which the line, AB, 
joining their centres, A, B, passes, must be within the 0ce of the other 0^ 



a 



lU 

2 

3 

4 



Psti. 



7,10. 
D. 1. 

AX.A.IIL 
Sim, 



For take C, a • on the 0oe of D CTj 
& join centres & C. 

HenAD >AC. 

And V AC < AD,iaiezad.Qf0 D 

DEG; 
Atiie • O]switbin0D£G; 
So every • , except D, of D C F is 

witiiinthe0D£G. 




a 

D.1 



Pstl. 

H.&8,IIL 
8 Az.A,IIL 
3 




Sod. Ifliid 0» D C F and DEG toueh externally, every point of the one, 
except the common point of contact is without the other. • 

Join AB, the centres, and draw 
ACE, 

*•* the 0s toueh eztemaJUy, 
.•.AE> ACorAD; 

/. the • E lies oot of the 
DCF; 

thus eveiy • of DEG, ex- 
cept the • D, lies out of the DCF. 

UsB and App. — ^The four Propositions, 10, 11, 12 and 
13, are emj^oyed by astronomers to explain the motion of 
the Planets in Epicycles. An JEpicyde is a circle, ABD, 
the centre of which^ C, is canied roond upon another circle 
ABE. 

Ptouekt of Alexandria, the celebrated astronomer, 
AJ>. 139, in explaining the motions of the planets on what 
is called the Ptolemaic System, employs the theory of 
Epicycles : but the common notion is erroneous that this use of the Epieyde is 
peculiar to the Ptolenudo Astronomy : " the modem astronomer to this day 
resolves tibe same motions into epicyclic ones. When the latter expresses a 
result by series of sines and cosines (especiaDy when the angle is & mean motion 
or a multiple of it) he uses epicycles ; and for one which Ptolemy scribbled on 
the heavens, to use Milton's phrase, he scribbles twenty.''— A. De M. Gh. and 
Rom. Biograpkf^ Vol. IIL, p. 576. 
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Prop. 14. — Theor. 



Equal straight lines in a circle are equally distant from the 
centre; and conversely^ those which are equally distant from the 
centre, are equal to one another. 

Con. 1, m. 
12, I. To draw a perp. to a st. line fix>m a point without it< Fst. 1. 

Dbm. 3, in. 
Ax. 7. Things that are halves of the same thing, or of equals, are 

equal. 
Def. 15,1. 
47, I. In any rt. /.d A the square on the side opp. to the rt /. shall 

be equal to the squares on the sides Including the rt. /.. 
Axs. 1, 3. Def. 4, HE. 
Ax. 6. The doubles of the same thing, or of equal things, are equal 



E.l 



C.l 

2 

D.l 



3 
4 
5 
6 
7 
8 
9 

10 
11 

12 



Hyp. 

Cone. 



1, III. 
12,I.Pst.l 

C. 2 

3, III. 

Sim. 

H. & Ax.7 
Def. 15, 1. 
C.2&47,I. 
Sim. 
Ax. 1. 
D.4. 
Ax. 3. 
Def.4,III. 

Cone. 



I. Let AB = CD in © ABCD; 

then AB & CD shall be equally distant from cen. 
• E. 

Find E the een. of © ABCD. 
from E draw EF, EG J_ AB, 

CD & join E A, EC. 
•.• EF through cen. E euts AB 

not through een. at rt. Z. s ; 
.-. EF bis. AB, & AF = FB, 

and AB = 2AF; 
For the same reason C D = 2 C G; 
but AB = CD .-. AF= CG. 
And V AE = EC /. AE^ = EC^; 
but Z AFE being a rt. Z .'. AF* + FE«=AE«; 
SoEG2 +GC2 = EC2; 
.-. AF2 + FE2 = EG2 + GC2; 
but AF = CG /. AF2 = CG2; 
/. rem. FE« = rem. EG*, & /. FE = EG; 
but lines are equally dist. from cen. when the perps. 

to them from the cen. are equal, 
/• AB and CD are equally dist. from E. 
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E.1 



C. 

D.l 

2 
3 
4 
5 



H.Df.4,III| 

Cone. 

Sim. 

C.&3,III. 

47,1. 
H. 

Ax. 3. 
D.l.Ax.6. 

Eec. 



II. Let AB & CD be equally dist. from E ; 

t. e. FB« EG; 
thenAB s CD. 

Let the same construction be made. 

V EF bis. AB and EG bis. CD; 

/. AB = 2AFandCD = 2CG; 
and EF2 + FA« = EG^ + GC«; 
and V FE = EG, /. FE« = EG^; 
/. rem. AF« = rem. CG«, and /. AF =CG. 
But AB = 2AF, and CD = 2CG; 

/. AB=CD. 
Therefore, Equal at lines are equally, ^c. q. e. d. 



ScH. — ^A principle employed in this and the next proposition is — if two 
quantities A + B = C + D, thenif A = C, B = D; il' A > C, B<D; 
if A < C, B > D. 



Prop. 15. — Theor. 



The diameter is the greatest straight line in a circle ; and of all 
others thai which is nearer to the centime is always greater than one 
more remote : and tJie greater is nearer to the centre than the less. 

Con. 12, 1. Pst. 1. 

Dbm. De£ 15, 1. Ax. I. 20, 1. 14, IIL 47, 1. Ax. 5. 
Def. 5, ni. The st. line on which the gr. perp. from the cen. falls is 
farther from the cen. 



E.l 
2 
3 

C.l 



Hyp. 1. 

Cone. 

12, L Pst. 1. 



L Let A BCD be a ©, AD 
its diam., and E its cen. 

and let B C be nearer to E 
than FGis; 

then AD > any line BC 
not a diam., and B C 
> FG. 

From E draw EH, EK 
perp. to BC, FG; and 
joinEB, BC, EF. 



A B 




u 
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D.l 

2 
3 
4 
5 
6 
7 
8 



E.l 
2 



Def.l6,I.Ax.2. 

20,1. 
H.2. 

Def. 5, III. 
14, III. D. 
47,1. 
D. 3. 
Cone. 



H. 

Cone. 



P.lH.&D.7.CaseI. 
2.P. 5. Case I. 

3 Ax. 5. 

4 Def. 5, III. 
Rec. 



« • 



AE = EB, and ED s?i EC; 
/. AD=EB + EC; 
but V EB 4- EC > BC, /• AD > BC 

And •/ B C is nearer cen. E than F G ; 

/. EH < EK; 

butBC = 2BH, Fa = 2FK, 

and EH2 + HB^ = EK« + KF«; 
and V EH < EK /. BH^ < EK^; 
/. BH2 > FK2^ndBH > FK; 
and /. BC > FG. 

II. Next, let BC > PG; 

then B C is nearer cen. E than FG is ; 

i.e. EH < FK. 
•/ BC > FG, BH > KP, and BH^ > FK2; 
and V BH2 + HE^ = EK^ + KF^; 
.-. rem. HE^ < EK^, and HE < EK; 
and.*. BC is nearer the cen. E than F G is. 
'. The diam. is the greatest st. line, ^c. 

Q. E. D. 




ScH. 1. — ^In a circle the longest chord is the diam., as A D ; the shortest, 
through a given point, as M, is that, L C, which is jperp. 
to the longest. 

Through M, a given • draw a diam. AD, and any 
other chord, as B E ; and to AD, through M, a perp. 
L C also a chord ; and from the cen. of the draw Bj 
OPpei-p. to BE. 

By 47, 1. OM > OP ; and, 15, III, BE > LC ; 
and the same being true of any other chord through M, 
.'. LC at rt. /.s to AD is the least chord, and, 15, III., 
AD the longest, through • M. 

2, Tke less the /_ which a given chord through a given • , as M, makes 
with the diam. the greater will the chord be ; 

Eor, it is evident, that as the /. AMB diminishes, the perp. OP, marking the 
distance of the chord from the cen., will also diminish, and the chord increase. 
Labdn£b*8 Euclid, p. 104. 

TTsB AND App. — ^I. The 14th and 15th Props, were employed by Theo- 
Dosius to demonstrate that in a Sphere the centres of the least circles on the 
sphere are the most distant from the centre of the sphere itself; or, in other 
words, that the circles of latitude diminish as the poles of the earth are 
approached. 
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n. In the Astrolabe, a dixmUr inBtmmeiit for taking the stars, t. e. for 
observatioiLB on the heavenly bodies, the same propositions are serviceable. 
HippABCHUS, the greatest of Greek astronomers, b.c. 160, was probably the 
first who constnicted an instroment of this kind. Its general natore may be seen 
fixim the following representation, in which the 
approach of the (Ai<xd BF to tiie diam. NS may /p 

be measored, either by tho perp. CD, or the aro N 

BQ. 

Let KE S Q be a circle fixed to one position, 
vertical or horizontal; and let A B be a line or 
tube moveable round the cen. ; through the £| 
tube, along the line AB, any object, as F, may be 
seen; and, by taming the tube round its centre G, 
another object, as O, may also be seen ; the Z. 
QCB, subtended by the two objects is their 
angular distance, which may be measured in 
degrees when the circle N E S Q is graduated. 

If E Q represent the equator, and if the plane of the circle E 6 QN pass 
through the pdes N and S ; then the /. B CN is the north polar distance, and 
the /. B G Q, the declination of the star or planet P. Again, if the circle 
ESQN be fixed in the plane of the equator, and EQ point to the vernal 
e(][uinox at the instant that the tube, AB, points to the star P, then the /. B G Q 
will be the ri^t ascension of the star. 

m. It has been said that Asistotle, b.c. 340, propounded a question in 
mechanics similar to the following : — **At what part of a ^Uey, EF» with 
rounded sides, EAE, EBE, does y 

an oar, handled from a seat, or sta- ^ 

tion, just above the line of the keel, 
£F, produce the greatest efiect in 
moving the gaUey ?" * q 

If we examine the conditions of ^ 
the rounded sides, we shall find that 
AB, the diam. of the © ACBD, is 
the greatest width ; then, by 15, IIL, 
AB being the greatest line in the 
circle, all other chords^ GH, IE, 
axe less than AB. When the oar is 
applied at A, the leverage p/i of 
the rower, in proportion to tp/i , 
the leverage of tJie weight or re- 
sistance, is greater than when the 
oar is applied at L or at M ; where nfk 
again it is greater than when applied & 
at N or O. The best position there- 
iore for the oars is in ue line of the 
greatest width, AB. 
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Prop. 16. — Theor. 

The straight line drawn at right angles to the diameter of a circle^ 
from the extremity of it, falls without the circle , and no straight line 
can be drawn from the extremity between that straight line and the cir^ 
cumferencey so as not to cut the circle ; or, which is the same thing, no 
straight line can make so great an acute angle with the diameter at its 
extremity, or so small an angle ivith the straight line which is at right 
angles to it, a>s not to cut the circle. 

Con. Fst. 1. 12, L 

Dbm. Def. 15, I. 
5, I. The /_% at the base of an isosc. A are equal. 
17, I. Any two /.s of a A are together less than two rt. /.s. 
Ax. 9. 19, I. The gr. /. of any A shall be subtended by the gr. side. 
Def. 2, nL A St. line is said to touch a 0, when it meets the Q, and 

being produced, does not cut it. 
2, m. If any two • s be taken in the 0ce of a 0, the st. line which 

joins them shall fall within the 0. 

Let ABC be a 0, fig. 3, D the cen., and AB the diam. ; 
and the st. line AE be J_ to AB, at its extremity A ; 
then AE shall fall without the ABC ; 
& no st. line can be drawn from A, between AE and 
the 0ce, unless it cuts the 0. 

I. The st, line A E,Jig. 3, shall fall without the ABC. 
Sup. 1 & 2. — If not, it must fall either within or on the 0ce. 



E.1 
2 
3 

4 


Hyp.l 

„ 2 

Concl 

» 2 







c. 

D.l 
2 
3 
4 



Sup. 1. 

Pst. 1. 
Def.15,1. 5,1. 

H.2. 
D.l &2, 17, 1. 

Cone. 



1st, Let AE fall wtthin 

the 0. 
Join D and C, the • where 

A E cuts the 0ce. 
VDA = DC B 

.-. Z. DAC = Z. DCA ; 
but Z DAC is art. z., 

.'. A DCA is a rt. Z. . 
/. in A ADC, the Z.s 

DAC & DCA = 2 rt. Z s ; which is impossible 
/. AE if J_ to D A does not fall within the 0. 




PROP. XVI. — BOOK III. 



37 





Sup. 2. 


2nd, If possible let AE fall 
on the 0ce. 


c. 


Pst. 1. 


In ©ce take a • C and join 
DC. 


D.l 


D.l,?&3, 1st. 


As before in a ADC, Zs 
DCA&DAC = 2rt. Zs. 


2 


17,1. 


which is impossible ; 


3 


Cone. 


.*• AE cannot fall on the Qce. 




II. No 8t line can be draionfrom A, between A E and the Qce, 
unless it cuts the circle. 

Sup. 1 and 2. — If snch a line can be drawn, as A F, it falls 
either without or on the 0. 



0. 

D.l 

2 
3 



4 
5 



Sup. 1. 



12,1. 



C. 

D.l 
2 

8 



1st. Jjei K'EittiXHwithout 

the ABO. 
From D sup. DQ J. AF, 

and meeting 0cein H. 
Ax. 9. H. 2. I •/ Z DAQ < Z DAE, 

but Z DAE a rt. Z ; ^| 
/. Z DAG < art. z. 
But zDGAisart. z, 

/. Z DGA > Z 

DAG; 
and /. DA > DQ; 
now DA = DH, /. DH > DG, a part > the 

whole ; an impossibility ;< 
.\ AP cannot fall without the circle. 



C. 



19,1. 
Def.l5,I.Ax.9. 



Gone. 



Sup. 2. 

12, L 

D.l,2,8CaseII. 
Def. 15,1. 

Cone. 

Ree. 




2nd. If possible then, let 

AF fall on the 0ce. 
Draw DG 1. AF, G being 

in the supposed 0ce. 
Then as before DA > DG; 
But DA = DG; which is 

impossible ; 
.•. AF cannot faUon the 

0ce. 
Hence, The st line drawn at rt, ZSj ^c. 

Q. s. D. 

Cor. I. — If a st. line, A E, be drawn at rt. Z.S to any diam. of 
a 0, AB, from its extremity, A, it' shall touch the at the 
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extremity : and a st. line touching the Q at one • shall touch it at 
no other point. 



D.l 
2 
3 



4 
5 



8up.&2,III. 
16,IILpt.L 
Def.2,IIL 
Bemk. 
Sup.&2,III. 
16,III.pt.L 



For, if AE cut the 0, part Tfotdd fall within the ©; 
which has been proyed to be impossible : 
.'• AE touches the at A, the extremity of BA. 
And AE touches the 0at no other point except A; 
foi*if it could, as before, part would fall within the © . 
which has been proved to be impossible. 

CoR. II. — By 28, 1, at. lines at rt. Ls to the extremities of the 
same diam. are parallel. 

Cob. III. — Tangents to a circle from the sam^e point are equal, 

ScR. — 1. Thus, a Tangent to a circle is a rt. line perpendicularly raised on 
the extremity of a diam., or of a radius. 



2. The 16th Prop, might have been proved directly ; thus 



C. 

D.l 
S 
S 

a. 



D.1 
s 

8 



Pst. 1. 
£Ld2, L 
19,lAx.A. 
Sim, 

Fsts. 1^1- 



C. 82, 1. 
19J.AX.A. 
Cone. 



L From D draw any line BI to meet AE; 

•/ DAI is a rt. ^. 

/. ^DIA<Z.BAI; 
& VBA<BIj 

,*, the • 1 is out of the 0. 
So, we may prove the same of etery • 

in A E except • A. 

n. let AI* make ^1 FAD afcnte ; 
and D G _L AF. 

VDGAisart. /., .*. Z. OAD < ^BGA; 
and '/ D G < DA, ,', G is within the 0, and AF cuts it 
/. the line E AE is a tang, to the 0, and meets it only in the 
• A. 




UsB. AND App. — 1, The infinite 5 
divUihUity of linear magnitude may be 
proyed by this proposition. 

If in TD, or TD produced, pointsi 
0| 2, 8, 4, 6, be taken as centres of cbdes, 
to all df which TS shall be a com. tang. ) 
then each eirde as it cuts A S 6haU ap^ r£ 
proach nearer to 8, as B ; but no circle 
shall ever pass through the point S, Inas^ 
much as TS being a com. tang., the circles 
eannot touch TS except in the point T ; 
for if they did, a curved line and a st. line 
Would comdde. 
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n. Since by Prop. 16, HI., the tang. AB is perp. to CB, the md. of the diicle, 
we can, by 47^ I. compute the distances and heights of objects, on the earth's 
snr&ce, when they are situated on the verge of the natural horizon ; thus, 
Ist, if A B the distanc e of the verge of the horizon from the elevation AE 

he required,— A B = <yc A* dist. of A from earth's centre; — CB* earth's rad.: 
where C A» =: (CE + E A)». * 

2nd, K AE be the height of ftn object just visible from th e verge of the 
horizon B or D ; then AE = C A — CE or CB; where CA =: ^'AB-'+BC*; 

]fix. 1. Given AE = 2 miles, the height of the peak of a 

Teneriffei at what distance will its summit be seen ? 

Here CB or CE = 4000 miles; 113 

& CA = CE + AE = 4000 + 2 = 4002 miles* 
Then 4002* — 4000* = AB** 

/. 16016004 — 16000000 = 16004; 

& ^/16004 = 126 miles = AB distance at which A 
is visible. 

Ex. 2. A meteor A wUs seen over a distance from B to 
D of 500 mUes ; required ^El A, its height above the earth. 

Here AE=AC-- EC or=C B ; and v^CB*4- AB* = AC. 
Or, ^^4000* 4- 250*= >/16062500 = 4007 '84 mile* ; 
and 4007 '84-4000 = 7*84 miles, height of the meteor. 




Prop. 17.— Prob. 

To draw a straight line fhom a givm pointy either without oi* in 
the circumference^ which shall touch a given circle. 

Sol. 1, HL Psts. 1, 3. U, L 

Deh. Def. 15| L 4» L Ax. 1. Cor. 16, lit. 



E.1 
2 

0.1 

2 

3 



Dat. 
Quffis. 

1, III. Pst. 1. 

Pst. 8. 

11, 1. Pst. 1. 

Sol. 



I. Let A be a given « with- 
out the given BCD; 

from A to draw a tang, ta 
the BOD. 

Find E cen. of © B CD, and 

joinAE; 

from E with EA desc.y the © APG; 
at D draw the perp. DPf Ood join EBP an] 

AB; 

then AB stall tonch the (§ B 1) in B. 
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D.l 

2 



3 



4 
5 
6 



E.1 
2 

C.l 
2 
3 

D.l 
2 



C.l,2.Def.l5,I. 

D. 1 and C. 

4,1. 

C. 3. Ax. 1. 
Remk. 
D.4.Cor.l6,III. 



Dat. 

Quaes . 

1,111. Pst.l. 
11, I. 

Sol. 

C. 2. 

Cor. 16, III. 



V E is the com. cen. of ©s BDC, AFG; 

/. EA = EF, and ED = EB; 
and V AE, EB=EF, ED,and L E com. to 

AS AEB, FED; 
/. DF = AB, A FED = A AEB, 

& L EBA= L EDF. 
but/. EDF is art. Z, /. L EBAisart.Z.; 
now E B is a line from the cen to the 0ce ; 
.•. AB touches the in B, and is drawn 

from A. 

II. Let D be the given • in the given 0ce BCD ; 
from D to draw a tang, to the B C D. 

Find the centre E, and join DE; 
from D draw DF perp. to DE ; 
then DF is the tang, to the 0. 

•/ D F is perp. at D to the rad. ED; 

.*. D F touches the B C D at the given • D. 

Q. E. F. 



ScH.— It is evident that from • A, out of the © B D G, two equal tangents, 
AG and AH, may be drawn. 



C.l 

2 
8 



D.l 

2 
S 
A 
5 



1, m. Fst. 1, 2. 

Pst. 3. 
Pst.3. 

Pst.l. 

Sol. 



Def.l5,L3,ni. 

8,1. 
Def.lO,LCor.l6,III. 

Sim. 

Def. 15, 1. 6, T. 



61 4, 1. 



Find C the cen. of© 

BDG, and draw 

ACB,- 
from A with AC desc. 

arc ECF; 
and with rad. DB, 

from C, cut arc a C 

ECF in E and F;-^^^ 
joinCE, CF, cutting 

the © BDG in 

G and H ; 
the lines AG, AH, 

will be the two 

equal tangents. 

For, V AC = AE and CG = GE, and A G com. 

.-. AAGBrsrA AGC,andZ AGE=:Z AGC; 

.'. AG X C E an4 tang, to C G a rad. 

So AH is the second tang, to the ©BDG. 

Also V CG = CH, AC com. and L GCAss l_ HCA; 

/, tang. A G =3 tang. A H. 
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Use JLTSjy App. — ^I. Practically a tangent will be drawn, from a point A 
out of a circle DBC by aid of a ruler ; and from a 
point D on the circumference, by joining the point and 
the centre, E, and at the point, making, DF, a perpen- /' 
dicular to the radius. / 

n. Tangent lines, as AB, FD, determined by i 
secants E A, KF, are of yery frequent use, especially | 
ia trigonometry ; tables of the proportional or relative \v^ 
lengths of chords, natural lines, tangents* and secants \ 
arc constructed by ftid of Prop. 47, Book I. 




Prop. 18. — Theor. 

If a St. line touches a circle, the st line drawn from the centre to 
the point of contact shall he perpendicular to the line touching the 
circle. 



E.l 
2 
3 



CoK. 1, ni. Pst. 1. 12, 1. * 

Dem. 17, 1. 19, I. Def. 15, L Ax. 9. 

Let the st. line DE touch 

the ABC in C; 
take the cen. F, and draw the 

St. line FC; 
I thenFC shall be perp. to DE. 



Hyp. 

l,IILPst.l. 



Cone. 
Sup. — If not, from F draw FBG perp, jyly 



to DE. 

D.l C. 17, 1. 
19, I. 

Def. 15, I. 
Ax. 9. 

4 Cone. 

5 Sim, 

6 Cone. 

7 Rec. 




and 






H C G 

V FGC is a rt Z.» .*. GCF is an acute z ; 
/ to the gr. /. the gr. side is opp. 
FC > FG: 
butFC= FB /. FB > FG, the less than the 

gr. ; which is impossible ; 
,', FG is not perp. to DE. 
So, no line except FC is perp. to DE ; 
/. F C is perp. to D E. 
/. If a St. line touches j ^c, q. b. d. 



ScH. — Propositions 16 and 18 may be regarded as the converse of each 
other ; in the one we prove, that a line perpendicular to the extremity of the 
radius is a tangent ; in the other, that, if a line be a tangent to a circle, the 
r.idins fix>m the point of contact wiU be perpendicular to it. Thus in Prop. 16, 
A E is proved to be perp. to A B, and in Prop. 18, F C perp. to CE : in the 
one case, the tang, is perp. to the rad.; in the other, the nid. is perp. to the 
tang.; two expressions for the same thing. 
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Ubb AHD App.— To kraw a ten^. to each of two given 0» ABC, DEF. 

E 




C.l 
2 
3 
4 
5 
6 

D.l 
2 
3 

4 
5 



P8t.l.3,I. 

Pst. 3. 

17, ni. 

Pst. 1, 2. 

31,1. Psta 

Sol. 

C3,18,III 
13, 1. C. 
C.& 46,1. 
D. 3 

Cor 16,111 



Join the centres A, D, and make FG = AC; 
from D with rad. D G desc. D GH ; 
and from A draw AH, tang, to Q D GH ; 
join DH, and prod, it to fi in © DPE ; 
from A draw AB 1| DE, and jdn EB ; 
then BB is tang, to each ©, ABC and DBF. 

• • AH is tang, in H to © DGH, .', /_ DHA is a rt. /.j 
and / EHAisart. /.; and ABE H is a £17; 

and V Z EH A is a rt. Z /. ^ **»« /.« in ABBH «m rt.Zs. 
then • • DE from cen. D, & AB from cen. A, meet BE at rt/^B, 

• EBistang. toboih©8, ABCandDEF. Q. B, p. 



Pftot. 19.— THBOft. 

If a st, line touches a circle, and froM, the point of dontaet a 
8t. line he drawn at right angles to the touching line^ the centre of 
the circle shall be in that line. 

Con. Fat. 1. 

DaK. 18, in* Ax, 11. All rt. Zb« ^e equal to one another.-*Axi 9* 



E.l 
2 
8 



Hyp.l 
„ 2 
Cone. 



Leii the st. line DE touch tli« 

© ABOinO: 
& from let OA be at rt. ^s td B 

DE; 
then the cen. of the © shall be 

inOA. 
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Bxjp. — For if not J and it he possible^ letF be the een, and join FC. 
D.ll Sup. 



2 
3 
4 
5 



7 
8 



18, III. 
H. 2, Ax.ll 
Remk. Ax.9. 
Cone. 
Sim. 

Cone. 
Kec. 



then */ DIE) is a tang, and FO a rad. from the 

• of contact; 
/. FC is perp. to DE, and z. FCE a rt. ZL ; 
but ACEisart.Z, /. Z FCE i== Z ACE; 
t. e. the part =£= the whole, which is impossible. 
/. the • P is not the cen. of the © ABC. 
And thus no other • , except it be in C A, is the 



cen.; 



/. the cen. of the © is in C A. 

Therefore, If a st, line touches, ^c. Q. e. d. 



ScH. — 1. If in two concentric circles ABC, DEF, a chord AB of the 
greater meet the less, as in D and E, the parts AD and £B, intercepted be- 
tween the two ©8 are eqnal ; and all chords of the greater ©, as G C, Which 
toach the less, are bisected at tlve • s of contact, as E ; and are equal. 



C. 

Da 

4 



12, L 
8jILAz.d. 

c. 8, m. 

Sim» 
14,111. 



From the cen. draw H _L A B, and 
OFJ_GC. 

I. V AHssBHandDHacEH 
/. AD = BE. 

II. VZOFC= ZOI'G; 
/. GF = FC. 

I'hnft all chords of ABC tangs, to DEF, 

are bisd. at the • of contact, 
and m. such chords are eqnal. 



A/D,-- 


-^E\B 


J «l 


» 


\y/ 


J J 


g\^ 


r=4t 



2. If any ntunber of equal chords, G C, EL, he drawn in a circle, the locui 
of their points of bisection, as F, I, &c., is a circle of which the rad.' s G' 
minus 01^. 

Vmm Jjn> At^.-^I. In Optics the properties of tangent lines are employed, 
amontt other purposes, for determining the part of a globe whidi may be enlight* 
enisd wj a liuniaous body, as by a lighthouse, a yolcano, a meteor; or the sun. 

U Bjr a tanflentline representinffthe limit or extent of visioni the diameter 
of the eartn may be ascertained^ as in Prop. 6, Book n. 

m. Tangent lines, too, senre to expldin the Theor)r of the Phases of 
th6 Moon, and were employed by HiPPABcnrs, B.c. 160 to 146, to ascertain the 
distance of the sun. 

IV. In Navigation the dip of the horizon corresponds with the tangent 
line from the point of observation ; and were the tangent line to revolve round 
that point it would trace out the circle of the physical horizon. An approxi- 
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mate rale for ascertaining the distance of the yerge of the natural horizon is to 
take the square root of the height of the spectator's eye in feet and multiply it 
by 1*3 ; — the product in feet will nearly give the distance, or rad. of the horizon, 
in miles ; thus from the mast of a ship* 81 feet above the sea the horizon is 1 1*7 
miles off; for^/8I X 1*3 = 9 X 1*9 = 11*7 ; or, 

How distant is the tangent point from the highest peak of Teneriffe, which 
has a n elevat ion of about 11,946 feet ? 

.^11,946 X 1-3 = 109 X 1*3 = 141*7 miles. 

Y. In Dialling, also, or Gnomonics, tangents are employed for calculating 
the hour lines and ascertaining their exact position ; but Dialling is now com- 
paratively of little importance. 



Prop. 20.~Theor. 

The angle at the centre of a circle is double of the angle at the 
circumference upon the same base, that is, upon the same part of the 
circumference. 

Con. Pst. 1 &2. 

Dbm. Def. 15, 1. 5, 1. 
32, 1. In every A, if any side be produced, then the ext /. ss the two 
int and opp. ^s ; and the three int. Z.8 := two rt. ^s. 

In a © ABC let E be the cen.; Z. BEO the Z. at 

the cen. 
and Z. BAG the Z. at the ©ce; 
and let z.s B AC, BE C have for base the same arc 

BC; 
then the Z BEC = twice Z. BAC. 

Join AE and produce it to the ©ce P. (fig. 2.) 

Case I. Let E the cen, be on AC, one of the st, lines AB, AC. 



E.1 


Hyp.l 


2 


„ 2 


3 


Cone. 


C. 


Pst. 1. 2. 



D.l 



Def.l5,I.5,I. 



C. 32. 1. 



Cone. 



V EA=si EB .-. Z. EAB = 
Z. EBA; and Z.s EAB + 
EBA=2 Z. EAB; 

but V in A AEB, AEisprod. 
to C, /. ext. z. BEC= Z.s 
EAB + EBA 

V Z. BEC = twice Z. BAC. 




PHOP. XX. — BOOK III, 



45 



Case II. Let E the cen, be within the i, BAG 



D.l 

2 

3 

4 
5 



Def.l5,I.5,I. 

Remk. 

C. 32, I. 

Cone. 
Sim, 

Cone, 




V EA = EB, 

/. Z EAB = z. EBA, 
and zs EAB + EBA = 

twice Z EAB; 
but z BEF= z EAB + Z 

EBA; 
/. z BEF = twice Z EAB: ^ 
Thus also Z EEC = twice z 

EAC; 
/. the whole Z BEC = twice the whole Z 

BAC. 

Case III. Lastly let E be without the /_ BA C. 

then V Z PEC= 2 Z FAC, 

& Z FEB = 2 Z FAB; 
/, rem. Z BEC = twice rem. z 

BAC. 

Therefore in every case, Uie angle, Src. 

Q. E. D 

!•' B 
CoB. — ^»y angkj as Z CAB, a^ fAe circumference is measured 

by half the arc CB, on which it stands, 

ScH. — ^L The Teasoning employed anticipates Prop. 5, Book V., and 
assumes, ** that among fonr magnitudes, if the first := twice the second, and the 
third = twice the fooi^, then the first -{■ the third = twice (the second + the 
fourth^ ; and fUso, that if one magnitude = twice another, and %part ftom. the 
first = twice a part from the second ; then the rem, of the first ^ twice the 
rem. of the second." This principle is neither sufficiently self-evident to be 
received as an axiom, neither has it been demonstrated ; another method of proof 
for Case IIL has therefore to be adopted. 



D.l 


32,1. 


2 




8 


Bee. 








C.l Pst.land2. 

D.l 32,1. 
2Def.l5,I.5,L 

3 Cone. 

4 32, L 

5Def:i5,L5,I. 



Join AE and prod, it to F ; and let AB, 
E C inters, in D. 

V in A BED exi Z BDC = Z BEB 

H- ZEBD; 
and •/ EB = EA, 

.-. Z EBD = Z EAD ; 
.•. zBDC=ZBEB-f ZEAD. 
Again, V in A ADCext. Z BDC = 

ZDAC+ ZI>CA; 
and V EA = EC /. Zl>CA= Z 

EAC=ZBAC + ZBAE; 
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6 

7 

8 

9 

10 



D. 4 and 5. 
D.3. 
Ax. 1. 
Sub. 
Ax. 3. 



.'. /lBDC = twice(^DAC4- Z DAE); 
but Z BDC= Z. DEB + /.EAD; 

/. Z.I>EB + ZEAD = twice(/lDAC-f Z-DAE); 

t&ke away the com. ^ E AD ; 

/. rem 2. D EB = twice rem. /. D A C ; 

«. e, the /. at cen. =: twice the ^ at 0ce. 



n. If Euclid's definition of an angle (Def. 9, Book I.) be strictly adhered to, 
the 20th Prop, is geometrically true only when the angle at the centre is less 
than a rt. angle ; but if an angle may be regarded as any angular magnitude less 
than four right angles, the proposition is universally true. The relation between 
the angles at the centre and at the circumference^ subtended by tiie same arc, 
includes the cases in which the angle at the centre is greater than two rt. angles. 
Takei, fbr instance, the re-entrant angle BEC, made up of /.s BEF» FEC. 



C. 

D.l 

2 



Fst. 1 and 2. 

20, nr. 

Cone. 



Join A E and prod, it to F, the re-entrant 

/_ BEC=: Z8BEF,FEC. 
V Z. BEE =; twice ^ BAF, R 

and Z. FE C = twice Z. CAF; 
/, re-entrant ^i BEC = twice /. BAG. 



In this way the proposition is universally true. 



m. The demonstrations often appear plainer when 
arranged QxacHj as a Simple Equation, and worked by the 
same rules ; thus, in reference to the figures Fr. 20, III. 

Case 2. /. BEF = 2/. BAF, or 12= 6 + 
and ZFEC=2Z.FAC, 14= 7 + 




6 
7 



.'.Add. /.BEC = 2Z. BAC, 26 
Case 3. /_ FEC = 2/1FAC, or 20 



13 + 13 

: 10 + 10 
and ZEEB = 2ZFAB, 12 = 6 + 6 



5'm6. Z.BEC = 2ZBAC, 8= 4+ 4 

Thus, the sum or difierenoe of the angles at the centre ss twice the sum or 
difierence of the angles at the circumference. 

Use and App. — 1. This proposition is applied in Trigonometry, of which 
examples will be found in the tlse and Application of Prop. 21, Book m. 
2. It was employed by Ptolemy to determine the eccentricity of the sun and 
the epicycle of the moon. 3. In ascertaining the earth's aphelion by three 
observations the angle at the centre of the orbit is taken double the angle at the 
circumference. 
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Pbop. 21. — Thbob. 

The angles in the same segment of a circle are equal to one 
another. 

Ckuff. 1, m. Fst 1 and 3. • 

Dek. 20, in. Az. 7. Ax. 2. 



E.1 

2 



Hyp. 
Cone. 



In © ABCD, let BAD, BED be Z.s in the same 

8eg. BAED; 
then Z BAD = Z. BED. 



C. 

D.l 

2 

3 
4 



Case I. — Let the seg. BAED 5c greater than a setnicircle, 

1, in.PBt.i. 



G. 



)> 



20, III. 
Sim, 

Ax. 7. 



Take P the ceja. of ABCD and 

joinBF, FD. 
V Z. BFD is at F,thecen, 

and Z BAD at the 0ce, 
and •/ each /_ has the same 

base, arc BCD; 
.% Z BFD = twice z. BAD. 
For the same reason /. BFD g 

= twice Z. BED; 
.-. z. BAD = Z BED. 



A E/ 




Case II. — Let the seg, BA'EIJ) henotgr, tiian a semidrole. 



C. 

D.l 

2 

3 

4 

5 
6 



l,III.Pst.l,2. 

C. 
C. 

C. and Case I. 
C. and Case I. 



Add, Ax. 2. 
Rec. 



Find F the cen., join AF, 

and prod, it to C, and join 

CE, CB, CD. B 

•.' AC is a diam. 

.•. seg. AEDC is a semio« 
also segs. BAEDC, DEABC 

each > a semic. 
and •.• BAEDC > asemic, 

.-. Z BAC= Z BEC; 
and '/ DEABC > a semic. 

/. Z CAD= z CED; 
Hence the whole Z BAD = whole Z BED. 
•. The angles in the same segment, ^c, 

Q. E. p. 
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N.B. This Prop, may bo reiy simply proved ; for the angles of the 
segments aic the halves of the same central angle standing on the same commou 
base. 



Cor. — If, as in fig. to Case I, upon the base, BD, ofaAf there 
he described a segment, BAED of a circle, the vertex of the a shall 
/aZZ 'without, as at G, or within, as at F, or upon the arc, cw at E, 
according as the vei'tical angle is < , > , or = the /. A, in the 
segment. 

For, if the vertex fall without, as at G, then, 16, I., ^ BED 
= Z. BAD and is > ^i BGD; if within, as ^ F, then, 21, I., 
Z F > Z BAD; and if on, as E, then 21, IIL, z BED 
= Z. BAD. 

ScH. 1. — Any nmnber of triangles whatever, upon the same base, and with 
their vertical angles equal, have the locuspf their vertices in the arc of the same 
circle ; hence, by constracting innumerable triangles fulfilling these two con- 
ditions, the vertices would form the segment of a circle. 

2. From this Proposition it follows that the angle at the circnmference 
has for its measure one half of the arc on which it standbs. 

Use and App. —I. This proposition may be employed for constructing a 
building in which all the spectators shall see any object under the same angle. 
A circular amphitheatre is of this kind, for let BD, fig. Case I., be the stage, and 
BAED the circle in which the seats are placed, then from every one of the 
seats the stage subtends the same angle of vision ; and it is a law in Optics 
that a line seen under the same angle appears of the same size. 



II. To bisect an angle, a« Z 1^ A C. 



CI 
2 

3 
4 
5 

D.1 

2 
3 



Pst. 3. 
3,I.Pst.3 

3,I.P8t3. 
Pst. 1. 
Sol. 

C. 

20, m. 

8,1. Ax. 1. 
Cone. 



Erom A with AB desc. an arc BC ; 

take BD = BA, and with BD desc. the 

arcDFA; 
and from D with rad. = BC cut DEA in F; 
and join BF, AF, B C, and DF, 
tiben the line A F bisects /. A. 

V Z. DBF is at the cen., 

and /_ D AF at the ©ce ; 
/, /.DBF = 2 /.DAF; 
but /1BAC=Z. DBF, 

/. /.BAC= 2 Z.DAF. 
/. Z. D AC is bisected by AF. 




m. To construct a figure representative of the distance of the place of 
observation from an object, 

Ex.— Three objects, A,B, C, are distant, AB = 8 miles, BC = 7*2, and 
AC = 12 miles, from the place of observation D ; the /. CDB == 25^, and 
Z_ BD A = IB** ; required the distance from D to B. 
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From a scale of cq. parts, with the given dis- 
tances, constract the A ABC ; at C make l_ AC£ 
= 19° = Z BD A, and at A, 21 CAE = 25° = 
^ CD B ; and through the three points A, E, and 
C, (Prop. 3. Use 4, III.) draw a circle ADCE; A 
join BE, and produce it to intersect the circle in D; 
then B D is representative of the distance from I) to B, 
and is cqn^l to about 15 miles, taken fi[X>m the scale. 
For /,8 ACE, ADE, being in the same segment, 
ADCE, are equal, by 21, III., and also /.» CAE, 
CDE, arc equal, being in the same segment, E ADC. 
Tates' Geometry, p. 56. 

IV. To draw tite arc of any circle, especially on a large scale, by means cf 
two St. pieces of wood fastened so as to form a certain angle, A C B. 

Fix into the ground, or on a floor, _ 

two pins, A and B, at any required ^ 

distance, not greater than that of the 
extremities, A and B, of the angular 
frame ACB. Move the angular 
frame round, keeping the sides press- 
ing close to the pins, and a tracing 
point or pencil at C will mark out tbe - -,/ xxt 

arc of a circle on the ground, or on a ^//- i .^^^\R 

floor. The base, AB, remains the 
same, and the vertices of the triangles 
have their locus in the arc of the same circle. 

This method of drawing, or tracing a circle, or the arc of a circle, without 
having its centre, may be employed for giving a spherical flgure to metal 
cauldrons, or to optical glasses ; also for making large Astrolabes, or for marking 
out the meridian lines, and the lines of latitude on large maps ; indeed for every 
purpose which requires an arc of great magnitude. 



Pnop. 22. — Thbor. 

The opposite angles of any quadrilateral figure inscribed in a 
circle are together equal to two right angles. 
Con. Pst 1. 
Dem. 32, L 21, ni. Ax. 2. Ax. 1. 

E.l 



2 
3 



C. 



Hyp. Let A B C D be a qii. lat. in the 

© ABC. ^ 

Conc.1. then Zs ABC + ADC = 
2 rt. Zs. 
„ 2. & ZsBAD + BCD=2rt.Zs. 
Pst. 1. Join AC, BD. ^ 

E 
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Case I.— The opp. Ls ABO + ADO = 2 rt Zs. 



D.l 

2 
3 



5 
6 



32,1. 

21,111. 
Ax. 2. 

Add, 

D. 1. 
Ax. 1. 



In A OAB, the Zs ABC + BCA + CAB = 

2 rt. Zs; 
but Z CAB = Z CDB, and Z ACB = z ADB. 
.-. the whole Z ADC = Z CAB, +Z BCA; 
to each add Z ABC, and Zs ADC + ABC 

= /.sCAB + ABC + BCA; 
but zs ABC + BCA + CAB = 2rt. Zs; 
.% ^isABC + ADC = 2rt. zs. 



Case II.— 7%e other pair of opp, Z^, BAD, BCD, also = 
2 rU Z s. 



D.l 

2 

3 

4 



32, I. 

D.2,4. Case I. 

Cone. 
Eec. 



Form A BAD, Zs BAD + ADB + DBA 

2 rt.* / s. 

as before "zs BAD + BCD = ZsBAD-h 

ADB + DBA; 
.-. zs BAD + BCD = 2 rt. zs. 
Therefore, The opposite angles of any quadril.^ ^c. 

Q. E. D. 



CoR. I. — And conversely, if the opposite angles of a quadrilateral 
he together equal to two rt, angles^ a circle may he described about 
the quadrilateral. 



C.l 



D.l 



2 
3 
4 



9, III. Use. 



Ass, Pst. 1. 



22,111., & H. 



Sub. Ax. 3. 

C. 

Sch. 21, III. 

Cone. 



Through A, B, D, the vertices 

of three Z s,draw a © ABD ; 
the ©ce will also pass through 

the fourth vertex, C. -^^ 

For take any other point E in 

the seg. and join AE, BE. 
V Z E + Z D = 2rt. zs, 

and Z + Z D = 2 rt. 

ZS. 
/. taking away com. Z D, Z E = Z ; 
and these angles have a com. base, AB ; 

.*. Zs E and C, are both in the ©ce. 
and /, ©maj^be described about the qu.lat. ADBC. 
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Cor. II. — //* any side of a quadril. in a circle^ as AB, in fig 1, 
he produced io E, the ext. /. EBC = int, opp, Z, ADC; for they 
have a com. supplement Z. C B A, or each of them together with 
the int. adj. Z. = 2 rt. Z.s. 

Cor. III. — " If two chords cut off similar segments JYom the 
same or different circles, the other segments will also be similar, since 
the angles which they contain are supplemental to those in the 
former segments." - 

Cor. IV. — " If opp, angles of a quadril, he equal, they must he 
both rt. angles, rt. angles being the only equal angles which are 
supplemental." Lardner's Euclid, p. ilO. 

Use and App. — ^Ptolemy availedhimselfof tfiis proposition to constract 
the Tables of Chords ; and in Trigonometiy it may be applied to prove that the 
sides of an obtnse angled triangle have the same ratio to one another as the 
sines of their opposite angles ; and hence, if any three be given, the foorth may 
be found. 



Prof. 23. — Thkor. 

Upon the same straight line and upon the same side of it there 
cannot be two similar segments of circles^ not coinciding with one 
another. 



Con. Pst. 1, 2. 

Dem. 10, m. Def. 11, III. 16, 1. 

If possible, on AB and on the same 
side of it let there be two sirri. 
segs. ACB, ADB, not coin- 
ciding. ,, 

V ACB cuts © ADB in -^^ 
A and B ; 

.'. these 08 ACB, ADB cut in no other points ; 
3| Cone. I .•. one of the segs. falls entirely within the other : 



E. 


Sup. 


D.l 


Sup. 


2 


10, III. 
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Sup.-^Zei seg. ACB fall entirely within seg, ADB ; 

In arc A C B take any • C, and join B C 
produce BC to D, and join OA, DA. 

V seg. ACB is sim. to seg. ADB; 
and sim. segs. of s contain equal ^s ; 
.-. z ACB = z ADB, 

i. €. the ext. /. = the int. Z ; 
but this is impossible ; 
Therefore, thei^e cannot be two similar, ^c. 



C.l 
2 


Pst. 1 
Pst. 2 


D.l 
2 
3 


H. 
Def.l 1,111. 

Cone. 


4 
5 


16,1. 
Kec. 



Q. E. D. 



ScH. — This proposition, relating to two similar segments of a circle, is the 
same in principle with the 7th of Book I., which says, that, '* on the same 
base and on the same side of it, there cannot be two triangles which have their 
sides terminated in one extremity of the base equal, and likewise those termi- 
nated in the other extremity eqnal, not coinciding with one another :" and as 
the only purpose for which 7, 1., was employed was to prove 8, 1. ; so the 
purpose to which 23, III. is applied is the demonstration of 24, III. We throw 
such propositions away as soon as we have used them, yet they are needful 
links in the chain of geometrical argument. 



Pnor. 24. — Theor. 

Similar segments of circles upon eqiial straight lines are equal to 
one another, 

De^. 23|III. Ax/8. Magnitudes which coincide are equal. 



E.l 

2 

D.l 



Hyp. 

Cone. 
Super, 





Let AEB, CFD, be sim. segs. of ©s on equal 

St. lines, A B == CD; 
then seg. AEB = seg. CFD. 

Suppose seg. AEB placed on seg. CFD, so that 
Abe on C, AB on CD, and arcs AEB, CFD, 
on the same side of C D ; 
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2 
3 

4 
5 



7 
8 



H. 

D. 2 and 1. 

23, III. 

Sup. 

Eemk. 



23, III. 

Cone. Ax,8. 



9' Eec. 



then •/ AB = CD, /. B shall coincide with D: 
and AB coinciding with CD, and thesegs. being 

on the same side of C D, 
,•. the seg. AEB must coincide withseg. CFD. 
If not, the arc AEB would take another direction, 

asCGD; 
thus on CD, and on the same side of it, there 

would be two similar segs. of ©a not coinciding, 

CGDandCFD; 
which is impossible. 
/. seg. AEB coincides with seg. CPD; and 

seg. AEB = seg. CFD. 
•. Similar segments of circles^ ^c, Q. E. n. 



CoR. I. — Similar segments having equal chords have also equal 
arcs; to be established by the same principle of superposition. 

CoR. IL-^Similar segments having equal chords are parts of 
equal circles ; for circles which agree in more than two points agree 
in every point. 

CoTi. IIL— If the radii, AB, EF, and angles, BAC, FEG, 
of sectors BAOD, FEGH, ate equal, the Sectors themselves are 
equal. 



C.l 
2 
3 

D.I 
2 



Pst. 1. 
Pst. 2, 1, 
Pst. 1. 

4,1. 
20, III. 



.-T"-'*'xL 








Draw the chords BC and FGj 

Produce B A to L, FE to M, 

and join LC, MG,BD,DC, FS, HG. 

Then v A BAC = A PEG; 
and V Z. BAC = Z FEG, 
and Z BLC ;= Z. FMG; 
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D.3 

4 
i) 
6 

7 



22, III. 
Def. 10, III. 
D.l. 24, III. 

Add, 



also V L BDC = Z FHG, 
.•. seg. B D C is sim. to seg. FHG, 
Again •/'BO, = FG /. seg. BDC = seg. FHG ; 
To each seg. add equal as BAC, FEG; 
.-. BDC + BAC = FHG + FEG, 
L e. sect. BACD = sect. FEGH. 



Use and App. — Curve lined figures, asADB^CEA, 
are often reduced to rectilineal fig^ires hy t^ia proposition. 

For, if two like segments, ABB and AEC of D 
circles are described on the equal sides, A B, A C, of an 
equilateral A A B C, it is evident that by transposing 
the seg. AEC on AB B, the A A B C s= the curve ^ 
lined fig. AD B, CE A. B 




Prop. 25. — Prob. 



A' segment of a circle being given^ to describe the circle of which it 
is the Segment. 

Co?i. 10, I. II, I. Pst. 1. 23, 1. Pst. 2. 

Bem. 6, 1. If a A have two of its /_s eqnal, then the sides opp. the- equal 
/_8 shall be equal. 
Ax I. 9, m. Bef. 10, 1. 4, 1. 



E.l 
2 

C.l 
2 
3 



Dat. 
QuaBS. 
10,1.11,1. 
Pst. 1. 
Remk. 



Let ABC be the seg. of a circle, 
to desc. the © of which it is the seg. 
Bis. A C by the perp. D B cutting arc A B C in B ; 
and join AB; 

there will be two cases according as the /. s BAD, 
ABD are = or ^fc. 



Care I. Z<?^ Z BAD = Z ABD. 



D.l 


H. 0, I. 


V Z DBA = z. DAB, 
/. DA = DB: 


2 


C.&Ax.l 


and •.• DC = DA, 






/. DA «DB =DC; 



B 
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D.3 

4 
5 



9, III. 

Sol. 

Eemk. 



And V fromD to the 0ce, DA, DB, DC are 

equal; 
/. D is the cen. of the of which A C B is an arc. 
Hence, if from D with rad. DAorDBorDCa 

be desc, it will he that of which AB C in an arc. 
And •/ the cen, is in AC, /. the seg. ABC is a 

semicircle. 



Carb II. Let L BAD ^fc Z ABD. 




C.l 
2 

D.l 
2 

3 

4 



-6 



8 



28, 1. 

Psts. 2&1. 

C. 1. 6, 1. 
C.Def.10,1. 

4,1. 

D. 1, Ax. 1. 
D. 3,4.9,111. 

Sol. 



Eemk. 



Remlv. 



Rec. 



At A in AB make L BAE = L ABD; 

prod., if necessary, BD to meet AE in E, and 
join E C. 

V L ABE = z BAE, /. BE = AE; 

and •/ AD = DO, DE com. and L ADE = 
ZCDE, 

/. in AsADE, CDE, baseAE =: base EC; 

but AE «= EB, /. BE also « EC ; 

and •/ AE as EB = EC, /. E is the cen. of the . 

Hence, if from E with rad. E A, E B, or E C, a 
be described, it will be that of which ABC 
is an arc. 

If Z ABD > Z BAD, the cen. E falls withmii 
the seg., which therefore is less than a semi- 
circle ; 

but, if z ABD < Z BAD, the cen. E falls 
within the seg., which therefore is greater than 
a semicircle. 

•. A segment of a circle being given, ^c. Q. e. f. 



ScH. — ^This problem might be proposed in another way, — as, to inscribe a 
triangle in a circle ; or, to make a circle pa^s through three given points, pro- 
vided they are not in a st. line. The mode of doing this has been pointed out 
in Use and App. II., lU., and lY., of Prop. 8, Book HI., and also in the App. 
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of Prop. 9, Book III. If, for making a circle pass through three given points, 
A« B, C, not in a st. line, the method pursued in Prop. 25, Book III., be 
followed, the process will be — 



CI 

2 

3 

4 

D.l 

2 
3 



Pst. 1. Join Uio three given • s A, 6, C ; 



10, 1. 11, 1.I bis. AC in D by a perp. fiom D, and A 6 yp 
in K by a perp. irom £ ; 
the • G where the perpendiculars inters, is 

the cen. of the required 0. ^ 

JoinGA, GC,GB. 



Sol. 
Pst. 1. 
C. 4, 1. 



Sim. 
Ax.l.9,IIL 




•/ AD = DC, DG com. and ^s at D 

equal, /, GA = GC. 
for a like reason GB = G C, 
.'. G A = GB = GC ; and with cither as rad. a-© may 

be drawn through A, B, C. 

CoR. — ^In like manner the remainder of the 0:c of a segment of a circle 
may be completed. 

Use akd App. — The proposition is of frequent 
use in all cases when a circle, or an arc, has to be 
drawn through any three points. Thus : 

1. For constracting an arch, of which AB ["S* 
the span and D H the perp. height to the centre, 
are given : 

2. For drawing the plan of a Gotliic arch, in ^ 
which the span AB, and the radii of the ai'cs 
intersecting in C are the same : 

When AB, the span of the ai^ch, or distance 
of two of the three points. A, B, Js great, the 
method may be adopted, which is given in Use and 
App. IV., Prop. 21, Book III., p. 49. 

3. For cutting stone, wood, or metal, so that 
a circle shall pass through three given points : 

4. For finding the apogee of the moon, ar.d the eccentricity of the earth's 
orbit. 





PRD^. 26.— TheoR. 

In equal nirdes, equal angles stand upon equal arcs, tvhether 
they he at the centres or circumferences. 

Con. Pst. I. 

Dem. Dcf. 1, III. 4, I Def. n, lit 84, III. Ax. 3< 
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E.1 
2 



C. 



Hyp. 1 
2. 



>» 



Cone. 
Pst. 1. 



Let © ABC = 
and z. BGC = 

and z BAC 
then arc B K C 



© DEF; 

Z. E H F at their centres ; 
= Z. FDE at their ©ces; 
= arc ELF. 



Join B C, and E F. 




C E 




D.l 

2 
3 

4 
5 

6 
7 



H.Def.l,IIL 

H. 4, L 
H.Def.ll,m. 

D. 2. 24, III. 
H. Ax. 3. 

Cone. 
Rcc. 



V © ABC = DEF, /. BG = GC 

~ EH = HP each to each ; 
and Z G = Z H, /. BC = EF. 
And •/ Z at A = Z at D, /. scg. B A C is 

sim. to seg. E D F ; 
but •/ BC = EF, /. seg; BAC = seg. EDF ; 
Now © ABC = © DEF, /. rem. seg. BKC 

= rem. seg. ELF; 
and arc BKC = arc ELF. 
•. In equal circles, equal angles, ^c, Q. E. D. 



Con. 1 . — Since by Cor. 4, Prop. 22, bk. Ill, if the opp. Z a of 
a qu. lat. in a circle are equal, those Z s are rt. Z s, it follows from 
Prop. 2Gj if the opp. /is he equal their opp. diagonal must he a diameter^ 
and| the segment a semicircle. 

Cor. 2. — la the same or equal circles one central or circumferential 
angle is less than, equal to, or greater than another, as the arc of 
the one is less than, equal to, or greater than, the arc of the other. 

Cor. 3. — The diameters which intersect at rt. angles divide the 
circumference into four equal arcs, or the circle into four equal parts. 

Cor 4. — When the sum of the central angles equals four right 
angles^ the sum of th^ir arcs equals the whole circumference. 
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Cor. 5. — When the sum of the angles at the circumference 
equals two rt. angles, the sum of their arcs also equals the whole 
circumference. 

CoR. 6. — Similar arcs of equal circles are equal. 

CoR. 7. — Parallel chords^ AE, CD, o/a circle intercept equal 
arcs, AC ED. 

Cor. 8. — If two chords, AB, CD intersect mtlan a circle, ABE, 
the sum of the interested arcs, AC + D B ts equal to the arc which 
an angle would intercept at the circumference, B A E, that is equal to 
the angle, BED, under the chords. 



C. 31,1. 

D.l C.29, 1.26, III. 



3 
4 



Add* 

D.L 

15, I. Ax. 1. 

Cone. 



Draw A E II CD. 

V AE I CD .-. Z EAP = 

Z AFC, and /. arc ED = 

arc AC; 
To arc ED add arc. DB, .'. arc 

EB = arc AC + arc DB; 
but Z BAE t. e. PAE = Z AFC; 
and z AFC = Z BFD, 

.-. Z BAE = ZBFD. Q. e. d. 




Cor d.— If two chords, AB, CD, intersect at a point F, without 
a circle the difference of the arcs, BD f^ AC, which they intercept is 
equal to the arc, BE, which an angle BAE, wmld intercept at the 
circumference that is equal to the angle BFD, under the chords. 



0. 


31,1. 


D.l 
2 


as in Cor. 8. 
Sub, Ax. 3. 


3 


29,1. 



Draw AEIICDorPD. 




then arc AC = arc DE F 
from arc B D take arc D E, 

.•.arcBE=arcBD— arcAC. 
and z EAB s= z BFD. 

Lardner's Euclid p, 113. 



UsB AND App. 1.— Since, by Cor. 8, of the preceding Prop. Z BFD = 
Z B AE, and by Cor. 20, III, an Z at the ©ce, BAE, on an arc EB is 

measured by half the arc, BE, on which it stands, namely by -— ^ this property 
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is arailable far finding the true central angle of an imperfectly constructed 
theodolite, or of any similar instrument, in which the revolying limbs AF, FB, 
in the last figure but one, are not at the centre of the circle ; thus, if the arc AC, 
as shown by one limb FA, is 60° 20' and the arc BD, as shown by the other limb 

FB, is 48« 12' the true central angle = ^^- ^?l-+-i®!J?'= ?5l5?l -, 490 jg.^ 

2. We may also apply Cor. 9 to determine the /. DFB, when the arcu 
AC and BD are given ; for if arc AC = 48'', and arc BD = 100°, then 
Z. DFB = 100° — 48° = 52°. 



Prop. 27. — Theor. 

In equal circles the angles which stand upon equal arcs are equal 
to one another, whether they he at the centres or the circumferences. 

Con. 23, 1. 

T)KM. 20, m. Ax. 7. 26, ni. Ax. 1. Ax. 9. 




E.l Hyp.l. Let ABC, DEF, be eq. ©s, G and H being the 

centres ; 
Hyp.2. and let Zs BGC, EHF, at G and H, and zs BAG, 
E D P, at the ©ces, stand upon the eq. arcs B C, E P ; 
Cone, then /_ BGC = Z EHP and z BAC = Z EDP. 

Sup.— If z BGCrs z EHF, then (20, III., and Ax. 7) 
ZBAC=zEDF; but if not, one must be the greater. 



C.l 
2 



Sup. 
23,1. 



Let z BGC > z EHF. 

At Gin BG make Z BGK « z EHF.- 
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D.l 
2 
3 
4 
5 
6 
7 



C.26, m.l Then •/ L BGK = Z EHF, /. arc BK = arc FE; 



H.2. Ax. 1 
Ax. 9. 
Hemk. 
20, III. 
Ax. 7. 
Rec. 



but arc EF = arc EC, /. arc BK = arc BC ; 

t. e, the less = the gr., which is impossible ; 

:. L BGCnot^ ZEHF, i,e. L BGC =ZEHF; 

but L at A = \ L BGC,and Z: at D = J Z. EHF; 

.-. Z. at A = Z. at D, 

•. In equal circles^ the angles j ^c. Q. e. d. 



Cor. I. — 'In the same or in equal circles^ ABC, DEP, the 
sectors BGC, EHF, which stand upon equal arcs ^ BC, EF, are 
equal, and conversely. 





C. Pst. 1. 



D.l 



4 

5 



8 



Def.l5,I.27,III. 

4,1. 

Suh 

Ax. 3. 
Def. 11, III. 

D. 2 & 24, III. 

Add, 



Ax. 2. 



C E 



Join B C, EF; and from • s E, L, draw KB, 

KC, LE, LF. 
V lines BG, GC = EH, HF,and Z BGC 

= z EHF. 
/. base BC = base EF, and A BGC 

= A EHF. 
From eq. ©a ABC, DEF, take equal arcs 

BC,EF; 
.'. rem. arc B AC = rem. arc EDF; 
/. z. BKC= z ELF, and seg. BKC 

is sim. to seg. ELF; 
but base B C = base E F, 

.•. seg. BKC = seg. ELF. 
Tothecq. As BGC, EHF, add the equal 

segs. BKC, ELF; 
.'. the sector BGC K =s the sector EHFL. 



N.B. .ThQ Converse may b9 left for the student tQ (l«m9nstrata 
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Cob. IL— As in Cor. 7, P. 26. III., if the chords AE, CD, 
oj a circle are parallel^ they intercept equal arcs, and vice versa. 



C. 
D.l 

2 

3 



Pst. 1. 
29, I. 26, III. 

D. 1. 27, III. 

27,1. 



Join E C. 

V Z AEC= zl ECD, 
.". arc E D = arc A C. 

Again •/ arc AC = arc ED, 
.-. Z ECD = z AEC; 

.-. AEII CD. 




ScH. — 1. Propositions 26 and 27 are converse propositions; and what is 
tme of equal circles is true of eqnal arcs in the same circle. 

2. As in Cor. 2, Prop. 15, 1., all the angles fonned by any number of lines 
diverging from a common centre are together equal to four rt. angles, so the 
fium of the angles at the centre of a circle subtended by arcs, which together 
make up the whole circumference, is equal to four rt. angles. Also the sum of 
the angles at the circumference subtended by those same arcs is equal to two 
rt. angles. 

3. And, since eq. arcs of eq. circles subtend eq. angles, such cq. arcs 
contain similar segments. 

Use and App. — 1. By Cor. II. of this Prop., a parallel through a given 
point E to a given st. line CD may readilv be drawn ; for join E C, and make 
Z_ CEA= Z. DOE, and AE is parallel to CD. 

2. The principle on which the area of a sector is ascertained may be 
developed ftx)m Cor. I. of this proposition, for the area of the triangle B G C, 
added to the area of the segment BKC gives the area of the sector B GEK. 

Or, when the rad. and /. ^ G C are given, by principles hereafter to be 

;i xv A f*v o« * Area of x /_ BGC, 
proved, the Area of the Sector = ^ o 



Prop. 28.— Theor. 

In equal circles, equal straight lines cut off eqnal arcs, the greater 
equal to the greater, and the less to the less. 

Con. 1, ni. Pst. 1. 

Dem. Def. 1, ni. 8, I. 26, III. Ax. 3 
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E.l 

2 
3 
C. 



)> 



Hyp, 1. 
2. 
Cone. 
l,III.Pst.l. 



Let ABC and DEF be eq. 0s, and BC, EF 

eq. St. lines in them ; 
and let BC, EF cut off two gr. arcs BAC, 

EDF, and two less BGC, EHF; 
then the gr. arc BAC = the gr. EDF; and 

the less B G C = the less EHF. 
Take K, L, centres of the ©s, and join KB, KC, 

LE, LF. 





D.l 

2 
3 
4 

5 



H.Def. 1,111. 

H. 8, I. 
26, III. 
H. Ax. 3. 

Rec. 



C E 



V © ABC = © DEF, 

/. KB, KC = LE, LF, each to each ; 
and BC = EF, .-. L BKC = L ELt^; 
/. the arc BGC = the arc EHF; 
but © ABC = © DEF; 

/. rem. arc BAC = rem. arc EDF. 
Therefore, in equal circles, equal st, lines, 6fc. 

Q. B. D. 



ScH. As in other instances, the principle of the proposition extends to 
eqoal st. lines in the same circle, in which also sach eqoal st. lines cnt off equal 



arcs. 



Prop. 29.— Theor. 



In equal circles equal arcs are subtended by equal straighl lines. 

Con. 1, m. Pst. 1. . 

DsM. 27, m. Def. 1, m. 4, 1. 
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E.l 



0. 



Hyp. 
Cone. 
l,III.Pst.l. 



Let ABC = © DEF, 

and arc BGC = arc EHF, 

then on joining BC, and EF, chord BC 

= chord E F, 
Find K, L centres of the ©s, and join KB, KC, 

LE, LP. 




C E 




D.l 
3 
3 

4 



H. 27, m. 

H.Def.l,in. 
D. 1 and 4, 1. 
Rec. 



V arc BGC = arc EHF, 

/. /_ BKC = ZELF; 
and V © ABC = © DEF, 

/. BK, KC = EL, LF each to each; 
and Z BKC= Z ELF, 

/. chord B G = chord E F. 
Therefore, iJi eqical circles eqiial arcs ^-c. g. e. d. 



Cob. I. — By the same kind of demonstration it may be shown 
that, in the same or in equal circleSf equal sectors stand upon equal 
arcs ; and conversely. 

CoR. II. — From Prop. 26, 27 and 29, straight lines which inter^ 
cept equal arcs are parallel ; and parallel st, lines intercept equal 
arcs ; for the alternate angles are equal. 

Use and App. — 1. We may declare generally that whatever has been 
proved with respect to equal circles is also tme when applied to the same circle. 

2. In Bpherical Trigonometry, Props. 26, 27, 28, and 29 are of continual 
use. By means of Props. 27 and 28, Theodosius demonstrated that the arcs 
of the circles of the Italian and Babylonian hours, comprehended between 
two parallels, are equal ; and, in the same way, it may be proved that the arcs 
of circles of the astronomical hours, comprehended between the two parallels to 
the equator, are equal. 



64 



GBAPAT1053 UI SUGUD. 



Prop. 30.— Pbob. 

To bisect a given arc of a cirde, i. e., to divide it into two equal 
parts. 

Con. 10, L 11, L Pst. 1. 

Dem. Tcf. 10, L 4, L 28, nL Ck)r. 1, HI. 



E.l 
2 

C.l 
2 



D.l 

2 
3 



Datum. 
Quaes. 

Pst.l& 10.11,1 

Sol. 

Pst. 1. 
C.l.Def.lO,I. 

4,1. 
28, III. 

Cor. 1, III. 

Cone. 



Let ADB be the given arc ; 
it is required to bisect it. 

Join DB, and bis. AB in C by pcrp. CD ; 
then the arc AD B is bis. in D, 

I. e. arc AD = arc BD. 
Join AD, and DB. d 

•/ AC = BC, CD com. 

and Z. ACD = Z. BCD, A.- 
/. base AD = baseBD. 
But eq. st. lines cut off eq. arcs, the gr. = the 

gr., and the less = the less ; 
and •/ DC passes through the cen., arcs 

AD, D B, each < a semicircle. 
/, arc AD = arc DB, and ADB is bis. in D. 

Q. E. F. 




Cor. Hence, by successive bisections, as in Sch. 1 and 3, 

Prop. 9, I., a given arc may he divided into any number of equal 
parts that are the powers of two, as 4, 8, 16, 32, &c. 

Sch —1 . The bisection of a given rectil. angle, ADB.Pi'op. 9, L, implies 
a bisection of ADB, an arc of a circle ; bnt, as by Plane 
Geometry, a rectil. angle, except in the case of a nght angle, 
D CB, cannot be divided into 3, 5. 6, &c., equal parts, so an 
arc of a circle, except in the case of a quadrant, D B, which is 
the circular measure of a right angle, DCB, cannot be cut 
into 3, 5, 6, &c., equal parts. 

N.B. If, as is mentioned below, other plane curves, besides the circle, had 
bsen admitted by Euclid, any angle could also be divided into 8, 5, 6, &c., 
equal parts. 
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C& 



3. To trisect a quadrant^ AB, t. e. to divide a rt. /., ACB, into t!ircd 
equal parts. 

C. 1; 1, L On CB const, an eqnil. A BEC, 



2! 9, I. 
3 



D.l 



SoL 
Cor.32,I.C2. 



2 Cone. 

5 H. & D. I. 

I 
4 Ax. 3. 
5, Cone. 



and bis. its /. B CE by CD, 
the rt. /. ACB will be trisected, 

f. e, /_BCD = ^DCE = /_ ECA. 
•/ Z. BCE = § of a rt. /i, and is 

bis. by CD; 
.-. Z.BCD= Z_ DCE. 
Also V ACB is art /., and BCE r 

= tofart. /.; ^ 

/. Z ACE=:iofart. /_ ; 
/. Z. ACE = Z ECD = Z_ DCB, i. e. the quadrant is 

trisected. 





Or, — From A and B, with the rad. of the circle, describe 
jircs cutting the quadrant in D and E ; join EC, DC, and 
the quadrant is trisected. 

3. By successive bisections of the one-third of art./., the 
l-6th, l-12th, l-24th, &c., of a rt. /., or of a quadrant is 
obtained. 

4. The division of a quadrant into five equal parts depends on P. 10, IV. 

5. Since Euclid confines himself to straight lines and circles, the trisection 
of an angle, or, of an arc cannot be effected by his Geometry ; if, however, other 
carves, formed by the sections of the Cone, were admitted among the carves of 
our Plane Geometry, the problem conld readily be solved. For, ** if with two- 
thirds of any given line, A, as a major axis, an hyperbola be described whose 
asymptotes," or incoincident lines, ** make an angle of 120*^; and if with A as a 
base, and a point on the branch of the hyperbola adjacent to the single 
third of A as a vertex, a triangle be described, the larger of the angles adjacent 
to A will always be double of the smaller. Conseqaently, one of the external 
ancles will be triple of one of its internal and opposite angles ; so that by des- 
cribing on a straight line A a segment of a circle containing the supplement of 
any given angle less than 180°, $hat circle will cut the branch of the hyperbola 
in a point which, being jomed with the further extremity of A, will give an 
angle equal to the. given angle." — ^Pennt Ctcl., XXV., p. 260. 

6. What is required for the trisection of an arc 
or of an angle is the solution of the following prob- 
lem ; ** from a given point, as A, in the circum- 
ference of a ABD, to draw a st. line, A XT, such « 
that the part XT, between the circumference and a 
given diameter BD produced, shall be equal to the 
radius CA." 



D.l 
2 

3 

4 



H.6i,L 
32, L 



Cone. 
p 




V CX = XT,.-. /. XCT = Z XTC ; 

but Z. AXC or CAX = 2/_ XCD, 

and Z ACB = /. XCD + Z AXC; 
.*, Z. ACB = 3 /_ XCD, .-. arcAB=3ArcXD. 
Thus Z. X CD = J of Z. A C B, and .-. arc XD = i 1 



arc AB. 
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7. One of the Trochoidai carves, known hj the name of the trueeirix, 
is pecaliarlj possessed of the property of diyiding any arc into three equal 
ports. 

Use and App. — ^By this problem, the semicircle is divided into qnadrants, 
and the qnadrant into arcs of 45°, 22^° &c. ; and the Mariner's Compass, as 
in Use 4, 9, 1., into 32 equal parts called Bhumbs ; but the division into 
single degrees cannot be performed by Euclid's Geometry. 



P^op. 31. — Theor. 



' In a circle, the angle in a semicircle is a right angle, but the 
angle in a segment greater than a semicircle is less than a right angle ; 
and the angle in a segment less than a semicircle is greater than a 
right angle. 

Con. 10, I. Psts. 1 & 2. 

Dbm. Def. 15, 1. 5, 1. Axs. 1, 2. Def. 10, 1. 22, m. 
32, 1. If a side of a A be produced, the ext. /_ = the two int. and 

<>PP' Zs ; and the three int. /.s of every A are together eqnal to 

two rt. /_B. 
17, 1. Any two angles of a A shall together be less than two rt. angles. 



E.l 

2 



Hyp. 1. 



j> 



2. 



3 


Cone. 1. 


4 




„ 2. 
„ 3. 


C.l 
2 
3 


10,1. 
Pst. 1 & 2 
Pst. 1. 




Let ABC be a 0, BC its diam. 

and E its cen. 
and from C let C A divide the 

into segs. ABC, ADC, of« 

which seg. A B C is > a semic. 

and A D C < a semic. 
Then /_ B AC in the semic. is a 

rt. Z; 
Z_ ABC in seg. ABC is < a rt. Z ; 
and Z_ ADC in seg. ADC is > a rt. Z. 

Bisect diam. B C in E ; E is the cen. 

join EA, BA; and produce BA to F; 

in arc ADC take any • D, and join AD, DC* 
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Oabb I. — The £_ BAC mt'he semicircle sikall he a rt, /.. 



D.l 
2 
3 
4 



Def. 15,1.5,1 

u:lc?C?. Ax. 2. 

32, I. 

Ax.l.Def.lO,I. 

Cone. 



Now, V EB = EA = EC; /. Z EBA 

= Z EAB, and z EAC= z EGA; 
add the eqs. and the whole Z B AC := the two 

Zs ABC, ACB; 
but in A ABC, the ext. Z EAC = the two 

int. zs ABO, ACB; 
/. Z BAC = Z FAC, and /. each is art. Z. 
•. the Z BAC in the semic. is a rt. Z. 



Case II. — The Z ARC, in. a seg. ABC gr, than a semic. ^ shall 
le less than a rt. /_, 



D.l 
2 
3 
4 



17,1. 
Case I. 
Cone. 
Eec. 



And •/ in A ABC the Z s ABC, BAC are< 2 rt. Z s. 

and that Z BAC is a rt. Z ; 

.". Z ABC must be < a rt. Z- 

•. the Z , in a seg. > a semic., is less than a rt. /_. 



Case III. — The Z ADC, m a seg. ADC < a semk.j shall he 
//;*. than a rt. /_. 



D.l 

2 
3 



C. 22, III. 

Case II. 

Cone. 

Rec. 



•/ ABCD is a quadrilateral in a ; 

/. zs ABC, ADC = 2 rt. Zs ; 
and •/ Z ABC is < a rt. Z ; 
/. the other Z ADC is > art. /_. 
'. In a circle the angle, ^c. 



CoK. — If one angle of a triangle he eq. to the other two, it is a 
rt. angle. 



E-lj Hyp. 
2 Cone. 



C. 
D.l 
2 



Pst. 



32,1. 
Def.10,1. 



For in a ABC, let Z BAC = Zs ABC + ACB; 
then Z BAC is a rt. Z . 

Produce B A to F. 

V Z FAC = zs ABC + ACB; 

/. z FAC = Z BAG, 
.". Z BAG is art. Z- 



Sen. — The converse of Prop. 31, is, " the segment which contains an acute 
angle is greater than a semicircle, and that which contains an obtuse angle is 
less than a semicircle." 
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toADATIONS IK EUCLID. 



2., The Demonstration which Labdhxr gives of the 31st Prop, is remark- 
able for its elegance and brevity ; it is founded on Prop. 20, Book UL; — 

•.* the central /ionA semicircle = two rt. /.s ; 
.\ the drcumferential /_ = one rt. /_. 

Again, •.* the ceu./. on an arc less than a semic. is less than two Tt./_s ; 
,". the circumferential /. is < a rt. /.. 

And '/ the cen. /, on an arc gr. than a semic. is gr. than two rt. /.s ; 
,*. the circumfei'ential /. is > a rt. /.. 

Use and App. — ^I. From the property, Case I., P. 31, m., that the angle 
ill a semicircle is a rt. angle, the following Problems are derived : 

Pros. I. From a point B, in a line, or at the extremity of a line, to draw 
a perpendicular. 



From any • A, out of the line, with the distance AB, 
describe a semic. meeting C A produced in B, and join BD; /' 
then BD is the perp. / 

N.B. Pelitabius, a mathematician, often quoted by .' 
BiLLiNGSLET, givcs this Cor. to Pr. 31. — "If in a circle be ; ^. 
inscribed a rectongle triangle, the side opposite unto the C '^f^ — 
right angle shall be tiie diameter ol the circle." 



A- 



':^ 



^B 



Prob. 2. — From a point D, without CB a line, to draw a perp. 

Join D, C, and bisect D C in A ; and from A with A C describe a semic. 
and join AB ; DB is the pei-p. required. 



Peob. 3. — From a point A, without a circle, 
to draw a tangent. 

Join A and the cen. C ; bis. AC in E ; and 
from E with E A desc. a circle ; and draw 
AB and AD; then AB and AD are 
both tangs, from A to the BCD. 

The Demonstration may be left to the Student. 



Or, join A, C ; 10, 1., bis. AC in D, and with DA ^- 
desc. a semicircle ABC; where the semic. cuts ^L. 




•'s 



the O B, is the tangent point ; and A B the A. 
tangent from A. 

II. By means of a square the centre of a circle may H 
be easily found; 

For, if B the angular point of the square, CBD (as 
in the fig. to Prob. 1. above) touch any point in the 0ce ; and if also the sides 
of the square, BD, BC, fall upon two other points, C, D of the 0ce ; then the 
line C D is a diam. and its middle point the centre of the circle. 
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m. In this proposition workmen possess a very simple way of trying if 
their squares he exact; 

For on the hypotenuse D B desc. a semicircle 
DAB, and apply the angalar point A of the square 
on the 0ce of the circle, and one of the sides of the 
sq. AB, so that the point B of the square may fall upon 
B the extremity of the diam ; then if D, the extremity 
of the other side of the square, fall upon D the other 
extremity of the diam. BB, the square is correct ; but 
if that other side, as A E, fijls within the circle, the /, 
E AB is < a rt, Z. I i^ without, as AF, the /_ FAB 
is > a rt. /.. 




Prop. 32.— Thbor. 



If a straight line touches a circle, and from the point of contact 
a straight line he drawn cutting the circle ; the angles which this line 
makes with the line touching the circle, shall he equal to the angles 
which are in the alternate segments of the circle. 

Con. 11,1. Pst. 1. 

r>EM. 19, m. 31, ni. 32, i. axs. 1, 2 & 3. 22, in. 

13, I. The adj. /.s which one st line makes with another on the same 
side of it shedl either be two rt /.s, or be together equal to two rt. /.s. 



E.l 

2 
3 



4 

C.l 

2 



Hyp.l. 

„ 2. 

Conc.l. 

Con. 2. 

11, I. 

Pst. 1. 



Let EF touch © AB CD in B; 
and from B let BD cut the © ; 
then Z FBD = /_ BAD in the 

altr. seg. DAB. 
and Z. DBE = Z. BCD in the 

altr. seg. DCB. 
From B draw B A ± EF, 

cutting the © in A; 
in arc. DB take any • C, 

andjoinAD, DC, CB. 




Case L — The Z. FBD = Z_'BKDinihe altr. seg. DAB. 



D.l 
2 



H. and C. 1. 
19,111.31,111. 



•.• EF touches the © in B ; and B A JL from B ; 
/, the cen. of the © is in B A, and /. A D B 
is a rt. /. ; 
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GRADATIONS IN EUOLID. 



32, 11. 
C. Ax. 1. 

Sub. 
Ax. 3. 



and /. also Z.s BAD, ABD, as » rt- ^ ; 
but ABF is art. /., 

.'. z ABF = zs BAB, ABD; 
take away /_ ABD; 
/. rem. /_ DBF == rem. Z. BAD, in tlie 

altr. seg of the 0. 



Case IL-- The L DBE = L BCD in the altr, seg, DCB. 



D.l 
2 
3 

4 

5 
6 



C. 

22, III. 

13, I. 



•/ fig. ABCD is a quadrilateral in a ; 



.'. the opp. Zs BAD + BCD = 2 rt. Zs; 
but Z.8 DBF + DBE = 2 rt. ^s ; 
Ax.l.5,L /. Z8 DBF + DBE = Zs BAD + BCD, 

and Z DBF = Z BAD; 
Suh, take away the equals DBF and B AD ; 

Ax. 3. /. rem. Z DBE = rem. Z BCD in the altr. seg. 

of the 0. 
Rec. \ \ If a St. line touches a circle, ^-c. q. e. d. 



Cor. I. — Also, conversely, " if from the end, B, of a line, DB, 
cutting the circle, there he drawn a st, line, E F, such that the Z •*»• 
F B D, E B D, lohich it makes with the cutting line, are equal to the 
Z.S BAD, BCD, in the altr, seg, of the 0, that st, line must touch 
the circle.''^ 

Cor. II. — If two or more circles, ABC, DEC, FGC, touch 
each other, either externally or internally, and through the point of 
contact, C, two st. lines, AG, BF, he drawn, meeting their Qces, the 
chords A B, D E, F G, of the intercepted arcs will be parallel. 

Through C, draw H T a tangent. 

•.• a line joining the centres passes 

through C ; 
and •/ HT makes rt. Zs Mith H 

that line ; 
.'. HT is a tang, to the s ABC, 

DEC. 
But z HCF = Z CGFin altr. 

seg. of0FCG; A^ 

and Z HCF = Z TCB; 

/. Z CGF= Z TCB; 



c. 


17, III. 


D.l 


11,12,111. 


2 


18, III. 


3 


16, III. 


4 


32, III. 


5 


15,I.Ax.l 
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D.6 

7 

8 

9 

10 



32, III. 
Ax. 1. 
27,1. 

Sim. 
Eec. 



also Z TCB = Z CAB in the altr. seg. of © ABC; 
.-. Z. CGF= /_ CAB, and they M:e alt. Zs; 
.•. FG and AB are parallel. 
So it may be shown that FG || DE. 
I Therefore, if two or more circles^ ^c. q. e. d. 



Cor. III. — Also, if two or more circles touch each otherj 
either internally or externally, at a common • of contact j C, any lincy 
ai AQy passing through the • oj contact, will cut off sim. segments 
from each; t. e., the segs. AC A, DCD, and GCG, are similar. 

CoR. rV. — In an equil a, ABC, if the sides he bisected in 
D,E,F, and st. lines he drawn joining the points of bisection, of those 
lines, two FD, FE, will be tangents to the circle DEC, which passes 
through D,E, the ends of the other linCy and 
C the angular point opp. to that line. 



D.l 



S 
41 



C. 

Sch.4,82,1. 
C. 



Ax. 1. 
C. 

Cor.32,III. 




V DEF is an eq. lat. a ; 

/, Z FDE=§ofart.Z; 
also •/ ABC is an eq.lat. A; 

.•.ZACB=|ofart.Z; 
.*. Z C = Z FDE; 
but Z DCE is in the altr. 
seg. of © CDE ; 
. /. DF, and also EF, 
I touch the © in D & E. 

CoR. y. — On the same principle, tangents, as FD, FE, through 
the extremities, D E, of the sams chord, D E, mxike the angles on the 
mine side of DE equal; i. e. Z FDE = Z FED. 

CoR. VI. — ^Also, if tangents, as D F, G H, are parallel, the line 
J) Gt joining the points of contact, D, G, is a diameter ; for Z FDG 
= Z HGD, and 29, I., each is a rt. Z ; and 19, III., the line 
D G, from the points of contact, D and G, passes through the 
centre ; •'. Def. 17, I., DGis a diameter. 



ScH. — ^The 82nd Prop, is sometimes enunciated thus — " If a tangent be 
drawn to a circle, and from the point of contact a line be drawn cutting off an 
arc, the angle, between the tangent and the line cutting the circle, will be equal 
to an angle at the circumference of the circle standing on the arc cut off." 

TJsB AND App. — The Proposition is preliminary to the proof of Prop. 33, 
and is required for the demonstration of all Theorems dependent on l^e 
equality of the angles formed by a tangent and secant, and the angles in the 
alternate segments of the circle. 
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Prop. 33. — Prob. 

Upon d given straight line to describe a segment of a circle, which 
shall contain an angle equal to a give^ rectilineal (mgle. 



Sol. 10, L 23, L 11, 1. Pst. I & 3. 

Dem. 31, m. Def. 10, 1. Def. 15, L 4. 1. 
Cor. 16, m. 32, m. Ax. 1. 



2 



Data. 

Quaes. 



Given AB a st. line, and C a 

rectil. /. ; 
on A B to desc. a seg. of a © 

with an /. = /. C. 




C.l 
2 
3 

D. 



Case I. — Let the given angle G he a rt. /_ . 
10,I.Pst.3. 



Sn7n,Tst,l, 
Sol. 
C. 31, III. 



Bis. AB in F ; and from F, with g 

FA, desc. the semic. AHB ; rg— y'^'\\ 

Take a • H in the arc, and join AA — N\ 
HA, HB; * '^ — = ^ 

then AHB is the seg. required. 



A P B 



V AHB is a semic. ; /. Z. AHB = rt. Z. C. 



C.l 

9 

3 

4 

D.l 



Case II. — But if the given A be not a rt, Z- 
23,1. 



rt 



11,1. 

10.11,1. Pst.l., 

Sol. 

C. 3. Def. 10, 1. 

4, 1. Def. 15,1. 

Sum, 



At A in A B make 

Z BAD=ZC; 
from A draw A E 

± AD; 
bis. AB in F byperp. 

FG; and join GB; 
then the seg. AHB is 

the seg. required. 
V AF = FB, FG 

com., and Z AFG 

= Z BFG; 
.-. AG = GB, and 

from G, with GA, 

passes through B. 
Let this be AHB; in seg. AHB the 
Z = Z C. 
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D.4 

5 
6 
7 
8 



C.2.Cor.l6,in. 

C. 

32, III. 
C. 1. Ax. 1. 
Hec, 



V at A, AD is JL to AE a diam., 

.*. AD is a tang.; 
and •.* AB from the • of contact, A, cats*tlie ©, 
/. Z D AB = zl in the altr. seg. AHB ; , 
but/iDAB=ZC; /. zC=Z.intheseg.AHB. 
*. upon the given line is described, ^c. 

Q. E. F. 




ScH. — ^Though not belonging to this Proposition, yet fix)m relating to the 
diTision of a circle into segments bounded by curved lines, it is convenient here 
to introduce the following Problem : — 

To divide a given circlef of which the diameter is A B, into anif number of 
equal parts, of which the perimeters also are equal. 

By Use and App. 2, P. 34, L, divide the diam. AB into the required 
number of eq. parts, as C,I), E, P,B; then on one side 
of the diam., beginning lix>m the extremity A, desc. the 
semicircles numbered 1, 2, 3, 4, 5, &c., of which the 
diameters are AC> AD, AE, AF, &c.; and on the 
other side, beginning from B, the semicircles 7, 8, 9, 10, 
11, &c., of which the diameters are BF, BE, BD, BC, 
&C. ; then of the segments bounded by curved lines, 
14-11=5 + 7, 2+10 = 4+ 8; and all the parts 
thus taken in pairs =: 3 + 9, and are equal, one curved 
segment to the other, both in area and perimeter. — 
Leslie's Geometbt. 

By Bef. 1, SX, the semicircle, of which A B and B A are diameters, are 
equal ; and •.' diam. AC = diam. B F, diam. A D = diam. BE, and diam. 
A E = diam. B D, and diam. A F = diam. B C ; /. semicircles 1 and 7 are 
equal, 2 and 8, 3 and 9, 4 and 10, 5 and 11. 

If from semic. on A B, equal to semic. on B A, we take semic. on A F and 
semic. on BC, the remaining space No. 5 = rem. space No. 11; and space 
1 = space 7; /. the whole area 5 + 7 = the whole area 1 + 11 ; and in like 
manner for the areas of all the other curved lined segments. 

Also the perimeter of semic. on A B =: that on B A; of semic. 1 ^ that of 
semic 7; of semic. 5=that of 11, &c. ; /. the perim. of fig. 5 + 7 = the porim. 
of 11 + 1 ; and so on for the peiims. of the other curved lined segments. 

UsB ASTD Aff. — ^The cases are very numerous in which the 33rd Prop, 
may be employed. 

L — ^In Coast Surveying, for noting soundings and beaiings, this Problem is 
of great importance and utility; when from a map, or by some other means, the 
distances of three objects are known, and the observer wishes to ascertain his 
own position relatively to them. By a sextant the angles at the place of obser- 
vation between the respective distances are taken ; and from these angles and 
distances the construction or calculation is made. Thus— 

Given the distances of three land-marks^ A, B, C, from each other; 
required their distances from 0, the place of observation. 
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With a sextant take /_% AOC, COB, AOB ; 
through A and B draw a of which the 
. Z=ACB; X 

and through A and C draw a circle of which 

the ^ = A O C ; 
then, unless the obserrer be in the 0ce of 
the passing through A, C, and B, it is \ \ 
evident the 08 ABE and A C D cut in \ '-. 
the point O, where the observer stands ; ^^ 
/. the lines OA, OC, OB, are repre- 
sentative of the actual distances from the 
observer to the three given places. 



■'~s 




0^-- ' 



n. On a given line AB, meaaurmg 17 mileM to describe a seg. of a circle 
which shall contain an /_ of any fixed nvmher of 
degrees as 55°, being the anale between the line AB 
andC, a station 19 miles from B; and to ascertain 
the distance of C from A. / 



C.l 
2 



4 
5 



3, 1. I From a scale of eq. pts. set off AB =17; / 
desc. a seg. of a CDB with /__ ACB | 

= 65°; C 

from B with rad. = 19 cut the i^%, j.. 

m C and E; ^ 

joinCA, EA, andEB; 
then AC or AE = the distance required; 
applied to the scale AC = 3'5 and 
AE= 19. 



33,111. 
Pst. 3. 

Pst. 1 

Sol. 




N.B. The distance =19, cut^the scg. in two parts, C and E, and thns the 

problem has two solutions. 

m. Given the base AB and vertical L=^ L TAB, tofiad ike locus of 
the vertex. 



C 

D.l 



33, m. 
21, m. 



On AB desc. a seg. with ^ = Z. TAB. 

•/ all the /_B in seg. A C D B are equal j 
.*. the locus of the vertex is in that seg. 



2. Cone. 
IV. Given the vert /_, the hose AB, and tlU area to construct a trian^. 



C.l 

2 

3 

D. 1 
2 
3 



(41,1.) (On AB const rect. ADCB 

5= twice the area; 
33, m I and on AB a seg. AEB with 

; /. = the given ^ ; 
Pst 1. Sol.' join EA, EB; and AEB is the 

req. A- 



41,1. 

C. 

D. 1, 2. 




V A AEB = ^ rect. AC ; /. A AEB is of the areagiven ; 
and ^ AEB = the vert. ^, and AB is the given baie ; 
.*• A AEB is the A required. 
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y. Through three given paints, A, B, C, to draw three st lines, so as to 
make an equilateral triangle. 



C. 1 



2 



4 
D.l 



33, in. 

PSt. 1. 
Psts. 1, 2. 
Sol. 

c. 



2 Ax. 1. 
332,1. D. 1. 
4] Ax. 3. C. 
5' Cor. 6, 1. 



Join AC, BC, and on each desc. a 

seg. with an /_ = § of a rt. /., 

asseg. ADC, BEC; 
throngh O draw any line ED, cut- 
ting the ©s in D, £ ; 
join DA, EB; and prod, them to 

meet in F; 
then A DEF is the eq. lat. A 

required. 
•.' in seg. ADC ^ D = § of a 

rt./.; andinseg. BEC/. E= f 

of art. /ii 

And'.- ^sD4.E + F = 2rt.Z.s;andZ.sD + E = f rt. /_s; 
/, /I F = f of a rt. ^ ; and /. A D EF is eq. angular ; 
and .'. also it is equilateral. Q. e. f. 




VL Given the /_ D equal to the vertical Z_ofa 
triangle, and the ha^e A B, to find the locus of the 
vertex. 

At A, hj 23, L, make the /. BAF = Z I>; «^^ 
11, L, /. FAH = a rt. /. ; bisect, 10 and 1 1, 1., AB 
in G by the peip. GH; and from H, with rad. HA or 
HB, desc. a ABC ; the locus of the vertex will be £" 
at any point in the arc of the segment ACB. 




VIL Given AB the hose, /. ACD «A« vertical /_, and AB the perp. 
from, the extremity of die base A on the opp. side B C, to 
construct the trangle. 

On AB, by 33, HI., ratike a segment containing the 
giyen /. AC D ; bisect AB, 10, 1., in E ; and with rad. 
EA or EB desc. the semicircle ADB; and from A 
inflect the perp. AD upon the semicircle in the point D; 
BDA is a rt. /., 31, III.; and B D produced to C, and 
CA joined, give the triangle required. 

The Demonstratioiis may s^rre as Exercises. 
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Prop. 34. — Prob. 

From a given circle to cut off a segment^ which shall contain an 
angle equal to a given rectilineal angle. 

Con. 17,111. 23,1. 
Dem. 32, nL Ax. 1. 



E. 1 
2 

C. 1 

2 

3 

1). 1 
2 
3 
4 
5 



Data. 

Quaes. 

17, III. 

23, I. 

Sol. 

C. 1. 
C. 2. 
32, III. 
C. 2. 

Cone. 



Given the ABC and the 

rectil. Z D; 
to cut from the a seg. with 

an Z = D. 
Draw E F a tang, in B to the 

ABC; 
at B in BP make Z FBC 

= ZD; 
then seg. B A C contains an Z 



•/ the St. line E F touches the ABC, 
and '.• B C is drawn from B the • of contact ; 
.-. Z FBC = the Z in the altr. seg. B AC ; 
but Z ^BC = Z D; .-. in the altr. seg. the Z =ZD. 
•. from the ABC, the seg. BAC is cut off, con- 
taining an Z = the given Z D. Q. e. p. 




ScH. — ^The following method, on exactly the same principles, and having 
the same demonstration, gives tlie/u// constmction from 
Problems 11 and 23, Book I. 

From a given 0, ABG to cut off a segment which 
shall contain an /_ equal to a given rectil, Z D. 

Draw any Ead. C B ; and at B, 11, 1., draw E F at £ 
rt. Zs with C B ; at B, the tangent-point of the rad., 
make the Z ^ ^ Gr = Z D ; the seg:ment BAG con- 
tains an Z. BAG= Z. GBF= Z D. 




Use and App. — I. By the last two Problems, if three observationB be 
taken, the eccentricity of the annual orbit of the earth and its aphelion may 
be foand. 
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TL Also in Optics, if two unequal lines, AB, BC, are given, the point may 
be ascertained where they will appear equal, that is, under equal angles. 



C. 1 



2 & 3, I. 



2 33, in. 



3 

4 

DA 
2 



Pst. 1. 

Cone. 

C. 
C. 



.3; Ax. 1. 



Place A B, B C so as to be contenn. 

in B4 
on AB, and BC, within the /_ ABC, 

construct 0s, each containing eq. p 

Z_s in their respective segs. ADB, 

BCE ; 
from F, the • of inters, of tlic Qs, draw 

FA, FB, FC ; 
/_ AFB = /. BFC, and the lines AB 

and BC appear equal from • F. 
•/ the /_ in seg. ADB =: a certain /, ; 
and •/ the /. in seg. BCE = the 

same ^ ; 
/, /. AFB = ^ BFC, and AB appears = to BC. q. b. f. 




Prop. 35. — Theor. (Very Important.) 

If two st, lines cut one another within a circle j the rectangle con- 
tained by the segments of one of them is equal to the rectangle 
contained hy the segments of the other. 

Cox. 10, 1. 12, 1. 1, m. Pst. 1. 

Dem. Def. 15, 1. 3, m. 47, 1. Axs. 1, 3, 3, I. 

36, L Parlms. upon eq. bases and between the same |]s are equal. 

5, II. If a straight line be divided into two equal parts, and also into 
two uneq. parts, the rect. contained by the uneq. parts, together with the 
square of the line between the • s of section, is equal to the square of 
half the line. 



£.1 
2 



Hyp. 

Cone. 



Within ABCD let AC and BD cut in E ; 
then AE . EC = BE . ED. 



There axe four Cases of this proposition, according as the intersecting lines 
pass through the centre of the or not. a 

Cash I. — Let both lines, AC, BD, pass 
through the centre E. 



D.l 
2 



Def. 15,1. 
36,1. 



V AE = EC = BE=: ED; ^, 
.-. AE . EC = BE • ED. ^ 
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ORADAXXONB IN XUCLID. 



Cabb IL — Let BD, passing through the cen., cut AC not 
passing through the cen. at rt, Ls in the point E. 



C. 
D.l 



10,1. 

C. & 3, III. 



C. 



Bis. BD in F, the centre ; joinFA. 

•/ B D through F cuts AC not 
passing through F, and at rt. Zs 
inE; /. AE = EC; 

and •/ BD is div. equally in P, A 
and uneq. in E ; 




3 5, IL /. BE . ED + EF* = FB^, i.e, = FA2; 

4 47, I. but AE2 + EF2 = FA« ; 

5 Ax. 1. /. BE . ED + EF2 = AE* + EF2; 

6 Sub, take away the com. sq. E F, 

7 Ax. 3. and rem. BE • ED = rem. AE* ; i. e. AE . EC. 

Case III. — Let B D passing through the centre cut A C, not 
passing through the centre, hut not at rt. Ls in the point E. 



C.l 10,1. 



2 

D.l 

2 

3 
4 

5 

6 

7 
8 



12,1. 

C. 2. 3, III. 

C. 

5,11. 
Add. Ax. 2. 

47,1. 

Ax.l.Def.l5,I. 
5,11. 
Ax. 1- 




9! Suh. Ax. 3. 



Bis. BD as before, & join AF. j) 
and from F, draw F G, perp. 

to AC. 
•/ FG through cen. F cuts 

AC J_; /. AG=: GC; ^ 
and •.' AC is divided eq. in 

G and uneq. in E ; 
/. AE . EC 4- GE2 == AG2 or GC* ; 
Add GF2, .-. AE . EC + GE* + GF^ 

= AG« + GF2; 
but GE2 + GF2 = EF2, & AG2 + GF* = AF^; 
.-. AE . EC + EF2 = AF2, i. e. = F B^ ; 
but FB2 = BE . ED + EFS; 
/. AE . EC + EF2 = BE . ED + EF^; 
take away EF*; and AE • EC = BE • ED. 



Cask IV. — Let neither A C nor B D pa^s 



through the centre. 

i,ni.Pst.i&2. 



c.l 



D.l 

2 
3 



Case III. 

Ax. 1. 
Kec. 



Find tfe cen. F ; join EF; 

and prod, it to meet the © 

in H and G. . . 

V AE . EC = GE .EH; ^ 

andBE. ED=GE. EH; 
.-. AE..EC=:BE. ED. 
•, If two St. lines cut one another ^ ^c. q. e. d. 
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C5oE. — OonTerseiy, if ike rectangles be equal, c<mtained hy 
ttoo lines intersecting within a circle^ the extremities of the lines, 
A, C, B, D, shall be in the circumference of the same circle. 

Sea. — 1. The Proposition is sometimes enunciated thns — '^ If two chords 
of a circle cut one another, the rectangles under their segments terminating in 
the point of section shall he equal." 

2. The rectangles are each equal to Bad.* — E F '. 

3. When, as in Case I., the fig. B A D is a semicircle, and A E, the ordinate, 
is'perp. to 'B J), the abscissa, then the square of the ordinate is equal to the pro- 
duct of the abscissae, t. e. AE^ = B E • ED. 

Note. — The terms ordinate and abscissa may require some explanation 
When any two st. lines, A B, CD, in the same plane, meet in a common point 
O, that point may he considered as the origin of the 
lines from which they diyerge, and the lines them- /G 

selves as ajces. To know the position of any point, 
as F, in the plane of the axes A B, CD, we must ^t 

know — 1st, between which of the angles P is, whether 

between /_b A0C,A0D, BOC, or /.BOD; / /' 

and, 2nd, how &X P is from each axis, the distances a 
being measured on parallels to the axes, t. e. on the 
sides of the parallelogram OMPN. Either of the 
parallels ON or O M is named the abscissa, and the m 

other parallels, P N or P M, the ordinates, the 

abscissa being the line cut off, the ordinate the line which determines the point 
of section ; the two are named co-ordinates, because together they order or deter- 
mine the position of the point. Thus, with respect to the point P, if O M be the 
abscissa, P M is the ordinate. All points in P M have the same abscissa, all 
in P N the same ordinate. It is usual to denote the length of the abscissa by 
the letter x, and that of the ordinate by the letter p. 

TJsB AND App. — ^I. If of two equal circles, ABC, DBE, the centres 
A and D be each on the circumference of the other, and a com. chord F GHI 
be drawn parallel to A D, the line joining the centres, then the lines AF, A H, 
D G, D I, F G, and H I, joining the points F, G, H, I, where the com. chord 
cuts the circles, and A, D, the extremities of the line joining the centres, form 
parallelograms ; and if A H be produced to meet the circumferences in KandL, 
GH = HLandFI = KL. 




B 



C.1 

2 
3 

4 



Pst. 2. 

Pst. 1, 2. 
Pst. 1. 
Cone. 1. 

Cone. 2. 



Prod. AD to the 0ces in- 

E and C ; 
join A H, and prod to K and L ; 
join AF, D G, and DI ; v 

then figs. ADIH and ADGF ^ 

are / 7 s ; 
andGH = HL,andFI=KL. K 
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GBADATIOXS IK EUCLID. 



D.l H.Cor.2.2r,m. 

2 Cor. 2. 27, m. 

3 28, 1. Def. A. 

4 Sim. 

5 34,1. 

6 35,111. 

7 Ax. 3 & 2. 
8 

9 Cone. 



V FI II EC ; /. arc FE = arc DH = arc IC ; 
and /. also /_ IDC = /_ HAD ,• • 
now AH II DI ; /, fig. AD HI is a / — 7 ; 
and in like manner fig. ADGF is a / 7 . 
HenceHI = AD=:FG; 
but GH . HI = AH . HL ; and HI = AH 
/. GH = HL ; and FI = 2 AD + GH ; 
also 2 AD + GH = KH -f HL = KL, 

/. FI=:KL. Q.E. D. 



2. Bj this Prop, we arrive at a practical way of finding a line which is the 
fourth proportional to three given lines, or the third proportional to two given 
lines. 

Ex. 1. Let there be three lines, AC = 2 eq. pts., B C = 3, and CD = 4; 
required a fourth line in proportion to the other three. 



C.l 
2 

3 

4 

6 

D.l 

2 



Pst. 2. 
3, L 

3,1. Pst. 2. 
Use 9, in. 

Sol. 

C! 

35, HL 



From any • B draw an indef. line ; 

on it set the 2nd and 8rd terms, BC = 3, 

and CD = 4; 
from C setCA = 2 ; and prod. AC indef.; 
through the three • s. A, B, D, desc. a _j. 

©cutting AC produced in E ; J^ 

the distance CE is the 4th proportional ; 

and measured, CE := 6 eq. pts. 
•.• within a the lines BD and AE cut 

each other. 
/. BC . CD = AC . CE, and CE is the 4th proportional. 




If of the four segments any three he given, the fourth may he found; for 

BC.'CD_pp B C»CD _^^ ACCB ^1. , AC . CE _^ 
= CE ; — p^:^ — = AC ; — ttt^— = CD ; and — ^^^ — = CB. 



AC 



CE 



BC 



CD 



Ex. 2. Next, let there be two lines, AB = 3 eq. pts. and BC 
required a third line in proportion to the other two. 



= 6; 



C.l 
2 
3 

4 

D.l 



11, 1. 

P8t2&3L 
U6e9,IU. 

SoL 

C. 

35, HL 



Set the two lines so as to form a rt. /, at B ; 
prod. AB, CB indef. ; and make BD = BC; 
through the three • s, C, A, D desc. a 

cutting AB in E; 
the dist. B E is the 3rd proportional ; • 

and measured, BE = 12 eq. pts. \ 

\' CD and AE, within a 0, cut each 0\ 

other in B ; 
/. BC . BD, or BC2 = AB . BE, and 

BE is the 3rd proporortional. 




If of the three segments any two be giveny the third may be found; for, 
n/AB . be = BC; |§' = BE; and ^ = BA. 
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Prop. 36. — Theor. (Important.) 

If from any point without a circle two st. lines be drawn^ on4 
of which cuts the circle, and the other touches it; the rectangle con^ 
tamed by the whole line which cuts the circle, and the part of it 
ivithout the circle, shall be equal to the square of the line which 
touches it. 



Cox. IO,L l,Iir. 12,1. 

Dem. 18, ni. 47, 1. Axs. 1, 2, 3, 1. 3, HI. 17, m. 

6, n. If a St. line be bisd. and pixxlaced to any point ; the rect. contained 
by the whole line thus produced, and the pt. of it produced, together 
with the square of half the line bisd., is equal to the square of the St. 
line which is made up of the half and the part produced. 



E.l 
2 



Hyp. 1 
2 



>> 



Cone. 



Let D be any • without © ABC; 
and DC A, DB two st. lines from • D, 
of which D C A cuts and D B touches the © ; 
then AD . DC = DB^ 



Besck. — Of this Proposition there are two Cases, according as, DC A, the 
cutting line, passes through the centre of the circle, or not. 



€. 1 

2 

D. 1 

2 
3 



5 



Case I. — Let DC A pass through the centre of the © ABC. 

D 



10, I. 

Pst. 1. 

H. & C. 2 

18, III. 
C. 1. 

6, II. 
Def. 15, 1. 



6'D. 2 & 47. 1. 



7 



Ax. 1. 
Sub, Ax. 3. 



Bis. A C in E, and E is the cen. 

of© ABC; 
join BE. 



•/ D B is a tang., and B E a line g 

from E to B; 
/. Z. EBDis a rt. /.. 
And •/ AC is bisd. in E and 

prod, to D; 
/. AD . DC + EC2 = ED2: 
but EC = EB; /. AD. DC 

+ EB2 = ED2; 
and EBD being a rt. Z. , /. ED^ = EB^ + BD^ ; 
.-. AD . DO + EB2 = EB2, + BD^; 
take away EB2; and AD . DC = DB2, 

i. e. = the square on the tang. 




G 
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Case II. — Let DC A not pass through the centre of the © ABC. 



C.l 



D.l 



4 
5 
6 

7 
8 

9 
10 
11 
12 

13 

14 



1, III. & 12, 1. 
Pst. 1. 

H. & 18, III. 
C. 1. 



3, III. 

D. 3. 

6, III. 

Add, 

Ax. 2. 

D. 1. & 47, L 

D. 1.&47, I. 
D. 6. 7. 8. Ax. 1. 
Def. 15. I. 
H. & 47, I. 

Sub, Ax. 3. 

Rec. 




Find the cen. E, and draw 

EF perp. to AC; 
andjoinEB, EC, ED. 

•/ as before, /. EBD is a 

rt. Z ; 
and •/ EF, through the 

cen., cuts at rt. /. s AC, *^| 

not through the cen. ; 
/. EF bisects AC, 

1.6. AF = FC: 
And •/ AC is bisd. in F, and prod, to D ; 
/. AD.DC + FC2 = FD«; 
to each equal add F E^ ; 
.-. AD • DC + FC2 + FE2 = FD2 + FE2: 
but EFD being a rt. /., 

/. ED2 = DF2 + FE2; 
andEC« = CF2 + FE^; 
.-. AD.DC + EC2 = ED2; 
but CE = EB, /. AD . DC + EB2=ED2 ; 
and EBD being a rt. /., 

/. AD . DC + EB2 = EB2 + BDS; 
take away EB*, /. AD • DC = BD*; 

i, e, = the square on tang. 
•. If from any point without a circle, 4rc- 

Q. E. D. 



CoE I. — If from any point A, without a circle, BDC, there be 
drawn two st. lines, A B, AC, cutting it in E and A 

F; then the rectangles contained by the whole lines, 
and the parts of them without the circle shall be 
equal to one another; t. 6. BA • AE = CA • AF. /*jL^ \ 



C.l 

D.l 

2 



17, III. From AD draw a tang, to the ©. B 



SG, III. 
Ax. 1. 



/. BA. AE = AD2, 

andCA. AF = AD*; 
.-. BA . AE = CA . AF. 
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Cor. n. — If from the same point j A, two tangents, AD, AG, be 
drawn to the same circle^ they are equal ; for the squares on tliem 
are each equal to the same rectangle. 

ScH. — ^Prop. 36 may also be cntmciated tfexrs ; " If any chord of a circle 
be produced to cut a tangent to the same cirde, the square of the tangent diall 
be equal to ttie rectangle under tiie segments of the chord so produced." 

Use ani> App. — ^I. In any semicircle, ABDC, if from A, B, the ex 
tremities of the diameter, chords be drawn, 
AD, BC, intersecting within the semicircle, the 
sum of the rectangles formed by any two of 
such chords, AD, BC, intersecting within it, 
and by the sections of the chords, AP, BP, 
between the extremities of the diameter AB 
and the intersecting point P, shall equal the 
square on the diameter, AB. 




CI 
2 

D.l 
2 
3 

4 



12, 1. I From P draw PE perp. to AB ; 

Use 9, m. and draw 0s through A, P, E, and B, P, E. 



Cor,36,m. 
Cor.36,III. 
2,IL 
Cone. 



Now in © APE, AB • BE = OB • BP ; 
and in BPE, BA . AE = DA • AP; 
Also AB» = AB . BE + B A . AE ; 
.-. AB^ = CB . BP + DA . AP. 



XL From this Prop, is deduced the Art of taking a tue Levd on the 
coriiL's surface. 

1°. In the more considerable problems of Levelling, it is usual to employ 
a telesoopic sigfat, and staves wit^ sliding vanes, the distances and observations 
being entered in a field-book. Thus 




BACK SIGHTS. 

Station. Distance. Height. Corrected. 

1 1420 links lft.5in. Ift4]^in. 

2 2030 „ 6 2 6 li 



ff 



7 5i 



FORE SIGHTS. 

Distance. Height Corrected, 
2448 links. eft. Sin. 6ft. 7in. 
2870 „ 7 9 7 71 



» 



14 21 



Then 14ft. 2f in. minus 7tt. 5^in = 6ft. 9in. the height of A above B. 



84 



gkadatioks in buglid. 




2.° In meeuuriny an Ascent, AD, the perpendicular and horizontal lines 
may be found by means of a spirit level and a staff ; 

For a^ + r D = AB ; and Ao + /3r =:BD. 

3°. But if the horizontal distance shotzid exceed 100 
yards, it will be necessary to correct it for the curvature; 
the horizontal line AB being a tangent, whilst the line of 
the true level, that of the earth's curvature, AL, is at 
every point equally distant fix)m the earth's centre. The 
deviation of the horizontal from tiie true level = B L ; 

and, by 36, ni.,BE • BL= AB«,.-.BL = -g^ 

N.6. The Greek letters of the diagram a> 7> ^s.yq 
been changed to a, r. 

Example. — A fountain, B, one mile distant trom A, is observed from A, 
to be on the same horizontal level with the point A ; how much is B above A ? 
i. e. how much is B farther from the earth's centre C, than the points A or L ? 
CL or C A being 3956 miles. 

HereBC — LC = BLj 

For, by 47, 1, BC = ^/3956« + 1=» = ^/15649937 = 3956*0012639, 
Then, BL := 3956*00012639 minus 3956 = '00012639 of a mile 
= 8*00808 inches. 

4°. By following the same method it will be found that the deviation of 
the horizontal from the true level, — 

For 1 mile = 8 inches ; 2 miles = 32 inches ; 3 miles = 6 feet ; and 
for 4 miles = 10*6 feet, &c. 

Or, — ^Two-thirds of the square of the horizontal level in miles gives the 
deviation in feet. 

5°. The distance within which an object may be seen at sea, or the dis- 
tance of the boundary of the horizon from the spectator is ascertained on the 

same principle ; for the rad. of the horizon A B = i^BE X Bi7. 

Ex. — ^The Peak of Teneriffe, BL, is 2*5 miles above the sea level ; what 
will be the radius of its horizon, or the greatest distance from which it is 
visible ? 

Here, B E= 7912 -f 2*5 = 7914*5 m iles 
.'. AB = v^7914*5 X 2*5 = /./19786-26 = 140*66 miles. 

6°. From an elevation, as the top-mast of a ship, an object wiH be seen at 
a greater distance ; in this case the sum of tlie horizons of the object and of 
the elevation will give the whole horizon ; i. c. AB + AS = SB. 

Ex. — The top-mast of a ship, RS, is 100 feet above the surface of the 
sea ; at what distance to a spectator standing there will the summit of Teneriffe 
be visible ? 

Here SF = 7912 -f -01893 = 79 1201893 miles. 
/. AS = >y791201893 X -01893 = 1^149*7745183449 = 12*23824 miles. 

As above AB = 140*66, /, SB = 140*66 + 12*23824 = 152*89824 miles 
rad. of the whole horizon. 
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7^. The emiih^8 diameter may be ascertained from knowing the horizon AB, 
and the height, BL, of an object ; for LE = BE — BL, and BE = ^ * 

Ex. — ^Erom the smnmit of Teneri£fe tiie radins, AB, of the horizon is 
140*66 miles, and the height of BL above the sea level is 2*5 miles ; required 
the earth's diameter. 



HereBP = 



140-66 X l-JO-66 19785-2356 



= 7914098 ; 



2'5 2-5 

And LE := 7914*098 minus 2*5 = 7911*598 miles, earth's diameter. 



Prop. 37. — Theor. 

If from a point without a circle there be drawn two lines, one of 
which cuts the circle, and the other meets it ; if the rectangle con- 
tained hy the whole line which cats the circle, and the part of it 
without the drde, be equal to the square of the line which meets it, 
the line which meets shall touch the circle. 

Con. 17, m. 1, m. Pst 1. 

Dem. 18, m. 36, m. Ax. 1. Def. 16, 1. Cor. 16, m. 

8, 1. If two As have the three sides of the one lespectiyelj eqnal to 
the three sides of the other ; then these triangles sh^ be equal in 
every respect 



E.1 
2 



C.l 

2 
3 



Hyp. 1. 
2. 



» 



Cone. 

17, in. 
1, III. 

Pst. 1. 



Let D be any • without 

the ABC; 
and from D two st. lines 

be drawn, of which DCA 

cuts the Q , and DB meets 

it, 
so that AD . DC = DB^; b 
then DB shall be a tang. 

to © ABC. 
Draw D E a tang, in E to 

©ABC; 
find F the cen. of the © ABC; 
andjoinFB, EDandFE. 
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D.1 
2 
3 

4 

5 

6 
7 
8 
9 
10 



C. 1 & 18, III. 
H. 2 & C. 1. 
36, III. 

H. & Ax. 1. 

Def. 15,1. D. 4. 
8, I. 

D. 1. Ax. 1. 
C. 

Cor. 16, III. 
Rec. 



V DE is a tang. ; /. Z. FED is a Tt ^ : 
and '/ DC A cuts, and DE touches the ; 
.-. AD . DC = DE*; 
but AD . DC = DB2, 

/. DE2 = DBS »iid DE = DB. 
Also V FE = FB, FD com. and DE = DB ; 
/. in AS DEF, DBF, /. DEF = /_ DBF; 
but DEF is a rt. Z ; A /L DBF is a rt. z ; 
t^QS BD is J. to the rad. FB, at its extr. B ; 
.". D B touches the at B. 
•. If from any point without a circle^ ^c. 

Q. E. D. 



CoR. — Tangents, as DB, DE, from the same point, D, without 
a circle are equal. 



D.l 
2 



36, in. 

Ax. 1. 



V DB2 = AD . DC and DE^ also s AD . DC; 
.% DB« = DE8, and DB == DE. 



Use awd App.— I. By the 36th and 37tJi PropoBitions the Problem is 
solyed, "through two given points, A,B, to deacribe a etrde iimehinff a given 
4nrcle CDE." 




C. 1 
2 
3 

4 
5 
6 



Assum. 
Use 9, in. 
Pst. 1. 2. 

17, nr. 
25, m. 

SoL 



In CD E assume any point I> of the 0ce ; 

and through, A, B, D desc. a cutting © CDE in D, C ; 

join X> Cf and prod. AB, D C to meet in F; 

from F draw FG, FG' tangs, to Q CDE; 

and desc. a through • s A, B, G ; 

then the ABH wll touch CDE in G. 
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D.l 


C. 4 & 36, III. 


2 


H. 


3 


dm 36, m. 


4 


Ax. 1. 


5 


Remk. 


6 


Cone. 



VFGi8taug.to0CDE; /. rG»= FD • PC; 

but A, B, CD are all in the 0ce of ABCD: 

/. PD . FC = FA . FB. 

/. al8oFA.FB = FG»; Mid/.FGis tang.of ABH ; 

Now FG is a tang, common to both 0s ; 

.*. the 08 ABH, CDE touch in the • G. 



XL The last three Piopositions, 35, 36^ and 37, are amongst the most 
important in Plane Geometry. It was hj their aid that 
Maubolico, of Messina, in the sixteenth century, calculated 
the diameter of the efurth ; for by the method which has 
been shown, haring ascertained AD the vertical height of 
a mountain ; the /. B AC made by the vertical line, and 
▲B tiw Uae from the sBmnat A to B the boondaiy of 
sight ; he fonnd the length of AB, by Trigonometry ; 

then VAB«=AB.AD,.-.AE = -£^, and 

AE — AD = ED the diameter of the earth. 




REMAEKS. 



1. lu classifying tte Propositions of the Third Book, it will be 
nseM to eonsider them under fiye general heads :— 



l**. The propositions which relate to the Centre of a circle; 1 — 15 and 20. 
2^ To the Tangents of a circle ; 16—19. 

To the Segments of circles ; 21 — 25. 

To the Angles in circles, or in their segments ; 26 — 34. 

To the Equality of the rectangles contained by the segments of 
lines intersecting each oUier within, or without the circle ; 35-37. 



5°. 



2. Of the 37 Propositions which are found in this book only six 
are Problems, namely : — 

Pr. 1. To find iht Centre of a cirde. 

Pr. 17. To draw a Tangent to and from a circle. 

Pr. 25. To complete the circle of which a Segment is given. 

Pr. 30. To bisect a given Circumference. 
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Pr. 33. On a ghnen Jine to diBw the eegment of • code wmfauwing an 

angle of ft giyen nmgnitiiile. ; and 
Fr. 34. Fromadicletocitioffas^liiienft whidisliallcQatBiaanaiigle 

of a gnren mag nitmle . 

3. From the Properties of Plane figures demonstrated in. this 
and in the preceding books, rarions other problems, howerer, 
m&j be deduced; as 

1. To disw a dicle through three giren points not in a st. line ; 

Use 9, and 25, HL 

2. To describe an oral on anj given major axis^ or a spiral with the 

ndins of tbe epe giyen ; Use 11, nL 

3. To join two given points hj a serpentine line, or cima reeta% Use 12, IH. 

4. To draw a tangent to each of two given circles ; Use 18, IIL 

5. To draw the arc of a chord without knowing the centre of the 

circle ; Use 21, DDL 

6. To reduce curve-lined figures to rectilineal of eqnal areas; Use 24,111. 

7. Through a given point to draw a line parallel to another line ; 

Use 27, nL 

8. To trisect a quadrant ; Use 30, ILL 

9. From a point in a line, or from the extremity of a line to raise a per- 

pendicular ; and from a point without a line to drop a perpen^ 
dicnlar ; Use 31, UL 

10. Given the base and vertical ^ of a A to find the locug of the vertex; 

given the vertical angle, the base, and the area of a A to con- 
struct the triangle ; and given an j three points not in a st line 
to describe through them an equilateral triangle ; Use 33, m. 

11. To determine the point where two unequal lines wiU appear equal, 

t. e. under the same angle ; Use 34, HI. 

12. To find a line proportional to two given lines ; and also a line pro- 

portional to three given lines ; Use 35^ IIL 

4. Were it required in a work like the present, problems might 
be introduced which show how circles may be drawn which are 
tangents to two or three given circles, or to two st. lines and a 
circle ; or to two circles and a st. line, &c. ; but for these reference 
may be made to *' Geometry, Plane, Solid, and Spherical," 
Book III., § 8. 



EEMARK8. BOOK III. 89 

5. Several of the principles on which the Levelling and Sur- 
veying of Land, and Geographical and Astronomical Observations 
depend, have been given in the Third Book, — such • as the 
Methods : — 

1. Of compnting the distances and heights of objects when situated on 

the yerge of the natural horizon ; Use 16, in. 

2. Of determining the part of a globe which may be enlightened by a 

Imninons body, as by a meteor, yolcano, lighthoijise, &c. ; of ex- 
plaining the theory of the phases of the moon ; of ascertaining 
the distance of the snn ; and of obtaining the dip of the horizon ; 
Use 19, m. 

3. Of constnicting a figure representatiye of the distance of the place of 

obseryation from an object ; and of tracing the arc of a circle for 
giying a spherical figure to optical glasses ; Use 21, m. 

4. Of &iding the true centre of an imperfectly constructed theodolite, 

or similar instrument ; Use 26, IIL 

5. In Coast Suryeying, for noting soundings, bearings, &c.; Use 33, III. 

6. Eor taJdng a true leyel on the earth's sur&ce ; Use 36, in.; and 

7. For calculating the earth's diameter ; Use 37, ni. 

These are but Examples of the many useful purposes to which 
geometrical science may be applied ; and they may serve to redeem 
geometry from the prejudiced objection that it is a system of 
theoretical reasoning without practical results. The practical 
results are really most important, and in the actual business and 
occupations of life are an everyday's demand. 



GRADATIONS IN EUCLID. 



BOOK tV. 



CONTAINING THK MSTK<N>ft OF CONSTRUCTING BBOlTLAlt STRAIGHT- 

JOINED FIGURES IN AND ABOUT A CIBCLfi^ AND GIRGU&S IN 

AND ABOUT RBGULAR 8TKAIGHT-LINKD PIGURSB. 

Ezoepting Ptop. A^ Thear, the foorih book of Euclid^s Plane 
Geometry consists entirely of Problems ; it is in fact the Application 
of the third book to the purposes of inscribing and circamscribing 
trtsngles and other regular straight-lined figures in and about circles, 
or circles in and about such regular figures. The former books 
si^pHed the means of drawing regular plane figures of 3, 4, 5, and 
15 sides ; and by continued bisections of making them of 6, 12, 24, 
&c., or 8, 16, 32, &c. ; or 10, 20, 30, &c., sides. The employment 
of those means constitutes the object of the book on which we are 
now entering. 

In Trigonometry, Astronomy, and the various departments of 
CSril and Military Engineering, the fourth book is found of essential 
service ; we also deduce from it the method of obtaining, with suffi> 
cient exactness, the quadrature of the circle, and of proving that 
drcles are to one another in the proportion of the squares of their 
diameters. 
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GRADATIONS IN EUCLID. 



Definitions. 

1. A rectilineal figure is said to be inscribed in another recti- 
lineal figure when the angular points of the ^ 
inscribed figure touch the sides of the figure in ^ 
which it is inscribed, each upon each. 



9 




Thus, the fig. ABCD is inscribed in the fig. EEGH. 



2. In like manner, a figure is said to be p 
described about another figure when the sides of 
the circumscribed figure touch the angular points of the figure 
about which it is described, each upon each ; 

Thus the fig. EFGH is cixcnmscribed about the fig. ABCD. 

It is noteworthy that "Evclxd gives no example of one rectilineal figure 
being inscribed in another rectilineal figure, or drcumscribed about it. 

3. A rectilineal figure is said to be inscribed in a circle when 
each angular point of the inscribed figure touches the circumference 

of the circle ; 

Thus, the qu. lat ACBD is inscribed in the circle ADBC. 

4. A rectilineal figure is said to be described 
about a circle when each side of the circumscribed 
figure touches the circumference of the circle ; 

Thus, the qu. lat. EFGH is described about the 
circle ABCD. p 

6. In like manner, a circle is said to be inscribed in a rectilineal 
figure when the circumference of the circle touches each side of the 
figure; 

Thus, the circle AB CD is inscribed in the quadrilateral EFGH. 

6. A circle is said to be described about a rectilineal figure when 
the circumference of a circle touches each comer of the figure about 
which it is described ; 

Thus, the circle ABCD is described about the figure ADBC. 




DEFINITIONS. BOOK IV. 
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7. A straight line is said to be fitted exactly into a circle, or to 
be applied in it, when the extremities of it are on the circum- 
ference of the circle ; 

Thus, the lines AC and AD are applied to the circle AB CD. 



Definitions Additional to those of Euclid. 

8. A circle is said to be exscribed to a triangle when, having for 
centre the point of intersection of 
any two straight lines that bisect 
the exterior angles of the triangle, 
the circle touches a side of fiiat 
triangle. 

Thus, EFG from cen. D, 
(where the lines CD, BD, inter- 
sect, which divide the ext. /.s 
CBK, BCL, each into two 
equal parts), and touching in F 
the side BG of the A ABC, is 
exscribed to that triangle ; as 
also are the 0s from the centres 
H audi. 



9. " Any rectilineal figure, of five sides and angles, is called a 
pentagon ; of six sides and angles, a hexagon ; of seven sides and 
angles, a heptagon; of eight sides and angles, an octagon; of nine 
sides and angles, a nonagon , of ten sides and angles, a decagon; 
of twelve sides and angles, a duodecagon ; of fifteen sides and angles, 
a quindecagon," &c. 

10. " These figures are included under the general name of 
polygons ; and are called equilateral when their sides are equal ; 
and equiangular when their angles are equal. Also, when both 
their sides and angles are equal they are called regular polygons.''^ 
Potts' Euclid, p. 124. 

N.B. — The force of the propositions in Simpson's Edition is often lessened 
by not rendering the Greek original into English corresponding, as far as 
differences of idiom will admit, more closely with Euclid's text. To avoid 
this, Galbraith and Hanghton's rendering of the general enunciation is often 
followed, though they have not been so thoroughly exact as is desirable. 




PROPOSITIONS, 



Prop. 1. — Prob. 

* 
Into a given circle to fit exactly a right line equal to a given 

right line, which is not greater than the diameter of the circle* 

Sol. 1, III. To find the centre of agiyen cirde. 

3, 1. From the greater of two given lines to cut off a part eqnal to the 
less. 

Fst. S and 1. A circle may be described from any centre at any dis- 
tance from Hx&t centre. A st. line may be draAvn from any one point 
to any other point 

Dev. 15, 1. A drcle is a plane figure contained by one line, which is 

called the Gircum£a:«nce, and is such that all st. lines drawn from a 

certain point within the figure to the circimiference, are equal to one 

another. 

Ax. 1. Things which are equal to the same thing, are equal to one 

another. 
Def. 7, IV. A st. line is said to be fitted exactly into a circle, or to be 
applied ia. it, when the extremities of it are on the circumference of 
the circle. 



E.1 Dat. 1. 
2. 



3 
C.l 



2 

3 



4 
5 



)> 



Quass. 
1, III. 



Sup. 

H. 

3,1. 

Pst. 3 & I, 

Sol. 



Let ABC be the ^ven © ; 
and D the st. line > CB 

diam. of © ABC; 
in ABC to place a 

st. line := D. 
Find E the cen. of ABC, 

and draw any diam.,BC, 

througli it ; 
if BC = D, the required thing is done; 
but if not, and B C is > D ; 
from CB cut oflFCF = D; 
and from C, ifith C F, desc. © GFA, and 

join CA; 
then C A is the line required. 




PBOP. II. — ^BOOK IV. 
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D.l 
2 
3 



C.5.De£.15,L 
C. 4. Ajl. 1. 
Def. 7, IV. 



V C is cen. of © GFA /. CA « CF; 
butCr = D, /. D = CA. 
*. in ABC, a st. line has been placed, 
C A = the given st. line D. q. e. f. 



Use akd App. — ^I. Within a given 0, ABC, to place a line of a given 
length, D, not greater than the diam. of the given 0, which line shall pass 
through A, a given point in the Qce. 



C.1 
2 
3 
4 



5 

D.l 

2 



1,IV. 

i,ni. 12,1. 

17, m. Pst 2. 



SoL 

Def.l5j.&14,IIL 
C. 1. Ax. 1. 



In the ABC place BC 

= D the given line ; 
find O cen. of ABC, and 

draw OP perp. to B C ; 
with OP, from cen. O, draw 

0PGH; 
from A draw AH tang, to 

PGH,and prod. AH to 

cnt © ABC in E; and 

join OH ; 
then AE=:BC = D. 
VOH = OP; /. AE=:BCj 
bntBC = D; .-. AE = D. 




Q. E. P. 



H. 7o draw that diam. of aQ which shall pass at a given distance, "S, 
from a ^ven point A 



C.1 
2 

D.l 
2 



Pst.3.&l,IV. 
SoL 

r)e£l6,L&C. 

COBC. 



With OA = N, desc. a ABC, and in it place AK= K ; 
then K O prodoced to L is the diam. required. 

V KL is a diam., and AK = AO = N; 

.'. KL, a diam., passes at the given distance from A. 



Prop. 2. — Pbob. 



In a given circle to inscribe a triangle equiangular to a given 
triangle. 

Con. 17, UL To draw a st. line from a given point, either without or in 
&.& drcnmference, which i^all touch a given circle. 
23, 1. At a given point in a given line to make a lectiL /_ equal to a 
given rectil. /_, Pst. 1. 

Dbil 32, ni. 'If a St. line touches a ©, and from the point oi ccmtact a 
sL line be drawn cutting the circle, tiie /.s which this line makes with 
the line touching 'the ©, shall be equal to the /.s which are in the 
altr. segs. of the ©. Ax. 1. 
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GRADATIONS IN EUCLID. 



E.l 



C.l 



2 
3 



5 



D.l 
2 
3 
4 
5 
6 



Cor. 3, 32, 1. If two As have two /.s of the one respectiyely eqnal to 
two /.s of the other, then the third ^ of the one shall be equal to the 
third /_ of the other. 

Def. 3, rV. A rectiL figure is said to be inscribed in a circle when each 
angular point of the inscribed figure touches the 0ce of the circle. 



Data. 



Quaes. 



17, in. 



23,1. 
23, I. 
Pst. 1. 

Sol. 

C. 1, 2, 
32, III. 
C. 2. Ax. 1. 
Sim. 

Cor. 3. 32,1. 
Def. 3, IV'. 




Let ABC be the 

given©, and DEF 

the given A ; 
in © ABC to insc. 

a A eq. ang. to 

A DEF. 
To any point, A, in ^^ 

the ©ce, draw a 

tang. GAH; 
at A, in AH, make /_ HAC = Z DEF; 
and at A, in AH, make /_ GAB = Z. DFE ; 
join B C ; 
then A ABC is the A required. 

'.• HAG is a tang., and AC from A cuts the © ; 
.•. Z. HAC = Z. ABC in the alternate seg. ; 
but z HAC = Z DEF ; /. z ABC = Z DEF; 
In lilce manner Z ACB = Z DFE; 
/. rem. Z BAC = rem. Z EDF; 
Hence A ABC is eq. ang. with a EDF, and 
is inscribed in the ©. q. b. f. 



ScH. — The Analysis of a problem is a very useful exercise, and, that the 
learner may become accustomed to the method, some examples will be given. 
Thus, of Prop. 2, setting out with the admission that the A ABC has its 
angles respectively equal to the Zs D, E, F, the Analysis will be — 

Through the point A draw A GH, a tangent to the © ; 

then, •/ Z CAH = Z ABC = Z E, /, the Hue AC is given in 

position ; and, being cut by the ©ce, the point C is given. 
In the same way it will appear that the point B also is given ; 
and •/ the three points, A, B, C, are given, ,*, their junction forms 

A ABC, inscribed in the circle. 



Use Ain> App. — An eq. lat. A ABC, being inscribed in a circle^ and 
through the angular points A, B, C, tangents, DE, EF, FD, being drawn^ 
these tangents will also form an eq.lat. A^I^EF, the area of which is four 
times that of the inscribed eq. lat, A. 



PROP. nr. — ^BOOK ix. 
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C.1 

2 

D.l 
2 
3 

4 

5 



6 
7 
8 

9 
10 
11 
12 
13 
14 
15 
16 
17 



i,in. 

Pst 1. 
18,111. 
47,1. 
Def. 15, L 
D. 3. and H. 

4,1. 



26,1. 

3,m. 

Sim. 

Cor. 5, L 32, L 

Sim, 

Cor. 6,1 

Sim, 

Cone 

D. 11, 12. 



Cone. 




Find O the cen. of 

given circle, 
and Join OA, OB,OC, 

OD, OE, OF. 
V ZsOBD, CD, are 

rt Z.S, 
.-. 0D» = 0B« + Bl)« 

= OC«+CI>»; 
but OB = OC, /.BD* 

=:CD«andBD = DC; 
and V 0B= OC, BD 

= DC, and Z. OBD 

« Z OCD; 
.-. A OBD = A OCD, Z_ BOD J= /. COD, 

and^BDOss Z CDO; 

t. e, /.s BOC and BDC are each bisected by DO; 
also DO bisects the line BC; 

.'• DO bis. BC at rt. /.s, and passes through the vertex A« 
So, £0 bis. AC, and passes to the vertex B; 

and FO bis. AB, and passes to the vertex C. 
Now Z. OBC = i of a rt. Z. ; /. Z. DBC = j of a rt.^ ; 
So Z.8 DCB, BDC, each =t of a rt. Z» 
/. A BDC is eq. lat and ss A ABC; 
So AsACE, ABFareeacheq. lat andss A ABC; 
/. ADEP = 4 A ABC. 
AlsoDE = 2DC=£2BC; 

EF = 2 AE a=s 2 AC =s 2 BC; 
and FD = 2 FB =s 2 AB a 2 BC) 

A DEF is equilateral. q. b. f. 



• • 



About a given circle to circumscribe a triangle equiangular to a 
given triangle. 

Sol. Pst. 2. 1, HI. 23, 1. 17, 111* 

Dek. 18, in. If a St. line touches a 0, the st. line drawn from the 

centre to the point of contact, shall be perpendicular to the Une touching 

the circle. 
Cor. 1. 32, 1. All the interior Z,s of any rectil. fig., together with four 

rt. Z,8, are equal to twice as many rt. ^s as the figure has sides. 
Ax. 3, L If equals be taken from equals the remainders are equal. 
13, L The /.s which one st. line nuikes with another upon one side of 

it are either rt. ^s, or together equal to two rt. /_8, Ax. 1. 
Def. 4, rV. A rectil. fig. is said to be described about a Q, when each 

side of the circumscribed fig. touches the 0ce of the 0. 

H 



98 



GRADATIONB IK EUOUP. 



E.1 



C.l 
2 

3 



Data. 



QxiJBS. 



Pst. 2. 



Let ABC be the 
given ©,&DEF 
the given A ; 

about the© ABC 
to desc. a a 
eq. ang. to the 
A DEF. 

Produce E F both _ 
ways to G, H ; M 




51 

D.l 
2 

3 

41 



B N 

l,III.Pst.l| find'K the cen. of © ABO, and draw KB; 
23, 1. I at K in BK make L BKA = L DEG, 

and L BKC= z. DFH; 
17, III. and through A,B,C, draw LM, MN, NL, tangs. 

to ©ABC; 
then A L M N shall be the A required. 



5 
6 
7 
8 
9 

10 
11 
12 



Bol. 

C. 4. 
C. 2, 3. 
18, III. 
Cor.1,32,1. 

D2. 
Ax. 3. 
13,1. 
Ax. 1. 
C.3. Ax.3. 

82,I.Ax.3. 
Def.4.IV. 






V LM, MN, NL, are tangs to ABC; 
and KA, KB, KC, lines from the cen. to A,B,C ; 
/. the 2 8 at A, B, and C are all rt. /_ s. 
And V the 4 ^s of the qu. lat. AMBK 

= 4rt. Zs; 
and two of the four, KAM, KBM, are rt. Zs; 
/, the other two /.s, AKB, AMB = 2 rt. Z.s ; 
but ZsDEG, DEF = 2rt. Zs; 
.-. Z.8 AKB, AMB, = zsDEG, DEF; 
and z AKB =s z BEG, /. Z AMB= Z DEF. 
In like manner z LNM = z DFE; 
rem. z MLN =rem. Z EDF; 
A LMN is eq. ang. with A DEF ; 
I scribed about the © ABC. 

ScH.— -4noZy«w; We suppose the problem to have been solved, the 
A LMN being described about the given © ABC, so that L^^=^ L^^ 
Z M = Z E, and Z N = Z F. 

Join K the cen. of the © to the tang, points A,B, C, 
In the qu. lat. BKCN, the four Zs = four rt. Zs j 
and •/ Z8 KBN, KCN, are 2 rt Zs ; /. Zs BKC, BNC = 2 rt. Zs. 
But Z N being given, its supplement Z BKC is also given ; 
consequently, KB and KC, the two radii, are given in position. 
Thtts, it may be shown that the Z AKB is given, and the line K A 
given in positiotL 
tfce inters, of KA, KB, KC, w5i3i the ©ce, or the points A, B, C, are given; 
/. the tangs. MN, NL, LM, are given in position, 
T^UB the A LMN is given. 



and is de- 

Q. E. F. 



I 



PROP. IV.— BOOK IV. 
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Prop. 4. — Pnoh. 



E.l 
2 

C.l 

2 



3 

4 

D.l 

2 
3 
4 
5 
6 
7 



2V) inscribe a circle in a given triangle. 

Cow. 9, 1. To bisect & given lectil. /_ , t. e, to divide it into two eqtial parts 
12, L To draw a perp. to a given st. line of unlimited length from a 
given point without it Pst. 8* 

Dem. Ax. II. All rt /.s are equal to one another. 
26, L If two AB have two /.s of the one equal to two Z_8 of the other, 

each to each, and one side equal to one aide ; then shall the other sidts be 

equal, each to each, and also the third /_ of the one to the third /. of 

the other. Ax. 1. 
9, m. If a point be taken within a circle, from which there fall more 

than two equal st. lines to the 0c6, that point is the cen. of the 0. 
Cor. 1, 16, IIL If a st. line be drawn at rt* /.s to anj diam. of a 0,* 

from its extremity, it shall touch the at the extremity ; and a at. 

line touching the at one pcHUt sh^ touch it at no other point , 
Def. 5, rV. A is said to be inscribed in a rectU. fig. when the 0ce 

of the touches each side of the figure. 

Datum. 
Quaes. 



9,1 
12,1. 



Pst. 3. 

Sol. 

C. 1, 2. 

26,1. 

Sim. Ax. 1. 
9, III. 
C. 2, 

Cor.l.l6,IIL 
Def. 5. IV. 




Let ABC be the given A ; 
in it to inscribe a 0. 

Bis. ^gABC,ACB,by 

BD, CD, meeting in D; 
fromD drawDE, DF 

DG, perps. to AB 

BC, CA. 
with DF as rad. draw a EFG ; 
then the EFG is the required. 

V ZEBD = z. FBD, Z.DEF = Z DF!B, 

and BD com.; 
/. DE = DF; 

SoDG = DF; A DE = DG = DF; 
.*. the points E, F, G, are in the ©ce of the ; 
And %' the Z.s at E, F, G, are rt. Z.s ; 
/. AB, BC, CA touch the EFG, 
and .\ EFG is inscr. in A ABC. 

Q« £. P. 

ScH.— 1. In other words, the 4th TrapAs-^To describe a Q which ska 
touch three given st. lines not parallels. 

2. In the Analy^ of this problem we assnmo that the Q EF G has been 
inscribed in the A ABX?. 



100 GRADATIONS tiff EUCLID. 

The cen. of the being D, join DA, DB, DC. 

Now V D£ ss DF, DB, com. to As BFD, BED, and the ^s at E 

and F are equal, being rt. /ja ; 
.*. A BFD = A BED, L 1>BF = L DBB, and thus BD is giTcn 

in position. 

By a similar argument it may be shown that D A and DC are given in 
position : — 

/• their point of inters., D, is also giren. 

Use akd App.^^I. Connected with this problem is the following theorem : 
// ihret Z.^ A, B, C, o/" a A ABC U bisected by mU lines, BD, CD, AD, 
these lines will intersect xn the same point 



C. 

D.l 
2 
3 

4 



12,1. 

C. and H. 
26,1. 

Sim, Ax. 1. 
Cone. 



From D, the inters, of BD and CD, draw DE, DF, DG, 

perps. to AB, BC, and CA. 

V Z« I^FC, DCF = Z.8 DGC, DCG, and DC is com. ; 
• j«j) J— GD. 

So ED = GD*; /. ED = FD ; 
I .*. the lines BD, CD, AD, have a com. point of inters. D. 



II. An expression for the Area of a Triangle^ and for the Radiw of the 
inscribed circle may be deduced from &is theorem. 

First. — For the Area of tlie Triangle, the sides AB == a, BC s 5, and 
C A = c, and the radius, DF = r, of the inscribed being given ; 
The A ABC = As ABD + BDC + CDA ; 

theareaof ABD = a X 5- ; of BDCs:& X —and of CD Asa: x-^' 

A A % 

/. the area of A AB C = (a -f * + c) ^* 

Second. — ^For the Radius of the inscribed circlet the area and sides being 
given ; 
2 area of A 

"" a + b -i- c ' 

Ex. 1. The sides of a A are 52, 56, and 60 yards, and the rad. of the 
inscribed 016 yai*ds, required the area. 

16 
Here (52 + 56 + 60) X -— = 168 X 8 = 1,344 square yards. 

Ex. 2. The area of a A is 216 square feet, and the sides 18, 24, and SO 
feet, required the radius of the inscribed circle. 

„ 2 X 216 — 482 _ . . , 

^^"^' 18 + 24 + 80 ~ -72^ - ^ ^^^^- 

m. The Corollaries to Prop. 4, given by Galbraith and Haughton, in 
their " Manual of Euclid," Bk. IV., pp. 6, 7, open up an interesting subject of 
inquirjr, namely— 7%« Properties of Circles exscribed to a 'tangle. From 
those (>)rollaric» we select the following, referring to Def. 8, IV. : — 



PKOl*. IV. — BOOK IV. 
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1. The bisectors of any internal /., as D A r>f /. BAC, and of the 
remaining two ext. Zs, as DB and JJC of Z.s CBK, BCL, intersect in 
the same point, B, which is the cen. of 
the EFG, touching: the side, BC, 
opposite the given /.BAG and the 
productions, B K, CL, of the two sides 
AB, AC, containing it. 

2. The radius, as DF, of the ex- 
scribed 0, EFG, may be found in 
numbers, by dividing the area of the 
A ABC, by half the difference be- 
tween the sum of the two sides and the 
base ; because the whole triangle is the 
difference between the sum of the two 
triangles ACD and ABD, whose bases 
ai-e tiiQ sides AB, AC, and common 
altitude the radius of the exscribed 
circle, and the A BCD, whose base 
is the third side B C, and altitude the 
same radius DF. 




3. From 1 3, II.,, a Formula is deduced for calculating the Area of a Trianale 
in the terms of the sides ; 2s being the perimeter or sum of the sides, and * wo 
semi-perimeter, and a, b, c, the sides of the triangle : — - 



Area of A =>/< («— o) (« — b) (« — c). 



4. By aid of this Formula and Cor. 2, given above, we can readily express 
the radii of the three exscribed circles; r denoting the radius of the inscribed 
circle, and r', r*, r", the radii of the circles exscribed to the sides opposite 
A, B, C, respectively ; 



Then, r' =z^ 



8 • S—b • 8 — C 

8— a 



s/ 



8 • 8—a • 8—C 



s^b 



) ,.*'. 



mS • 8 — a • s — by 



«— c 



and by Use 2, P. 4, IV, r = -^^l-?-' orr=v'-^=^' *""* ' *'"''■ 



a+ b •\' c 



8 



5. By taking the product of the four radii, r r' r' ; ", the following remark 
able expression is obtained for the area of a triangle : — 

Area of A 5ss j^r r' y r", 

Ex. 1. Find the radii of the inscribed and exscribed circles in the triangle 
of which the sides are a = 100, b = 86, and c = 72. 

„ 100 + 86+72 258 

Hero 8 = ^ ^ ^ =--- = 129,*-a=:29, «~i=43, and *-c=57. 



And r = 



2 Area 
(» + & + c 



2 



or 



.8—a • s—b • s—c. 
r=^ i 
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Now area s= ^129 X 29 X 48 X 5 7 =g ^/9169191 = 3028*06; and 
r = ^|i^= 23-473, or r = ./^ii^^LXiL = ^551 = 23-478 
^ = ^ 129X^43X57 ^ ^5I|79 ^ ^^-^^^ ^ ^^^.^^^ 



^ = ^^^9 X J X 57 ^ ^213^ = ^4959 = 70420 



^« = ^29 X^29 X -»3^^1gg|6?=^a822^i57-9 = 63-184 

Ex. 2. From the two formulas given above, find the area of the foregoing 

triangle ; — 

1^ Area = .^129 x 29 x 43 x 57 = ^/9169191 a= 3028-06. 



2°. Aiea = V23-473 X 104-416 X 70*420 X 58*124 = ^8 1689 1 9 '323 1896 
= 30280223. 

6. In a rt. angled A the diam. of the inscribed is eqnal to the difference 
between the sum of the sides and the hypotenuse ; and the diam. of the 
exscrihed to the hypotenuse is equal to the perimeter of the triangle. 

N.B. For other properties of the inscribed, circumscribed, and exscribed 
circles of a given triangle, consult the Appendix to Galbraith an4 Haughton's 
Manual of Euclid, Bk. FST., p.p. 20-25. 



Pboi'. 5. — Pbob. 

Tq circumscribe a circle about a given triangle- 

Con. 10, 1. To bisect a given finite st. line. Pst. 1 and 3. 
11,1. To draw a st. line at rt. /_& to a given st. line from a given point 
in the same. 
Dkm. Ax. 9. The whole is greater than its part. 
Ax. 12. If a St. line meets two st. lines, so as to make the two int. /_s 
on the same side of it t«ien together less than two rt. /.s, these two 
St. lines, being continually produced, shall at length meet upon that 
side on which the /_s are less than two rt. /_b. 
Def. 10, 1. When a st. line standing on another st. line makes the 
adj. /_B equal to each other, each of these /.s is called a rt /_; and 
the St. line which stands on the other is called a per^. to it. 
4 1. If two AS have two sides and the incl. / ot one equal to two 
* sides and the incl. Z. of the other, the As are equal in every respect. 

Ax. 1. 
Def. 6 IV. A circle is said to be desc. f^bout a rectil. fig. when the 

0ce of the touches each comer of the fig. about which it is 
described. 
31, HI. In a ® the Z, in a semi is a rt. ^ ; but the /^m& seg 
> a semi is less than «fc rt. Z. ; *ild ^^^ Z- ^° * ^E- ^ ^^^' ©» ^ 
greater than a rt. Z.* 



PBOP. V,-^B0OK IV. 



lOS 



E. 1 
2 

C. 1 
2 



3 

4 
o 
6 
7 
8 



D. 1 

2 
3 
4 

5 

6 

7 



Datum. 
Quaes. 

10,1. 

11, I. Post. 1. 



0.2, 
Ax. 9 
Ax. 12. 
Sup. Pst. 1. 
8mp. 
Pst. 3. 
Sol. 

C.1.2.Def.lO,I 

4,1. 

Sim, Ax. 1. 
D. 2, 3. 
Eem. 

Def. 6, IV. 
Sol. 




Let ABC be the given A; 
To desc. a about the 

A ABC. 
Bisect AB, AOinD, E; 
and from D, ,E, draw DF, 

EF JLs to AB, AC and A 

join DE; ^ 

then V ZB ADF, AEFarert. Zs, 
.-. Zs EDP, DEF arc < two rt. Zs; 
and /, DF, EF being prod, shall meet; 
let them meet in F, and join FA; 
If F be not on BC, join also FB and FC; 
with FA or FB desc. a ; 
the ABO is c. scr. about the a ABC. 

V AD = DB, DF com., and Z ADP 

= Z BDF; 
.-. A ADF = A BDF, and AF = FB. 
So CF = FA, /. BF = FC; 
thus FA = FB = FC; 
/. a © from F, with rad. FA or FB, or FC, 

will pass through the extrs. ot the other two ; 
*.' the passes through the angr. • s A, B, C; 
and A the A ABC is c. sc. by the ABC. 



Q. E. F. 



CoR. 1. When F, the centre of the 0, 
falls within the A, each angle is an acute 
Z, (31, III.); when on a side of the A, the 
Z opp. that side is a rt. Z? (31, III.); and 3 
when without the A? ^^ L opp. the side 
nearest the centre is an obt. Z? (31, IIL); 
and conversely. 

If the given /^ be acute angled, the cen. of 
the falls within it; if rt, angled, the centre 
is on the side opp. the rt. Z; and if obtuse 
angled, the centre falls without the triangle, 
beyond the side opp. the obtuse angle. 

2. The perps. bisecting the sides of a Zi nieet 
at the centre of the cu'cumscribing circle. 



—J. 
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8. Perpendiculars from each L on the opp. side intersect in 
the same point. 

ScH. 1. This proposition is identical ; 1° with that (in 3, IIL and 9, IIL) 
of descrihing a circle through three given points, A, B, G, not in the same st 
line ; 2° through two given points, 'A, B, and touching a given st line ; or 3° 
through a given point A, and touching two given st. lines. 

2. It is also identical with describing a circle; 1° through two given points 
and touching a given circle ; 2® through a given point and touching two given 
circles ; or 3® touching three given circles. 

3. And it maj l^ further extended to solve the problems of describing a 
circle ; 1^ through a given point, touching a given st. line, and also touching a 
given circle ; 2^ touching two given st. lines and also a given circle ; or 3° 
touching a given st. line, and two given circles. See Gtcm, Plane, SoUd, and 
Spherwal, pp. 114, 118. 

Use anj> App. — ^^If one circle EDF is inscribed in an eqwl. A ABC 
and another K AH circumscribed about it, the cirde^EVE, KAH are concea- 
trie, and the diam OQofoneia double the diam, OD, of ^e other. 



CI 

2 

D.l 

2 
3 



6 
7 
8 
Q 

10 
11 
12 
13 
14 

15 
16 



9,1. 

Pst. 1. 

H. and C. 1. 

4,l.Def.lO,I. 
Sim. 

Cor. 1, III. 

1, m. 

H. andC. 

4,1 

Sim, Ax. 1. 

Cor. 1, III. 

Cor. 31. in. 

Ax. 11, 

£u 

D. 2. 

26,1. 
Cone. 



Bis, the Z.8 A, B, C by the st. 

lines AG, BF,CE; 
and join BG,GC. 







BA = CA, AG com., and 

Z_ BAD= /. CAD; 
/. BD = DC, and /.s at D rt. /.s. 
So AE = EB, and AF = EC, d\ 

and /_8 at E, F, are rt ^s. 
.'. AG, CE, BF, pass through 

O thecen. of© ABC; 
and O, the cen. of A G a diam., 

is the cen. of ABC. 
Again •/ EB = BD, OB com., and Z. EBO =s Z. MO ; 
.-. OE = OD; 

SoOF = OD; /. OE = OF = OD; 
/. O is also the cen. of the © EDF. 
Next, •/ AEG and AHG are sem. cs. ; 
/. /1ABG=Z.ACG; 

and V A ABC is cq. ang.; ,', each Z. = f of a rt. Z. > 
/. alsoZ. DBG = irt. /_=:/_ DCG. 
Now Z. BDO = Z CDG, Z. DBO = Z. DCG,iuid 

BD = DC: 
.-. OD = DG, or 2 OD = OG = OA. 
•. the diam. of © AKGH = 2 diam. of © EDF. g. k. d. 
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Prop. A. — Thbor. 



A circle may he described about any regular polygon^ or inscribed 
tvithin it ; and conversely. 



E. 1 
2 



3 
C. 1 



Hyp. 
Con. 1. 



yj 



2. 



Use 9, III. 



10,1, 



Pst. 



D. 1 C. 1, 2, & 3, III 



2 
3 



6 

7 
8 



4,1. 

Sim. Def.6, IV. 

C. 1, 2. 

4, I. and 3, III. 

Sim. 

Def. 5, IV. 

Rec. 




Let the reg. polygon be ABODE; 

the ABD 
may be circum- 
scribed ; 

or GLI may r. 
be inscribed. ' 

Through A, B, C 
desc. a 0, O 
being the cen- 
tre; 

bis. the sides AB, 
B C, &c., in 
G H &c.' 

and join OAJ OB, 00, &c.; OG, OH, 01, &c. 

V 01 = ID, 10 com. and Z. 010 

= Z. DIO; 
,'. OD = 00; and -pamses through D; 
/. also passes through E; and /. a 

is descr. about ABODE. 
Next, •/ AG = A L, O A com. 

andz OAG= Z. OAL; 
.-. O G = L, and the touches A B 

and AE. 
So the touches H, I, and K. 
,'. © GLI is inscribed in the polygon. 
•. A circle may he described, ^c, q. e. d. 



Use and Apf. 1. — In a i-eg. polygon the angles at the centre, opposite 
to the sides, are ail equal, and together make np four rt. angles ; therefore in 

360® 

constructing a polygon, ^ ^ ., = each ^ at the centre ; and the chord of 

that /. = a aide ; and the circumference being divided by the chord, the points 
of the polygon will be obtained. 

2. To inscribe a polygon in a given circle; divide the circle into as manj 
equal parts as there are sides of the polygon, and join the points of die circum- 
ference by chords. 
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3. To circumscribe a polygon; draw tangents at the points where the 
circumference is divided into equal parts and prodace them until they meet. 

4. The area of a regular polygon; as ABODE, is equal to the product 

Oli 

of the perimeter into half the radius, —-, of the inscribed circle ; 



For area of A OAE = AE x - 



OL; 



2 



and there are as many trian- 
gles identical with A OAE as there are sides of the polygon ; .*. taking n to 
represent the number of sides, area of polygon = »xAExiOL. 

5. By an extension of the principle, as shown in 41, 1. Use 4, the area of 
a circle = the product of the rad. and of half the 0cc. 



E.1 



Prof 6. — Prob. 

To inscribe a square in a given circle* 

Con. 1, m. 11, 1. Pst, 3. 

Dbm. Def. 15, 1. Ax. 11. 4, 1. 31, HI. Def. 3, IV. 
Def. 30, L A square has all its sides equal and all its angles rt. angles. 

Datum 



C.l 

2 
3 

D.l 
2 
3 
4 
5 
6 
7 

9 



Quajs. 

1, III. 11, I. 



Pst. 3. 

Sol. 

Def. 15, I. 
D.lC.lAx.11 
4, 1, and Sim. 

Cone. 

C. 1. 31, III. 

Sim* 

Gone. 
D.4.7.Def.30 

Def. 3, IV. 



Let A BCD be the given 

circle; 
to inscribe a square in ABCD. 




Draw the diams. AC, BD at ^1 

rt. Z. s to each other ; 
and join AB, BC, CD, DA ; 
then the %• ABCD is the 

D required. 
Here EA = EB = EC = ED; 
V BE = ED, EA com, and /is at E equal; 
/. BA = DA; andBA=DA=:BC=CD; 
/, the quadril. ABCD is equilateral. 
Again, •/ BD is a diam., /. /_ BAD is a rt.^L; 
also each of the £ s ABC, BCD, CDA is a rt. Z. ; 
.\ the qu. lat. ABCDis equiangular 
.*. the qu. lat. is a square ; 
and inscribed in the © ABCD. y. e. f. 

Cor. — The square on the radius, EC^, of an inscribed ©, is 
hidf the square inscribed in the oirck, and one-fourth the square 

on its diam., AC^; L e. EC* = 



ABGX» 
2 



ACa 
4' 
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ScH.— In other words, ihe inscribed square ABCD = 2BC* a= h AC»- 
for the Z_B at E being rt. /.s, we have, by 47, L BC^ = BE=* + CE* = 2r'^ • 
.•.BC = rv^2; AndAC2 = 4EC^~2BC^ 

Ex. l.—The radius being 8, required the area of the inscribed square, 

2 X 8 X 8 = 128. 

Ex. 2.— When the area of the inse. square is 288, what is the diam. of 
the circle ? ^ 

^^(2 X 288) = v^~576" = 24. 

Use akb App. —By bisecting the iirosAD, DC, CB, BA, and joining 
the points F, G, &c., an octagon will be formed ; and by continuing the 
bisections, other regular polygons of 16, 32, 64, &c., sides. 



Paop. 7. — Prob. 



To circumscribe a square about a given circle. 

Con. 1,111. 11,1. Pst. 1. 17, m. 

Dem. 18, nr. Def. 15-17, L Def. 30. Def. 4, IV. 

28, L If a St. line falling upon two other st. lines makes the ext. /_ = 

the int. and opp. /_ upon the same side of the line ; or makes the 

int. Z.8 upon the same side together equal to two rt. /_& ; the two 

St. lines shall be parallel. 
30, 1. Straight lines parallel to the same straight line are parallel to each 

other. 
Def. A. I. A parallelogram is a four-sided fig., of which the opp. sides 

are parallel. 
34, 1, The opp, sides and Z.soi /""i s are equal to one another, and the 

diam. bisects them ; i, <?. divides them into two equal parts. 
Cor. 2. 46, L Every / j having one rt. /. has all its /.s rt. /^s. 



E.1 

2 

C.l 

2 



o 



4 



Patnm. 

Quaes. 

1, III. 
11„ I. 



17, III. 



Sol. 



Given a ©ABCD; 

to descr. a square about it. ^ 

tar- 
Find £ the ces. of tbe 0; 
at E draw two diams. g 

AC, BD, ati-t. /s to 

each other ; 
and through A, B, C, D, 

tangents forming fig. H 

GHKF; 
then GHK F is the d rec^uired. 
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D.l 

2 
3 



5 
6 

7 
8 



10 

11 
12 
13 
14 
15 
16 



C. 3 and 2. 

18, III. 
Sim. 

C. 2 & 3. 28, I. 

Sim. 30, I. 
Sim. 

Def. A. I. 
34,1. 
Def.15-17. 34,1. 

Cone. 

D. 7. C. 2. 
34,1. 

Cor. 2. 46, I. 
Cone. 

Def.lO,14.Def.30 
Def. 4, IV. 



V GFis a tang, at A, and AE a st. line 

from A to cen. E ; 
/. the Z. s at A are rt. ^ s ; 
So the ^B at B, C, D, are rt. Z.s. 
And V the /Is AEB, EBG, are rt. Zs, 

/. GH|| AC; 
alsoFKII AC, andGHlJFK; 
andGF, FK, eaeh || BD; 
/. the figures GK,GC, AK, FB, BK, are£Z7s ; 
and .-. GF = HK and GH = FK; 
and V AC = BD; AC = GH=FK; 

andBD= GF =HK; 
/. GH = FK = GF=HK, and FGHK 

is equilateral. 
Again, •/ GBE A is aziZZ, and L AEB a rt. Z ; 
.". Z AGBis art. Z; 
and /. Zs at H, K, and F are rt Zs ; 
.% F G H K is reetangular ; 
.•. the fig. FGHK is a square, 
and it is circumseribfed about the ABC. 

Q. E. p. 



Cor. — In the same cirele the circumscribed square GHFK is 
double of the inscribed square; i.e. BD^ or AC^ = 2AB* = 
4 AE2. 

Use and App. 1. — ^By bisecting the arcs and drawing chords a regular 
octagon may be inscribed^ A I, IB, &c. ; and by drawing tangents through the 
angular points of the inscribed octagon, a reg. octagon may be circumscribed. 

2. — A reg. octagon, A IB, &c., inscribed in a circle, ABC D, is equal to 
the rectangle under &e sides, AB, BD, of the inscribed and circumscribing 
squares. 



D.l 



3 
4 
5 
6 



6, 7, IV. 

28,111. 

41,1. 
Add. 

Bemk. 



For BD and AE are at rt. ^s ; and BD || GF || HE side of 

drcumscribing D ; 
also AI = IB, and arc Air= arc IB ; and EI _L AB bisects 

it in I ; 
/. 2A EAI = IE . AL ; and 2 A EBI = IE . BL. 
/. 2 the qu. lat BEAI = IE . (AL + BL) = IE . AB ; 
Or 4 BEAI == 2 BE . BA = BD . B A ; 
Now the octagon is 4BE AI ; and BD = side of circumscrg. Q, 

and AB = side of inscribed square. 



PROP. VIII. — ^BOOK IV. 
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8. — ^If a qoadril. ABCD be circnniBcribed aboat a t\ 
circle EFGHy any two of its opp. sides AB+CD, or 

AD+BC =; half its perimeter, ue- AB+BC-fCD-f AD. 



D.l Cor. 37, m. 



2 
3 



Ax. 1. 



V tangs. AE =r AH, BE = BF, 

CF = CG, and D G as D H ; 
/. AE 4- BE + CF + DG=: 

AH +BP + CG + DH; 
t. e. AB + CD sa AD + BC, half the perimeter. 




Prop. 8. — Prob. 



To inscinhe a circle in a given square. 

Con. 10, L 31, 1. Throngh a given point to draw a pamllel to a given 
St. line. 

Dbm. Def. 30, 1. Cor. 2. 46, 1. 34, 1. Def. 5, IV. 

Ax. 7. Things which are halves of the same are equal to one another. 

29, I. If a line fall upon two par. st. lines, it makes the alt. /.s equal 
to one another ; and the ext. /, = int. and opp. /_ upon ^the same 
side ; and likewise the two int y/ s upon the same side together = 
two rt. /.s. 

Cor. 1. 16, in. If a St. line be drawn at rt. /_s to any diam. of a 
from its extremity, it shall touch the at the extremity ; and a 
st Une touching the at one point shall touch it at no other point. 



E.l 


Datnm. 


2 


Qanes. 


C.l 


10,1. 


2 


31,1. 


3 
4 


Pst. 3. 
Sol. 



Let GHKF be the given ^ . 

square, 
to inscr. a circle in that a . 

Bis. the sides GH, GPinB 

B and A ; 
through A and B draw AC 

II GH or FK, and BD II GF H 

orHK; 
with rad. E A, from E, draw a ; 
the ABOD is inscr. in the sq. GHKF. 
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D.l 
2 

3 
4 
5 

6 

7 
8 

9 
10 

11 
12 



C. 2. 

De^. 30. 
Cor. 2. 46, I. 
34,1. 
Def. 30. E 1. 

Ax. 7. D. 3. 

Sim. 

Cone. 

29,1. 
C. 

Cor. 16, III. 
Def. 5, IV. 



E«h of the figs. GD, DH, OC, CF, GE, 

EK, HE, EFisa □ ; 
and '.• each contains an ^ of the sq. GHKF ; 

/. each of those figures is rectangular ; 
and .'. of each, the opp. sides are eqnal. 
Now V GF = GH, and GA = JGP, 

andGBs= JGH; 
/. GA r^ GB, and BE == EA; 
Thus EA = ED = EC = EB; 
/. the © from E, with rad. E A, passes through 

the . s B, C, D. 
And •/ the /. s at A, B, C, D, are rt. Z. s ; 
and the st. lines GF, FK, KH, HG are at 

the ends of diams. B D, AC; 
,'. each of those st. lines is a tang to the ; 
•. the © ABCD is inscribed in then GHKF. 

Q. fi. F. 

N.B.— The diagram will illustrate the Cor. to Pr. 7, IV. 

ScH. — ^Euclid confines himself in this book to the inscription and circtiin- 
scription of circles and regular rt. lined figures, — but circles may be inscribed 
in segments and sectors ; for example, 

To inscribe a circle in a given quadrant ABC. 

ClI 9, L 31, 1. With AD bis. C CAB and 

I diawD£||AC; 

with DF bis. ^i ADE, and 

draw F G II A C and meeting 

ADinG; 
also draw GH || AB and 

KLJLADinD; H 

the cen. of the required © is 

G; andGDorGFitsrad. 
V L DAB = i Z. CAB a 

rt. /.f and GFA is a rt. /. ; j^ 
/. l_ AGF = i a rt. Z.» and 

AFrsFG; 
but AF = HG ; /. FG t= HG. 
Again •/ L GDF =: /. BDF, and /_ EDF =a ^ DFG; 
.-. /_ GDF = Z. DFG, and GF =r GD = HG ; 
,\ the HFD passes through the points, D, F, H. 
Also •/ the Z.8 at H and F are rt. /_s ; 
/. the tonchei AC and AB in H and F ; 
and /. AG, joining the centres A and G, passes through D ; 
. and *.* LD or ED, a perp. to AD at D, is a tang, to arc 

CDB and to the DFn ; 



D.l 



3 

4 
5 
6 
7 
8 
9 
10 



11 



9, 1. 31, 1. 

31, 1. 11, 1. 

Sol. 

C. 1. H. 

6,1. 

34, 1. Ax. 1. 
C. 2. 29, 1. 
Ax. 1.6,1. D. 3. 
9, HL 
Cor. 46, 1. 

16, in. 

11, m. 

C. 3 and D. 6. 




11, in. 



.'. the © DFH touches the arc CDB. 



Q. E. V. 



PROP. IX.— BOOK IV. 



To circumseribe a circle about a given square. 

Cots. Fat. 1 and 3. 

Dbm. Def. 30, 1. Asa. 11 & 7. Def. 6, IV. 8, 1. If the as have two 
■idH of the <n« eqn^ to two Bides of the other, each to Mch, utd have 
likewise their boaet eqnal, ^m Z. which ia coDlained bj the two sides 
of the one, ehall be equal to the ^i. contwned bj the two «dea equal 
to them of the other. 
6, L If two ^a of a A be eqnal to one another, the Bidex opp. to the 
eqnal /_b shall be equal to one another. 

£.1 Datam. Let ABOD be the ^ven O ; 

2 QtuBB. to circumac. & about ABCD- ^ 



C.l 



pst. 1. ; 



Def. 30, 1. 



Ax. 7 & 6, 1. 
Sim. 
Ax. 1. 
9, III. 

D. 8. 



Join AC, BD cutting in G; 

and with GA desc a ; 
that ABCD is the 

required. 
-.- in A8 ABC, ADC, DA = AB, CB = CD, 

and AC com. ; 
.'. i DAC= z BAC,/.e. Z BADisbisd. 

by AC; 
So ^s ABC, BCD and CDA are bisected by 

BDandAC. 
Now V /, DAB= z. ABC; 
and Z. GAB = iz. DAB, and Z GBA = 

iZ ABC; 
.'. Z GAB = z GBA, and GA =i QB. 
So GA = GB, andGC = GB = GD; 
.-. GA= GB = GC = aD. 
Hence a from G, with rad. GA, will pass 

through B, C, and D. 
And •/ the ABC passes tbrongh the angu- 
lar -s of thesq. ABCD, 
.'. the © ABCiscEcrd. about the dABCD. 



In the diagram a circk is alio inscribed In the square A B CD. 
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Prop. 10. — Prob. 

To construct an isosceles triangle^ having each of the angles at 
the base double of the third, or vertical angle, 

Co». Pst 3. 1. IV. Pst 1. 5, IV. 11, n. To divide ft given line into 
two parts, 80 that the rect contained by the whole and one of the 
parts shall equal the sq. of the other part. 

Dem. Ax. ]. 32, ni. 6, 1. 37, m. If from a • without a there be 

drawn two lines, one of a which cuts the 0, and the other meets it ; 

if the rect. contained by the whole line which cuts the 0, and the 

part of it without the circle, be equal to the sq. of the line which meets 

it, the line which meets shall touch the 0. 
Ax. 2. If equals be added to equals the wholes are equal. 
32, 1. If a side of a A be produced, the ext /_ = the two int. and opp. 

/.s, and the three int /.s of every A are together equal to two rt.2.s. 
Def. 25, 1. An Isosceles A is that which has two equal sides or legs. 
5, 1. The /_8 at the base of an isosc. A are equal to each other ; and if 

the cq. sides be produced, the ^s on the other side of the base shall 

be equal. 



E.l Data. 



2 

C.l 

2 



Quaes. 
11, II. 
Pst. 3. 



3 1, IV. Pat. 1. 



Sol. 



Pst. 1.5., IV. 



D.l 



0. 1. Ax. 1, 
C. 



D. 1. 37, III. 



Given the Zs ABD, ADB /'"E'^^ 

each = 2Z BAD; / \ 

to construct an isosc. A ABD. / 




Take any line AB and divide \Cr/ 

itsothat AB . BC = AC«; ^v; 
from A with rad. AB desc. ^ 

BDE; 
in BDE place BD = AC > diam. of 

BDE, and join AD; 
then in A ABD, Z. ABD = Z BDA = 

2 Z BAD. 
Join DC, and about A ADC desc. A CD. 

V AB . BC = AC«, and AC = BD; 

/. AB.BC = BD«; 
and •.• from B, a • ont of ACD, are drawn 

BCA, BD, one cutting the © in C, the 

other meeting it in D ; 
and •/ AB . BC = BD«, ,% BD touches the 

ACD in D, 



D.4 





6 



7 
8 



D. 3. & C. 

32, III. 
Add, Ax. 3. 

32, I. Ax. 1. 

C. 5, L Ax. 1. 



■ 

9| Ax. 1. 
D. 7. 9. 6, I. 

C.3. Ax.l.5,L 

Ax. 2. 

D. 7. 32, I. 

D. 9. 

Rec. 



10 

11 

12 
13 

14 
15 
16 
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Again •/ BD touches the © ACD, and DC 

a St. line from the • of contact D, cuts 

that ; 
.-. Z. BDC = Z. D AC in the alt. seg; ; 
Add /_ CDAtoeach; 

/. z BDA = Z. CDA + /. BAC; . 
But V ext. /!_ BCD = Zs CDA, DAC, 

/, z BDA= Z BCD; 
and V AD = AB, and Z BDA = / riT^^. 

Z BCD; 



/, Z BDA= Z BCD; 
nd V AD = AB, and Z BDA = Z CBD; 

.-. Z CBD or DBA = Z BCD; 
.-. z BDA = Z DBA = z BCD. 
Again V Z BBC = Z BCD; 

.VBD = DC; 
but BD = CA, .-. AC = CD and z CDA 

= Z DAC; 
/. Zs CDA + DAC == 2 Z DAC; 
but z BCD = Z CDA + ^ DAC; 

/. Z BCD = 2Z DAC. 
Now Z BCD = Z BDA = Z DBA; 
/. Z BDA = DBA = 2z DAB. 
.'. the A ABD is the isosc. A required. 

Q. E. F. 



Use and App. — The following are some of the various problems which 
bear a close relation to the 10th : — 

1^. The side A C inscribed in the smaller A C D eqvals the side of a 
regular pentagon in that circle, and also eqvals the side of a regular decagon in 
the larger © B D E. 

Prcl. 1 2 Cor. 15,1. •/ the /_s formed by lines from a central point 

== 4i-t Zs ; 
2 and *.* in a regular polygon the central Z_8 are all equal ; 

3' /. the central Z of a pent. ==s 4-5ths of a rt. Z » 

4! and ,'. the central Z of a decagon = 4-lOths = 2-5ths 

1 of art. Z- 



JFVr«<— For the decagon m © D EF., 

D.lilOjV.Prtjl.4. •/ AC = BD ; and Z A = 2-5ths ^ 

of a rt. Z » 
Cone. .*, AC or BD = the side of a reg. 

decagon in ©BEF. 
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ORAPATI0II8 IN SUOLIt). 



Seeondf-f^^ox the pentagon in A C D. 

]D.110,IV., &C. V CD = BD = AC; and AC subtends £ AUG at 

the ©ce ofa© ACD. 

2 ao, ni and '.* also /_ ADC ^ 2-5th8 of a rt. ^ = J the ^ »t the 

centre of© ACD ; 

3 Ax. 6. .\ the /_ at the, cen. of © ACD = 4-5th8 of a rt. ^ ; 

4 Cone, 1 and ,*, A C f=^ side of 9, reg. pent, in the © A C D. 

2°. On the side D C being produced to meet the ctrpfe BDE in ?, and F B 
htit^ joined, thQ ^ ABF ?= three timen Z BFD. 

D.l 

2 
3 

4 
5 



C. and 32, 1. 

Ax. 1. 
20, m 

Stan, 
Ax. 3. 



V Z BAD = / ADC, and V / BCD == Z.8 BAP 

+ ADO; 

/. Z BCD « 2 /.BAD. 

Now, Z BAD== 2 Z BFD; and ext Z BCD == 

4 Z BFD = Za ABF + BFD 5 
from each side take away Z BFD ; 

.-. z abf = 3zb:jj^d. 



3°. To quinquieect, i.$)., dipide a quadrant B A C into five equal part^. 

- V 



C. 1 1 1 0, IV. ICpnstruot an isoso. a 
BAE, having / 
BAD = Z BEA 
= 2 Z ABB ; 
9, 1. Sch, prod. AE to F, and 
div. Z FAB into 
4 equal parts ; 
Sol. then Z (3AP = Z 

FAG == Z GAH 

==ZB[AI==/IAB 
«= l-5th Z BAC. 
C. & Def. •,• of a decagon the 
central Z ABE = 
2-5ths of a rt. Z 3 
C, and ••• Z BAF ^ 

2ZABE = 4-5ths 

of a rt. Z ; 
but Z BAC ia a 



*/-. 



D.I 



$ 



4 

5 



Datum. 

Ax. 
C. 2. 

Core. 




■ • » >•— » »»••"* ^* 



it;. Z.J 

.•. Z CJAE = l-5th ofa rt. Z,and Z FAB = 4-5ths of artZ 

and Z FAB is div. into four equal parts ; 

.*. the quadrant BAC ba^ b@en diyided into ^ve equf^ pairts. 

Q. E. F. 

It is evident that, by the process; of continual bisection, th^ qnadnuit ma\ 
now be divided into 10, 20, 40, 80, &c., equal parts. 



PROP. XI.— rBOOK IV, 
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I 

Prop. 11. — Pros. 

To inscribe an equilateral anc( egMiangular j^entagon in a given 
circle. 

Con. 10, IV. a, IV. 9, 1. Pst. I. 

Dem. 26, III. In eq. circles, eq. angles stand upon eq. iircs, whether they 

be at the centres qr clrcwuierenqes. 
29, IIL In eq. circles eq, arcs are subtended by eq. st lines. Ax. 2, 
27, IIL In eq. circles, the angles which stand upon eq. arcs are eqiuil to 

one another, whether they be at the centres or the 0ces. Def. 3, IV. 



E.l 

2 

C.l 



4 
5 

D.l 

2 
3 



5 
6 
7 
8 
9 
10 



Dat. 

QUSQS. 



2, IV. 



9, I, 

Pst. 1. 
Sol. 

C. 2, & 1. 

Ax. 1, 
C. 8. 

Ax. 7. 

26, IIL 

Qonc. 
29, III. 
C(mc, 
Cone. 1. 




LetABCDEJbe ft^ 

given 0; 
to inscr. therein a 

leg. pent. 
Desc. i^n isosc. A 

FGH, with z G 

= Z H = 2 z / 

F; Gr 

in ABODE insc. 

A A CD equ. ang. to A FGH; so that Z CAQ 

= Z F, and ^s ACD, CDA each == Z G 

= Z H; 
Bis. ZsACD, ADC by OE, CB cutting the 

0ce in B and E ; 
joinAB, BC, DIJandEA; 
thcQ the fig. A B C D E is the pent, required. 

V A ACD is eq. ang. to A FGH, and Z G 

= Z H = 2 Z F; 
/, Z ACD = z ADC = 2 Z CAD. 
and •/ th^ eq. / s ACD, ADC are bisected by C E, 

DB; 
/. z DAC= Z ACE = / ECP = z CDB 

= Z BDA; 
but eq. Zs at the ©ce stand on eq. arcs; 
,% the arcs, AB, BC, CP, DE, EA are all equal; 
and eq. arcs have equal chords ; 
/, the Qbor45 AB, BC, CD, PE, E4 m all e^ual; 
'• tfce pentagon l^ equili^teral. 
Again, to each of the eq. arcs ^E, PE, add arc 

BOD; 
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GRADATIONS IN EUCLID. 



11 

12 

13 
14 

15 

16 
17 

18 



Ax. 2. 
C.&D.IO&li 

27, III 
Sim. 

Cone. 2, 
D. 9. 
C. 

Def.3,IV. 



/. the whole arc A BCD = the whole arc 

EDOB; 
but Z. A E D stands on arc ABCD, and ^ BAE 

on arc ED CB; 
/. Z BAE= /L AED; 
So Z-S ABC, BCD, CDE, each = Z BAE, or 

Z AED; 
.'. the pent, is equiangular. 
And it has been shown to be equilateral ; 
and •.' the angular • s A, B, C, D, E arc in the 

©ce, 
.•. the pent, is inscribed in the circle. 

Q. E. F. 

Scir. L — ^In a reg. pentagon we may remark ; 1st., that each diagonal, as 
A C, is parallel to the side, as £ D, to which it is not conterminous ; 2nd., that 
triangles, B C 6, ED e, A£ J, &c., are isosc. As, equiangular with A C A 1\ 
&c., and having the Z &t the base = twice the vert, angle ; 3rd., that the fi«;. 
ABcE is a lozenge, also BCDe, &c.; and 4th., that fig. abcde is a rcg. 
pentagon. Labdner's Euclid, p. 130. 

II. Practically, a pentagon is inscribed in a circle, 
by drawing two perpendicular diameters, AB, CD, 
and bisecting the rad. F D in E ; from E with E A 
desc. A K, and from A with A K desc. K G ; then 
A G is the side of the pentagon ; and if the arc A G, G'l 
be bisected in H, the chord A H is a side of a decagon. C 
Sec Euclid 10, xiii. 

III. It is generally bi/ aid of isosc. As, with the 
/.'S at the base eguimidtiples of the vert. /_, that reg. 
rectil. figures which have an odd number of sides are 
inscribed in cuxsles. Thus, ybr the pentagon ; 

By 10, iv., desc. an isosc. A E G H, having 
each of the /_%, Gc and H at the ba^jc double of 
^ F, the /. at the vertex. 

2, iv., in the given insc. a A A C D eq. JBi 
ang. with A FGH; 

9, I, bis. the /.s A CD, ADC; and let 
the bisecting lines be produced to meet the Qce 
in B and E ; 



r 





T) G H 



Then the points, A, B, C, D, E, are the angular points of the required 
pentagon. 

IV. Reg. rectil. polygons with an even number of sides may also be 
inscribed in circles hy aid of isosc As ; but in such isosc. As, the /,s at the 
base are multiples sesquialter, as it is termed, of the vert. /_ ; t. e., each angle 
at the base contains 1^ times, or 2^ times, or 3^ times, &c., the magnitude of 
he vert /_. Thus /or the octagon ; 



PROP. XI. — BOOK IV. 



ir 



Construct an isosc. A ABC, of 
which each /_ at the base, /^ B or 
/^ C = 2^ times the vert. ^ A. 

By 2, iv., in the given D G H 
insc. a aBEF eq. ang. with A AB C ; 

then the base EF, the chord of 
the arc EF, will be a side of the 
octagon to be inscribed in D G H. 

V. Formuldb for determining 
the relative magnitudes of the angles 
of isosc. A*, to be nsed in ike con- 
atniction of regular polygons. 

The vert. /_ of such isosc As = - 

_, number of sides 

The multiplier of that vert. Z. ) _1_ sides — 1 
for the /.s at the base j ~ 

Thus in a regular polygon of 




2. 



7 

9 
11 
13 



5 sides, the vert. Z =36°; the multiplier is 2; the Z 8 at the base each 



8 
10 
12 
14 
16 
18 
20 



= 25°f; 
= 20°; 
= 16°,V 
= 13°fl ; 
And in a regular polygon of 
6 sides, the vert. Z = 30°; the multiplier is 2^ 






>» 



» 



»> 



>» 



)> 



3; 

4; 
5; 
6; 



» 



>> 



j» 



>» 



» 

>» 
>> 
9* 
» 



= 22°i; 
= 18°; 
= 15°; 
= 12°4; 

= ll°i; 

= 10°; 
= 9°: 
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tt 
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App. — ^I. To draw a 
ABCDE see on page 118. 



3* 

4i 

5i 
6i 

n 

8i 



triangle equal in area to 



= 72o 
= 77°]J 
= 80° 
= 81°f, 
= 83°-]:, 

the Zs at the base cacli = 75° 

= 78°f 
= 81° 

= 82°i 

= 83°4 
= 84°J 
= 85° 
= 85°^ 

a given pentagofi, 






j> 



>» 



>» 



»> 



0.1 
2 
3 

4 

D.l 
2 
3 



Pst.l&2 
31,1. 
Pst. 1. 
Sol. 



37,1. 
Add, 



Join AC, AD, and prod. CD ; 

^^«}^ ?^ »^ Edraw BF || AC, EG || AD; 
andjomAF,AG; n » 

thenAAFG = pent. ABCDE. 



VA ACT = A ACB, and a ADG « A ADE i 

add A A CD to the equals ; 

Ax. 2. I .-. A AFG = pent. ABCDE. 

R D? P ^ ^-iTi ^^' 5^' 9^' ^^' ^B Joining the alternate angles: A,C - 
B,D; C,E; D,A; E,B;o/ a re^r. pentagon, ABCDE, wUl formcmc^er 
reg,pentagon,abcde; ahd the points of intersection A' B' C "(yv^^JI 
f^nate sides q/ABCDE produced, Lmely, AB anrf CD or DE * B tt 
AE,orED; CD ««.; AB, Sr AE; D E ani A B, or Bc7 ^ HA C^^^^ 
CD I mil a^sofom mother reg, pentagon, A' B' C D' E', - ' 
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GRADATIONS IK EUCLID. 



FirBt — The figure abcde is a 
regular pentagon. 



D.l 



6 
7 
8 
9 
10 



11 
12 
13 



D.l 
S 

S 

4 
5 

6 

** 

8 

9 

10 



C. & H. 



27, m. 



Ax. 3. 
H.15,I.&D.3. 



26, I. 6, I. 
32,1. 
Bemk. 
5,1. 

D. 9 & 12. 




V arc BCDE 

= arcAEDC, 

and arc B C = 

arc AE; 
/. /_ B AE = 

/.ABC, and 

Z. BAG = 

Z. ABE; 
.•.remg./CAE -i| 
=remg./.EBC. ^ 
and •/ BC == 

AE, ^BaC 

= /_ A a E, 

and /_ CAE 

= /.EBC; 
/. Aa =Ba, 

and/. ABE == /_ BAG; 
/. /. Aae = 2 Z. ABE = 2/. AiQB= Z Aetf; 
and .', Aa = Ae = Ba=Ee. 
Thus the As Aae,'Bab,Cbc, &c.i are isosc. As ; 
they are also equal ; ,', ae = ab=^be=cd = dc. 
Now, in isosc. As the /.s on the other side of the base 

are equal ; 
.*, /, eab = /_ abc ^ /_ bed, &c. 
/, also the fig. abcde is equiangular. 
*. abcde is & regular pentagon. Q. e. f. 



5ecOfMf.,— -Also A' B' C D' E' is a reg. pentagon. 



H. 13, L 

Ax. 3. iS'rm. 

H. 26, 1. 

Sim. 

D. 1-4. 

4, 1. & Sim. 

Cone. 

D. 

Cone. 



V Z. ABC «= Z. BAE, and /_A A'BA + ABC 

= /_B A'AB + BAE ; 
/. /_ A' AB :±2 /_ A'BA ; and sb = Z. B'CB = 

Z.B'BC, &c. : 
AlsoAB=BC; .-. A ABA' = aBCB'; 
So AS CDC, DED' and EAE' arc eqd&l. 
And •/ BB', BA' = E'A, AA', Ik /_ B'BA' =i5 ZE'AA'; 
.-, B' A' = A'E' ; and so = E'D' = D'C = CB' ; 
/. the fig. A' B' C D' E' is equilateral. 
Also the 3 Z_8 at A' = the B /_9aiW = 6 ^8 ^^ C', fee. 
/. the fig. A'B'C'D'E' is equiangular ; 



r. 



D. 7, & 9. ' .\ it is ft reg. pentagon. 



Q. E. F. 



PftOP. 12.-=^P»0B. 

To cwcumsmbe an equilateral and equiangular pentagon tiAout 
a given circle. 

Co«r. 11, rV, 1^,111. l,ltt. fBti 



Ttt&P. mi.— B^^OK IV. 
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E.1 

2 

C.l 



3 
4 
5 

D.l 

2 
3 

4 



6 

7 

8 
9 

10 
11 
12 



Dem. Ax.1. Def. 15,1 Ax. 8. g,L 4,L 27»ni. Ax. 7. DefclO,! 

26, L Ax. 6. r)ef.4,iy. 
28, in. Jn equal circles, equal st. lilies cut off cq. arcs, the gr. = the 

gr., and the l6ss to the less. 
18, Illi If a St. line touches a ©, the st. line drawn frntA the cetitlle t© 

the point of contact, shall be perpendicular to the line touching the 

circle. 
47, L In oDj rt. angled A the squard on the side opp. to the rt. /. is 

equal to the squares on the sides containing the rt. /.' 

Dat. Let ABD be the 

given © ; 
Quaes. to desc. & r^g. pent. 

about thdt 0» H. 

11, IV. In © ABD insc. areg. 

pent., of which the -r^ 

angular . s are A,B, 

C,D,Ej and the arcs, 

AB, BC, CD, DE, 

E A, ate fe^tial ; 
17, III. through A, B, 0, &c., draw GH, H K, EI*j 

&c*j tangents to the © ABD ; 
tiien the fig. GHKLM is the 'pehi tequii-dij. 
Find F the centre of the ©ABD ; 




SoL 
1, III. 
Pst. 1. 



G. 1. 

28, III. 

C. 2, 4. 

18, III. 
Sim 

D. 4 & 5. 
47,1. 

Ax. 1. 

Def. 15. Ax. 3. 

C. Afid Di 9a 

8, t 
Kemk. 



and join FB, FK, FC, FL, and FD. 

'/ A, fi, 0, D, B, &re dftgulftr • d tt tii« 

reg. j)6nt.* 
/. arcs AB, BO, Cfi^ &c., are equal j 
and •.' K L is a tang. ; 

and from cen. F, F C is drawn to C ; 
/. FC ± KL, and /.s FCE, FCL, rt.Zi. 
So ZsFBK FDL. <&c.,arert zs; 
Now '.* Zs FOR fttid FBK are rt. Zs ; 
.-. FC2 + CK2 = FK2, 

fend S'B^ + B&s == FgS; 
/. FC2 + CK2 = FB2 4- BK2; 
but F C8 = F B2 ; 

/. C K2 = BK2, and K = BK. 
Also V FC tm FB, FKcoiA., iitid CK^filt; 
/. A CFK = I BFS, and zCKF f= I BkF 
thus FK bisects Zs BFC and B KC| 

ftfld Z BffCas:2zBPK, and z BKC 

iftizBitF. 
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GRADATIONS IN EUCLID. 



181 Sim. 

14 0.1.27,111. Ax.7 

15 Def.lO. D.U. 

16 26,1. 

17 Sim, 

18D.9.D.17.AX.6. 



19 Sim, 

20 Cone. 

21 D. 16. 12. 13. 

22 Ax. 6. 

23 Sim. 



24 
25 
26 
27 



Cone. 

D. 20 & 24. 

C. 2. 

Def. 4, IV. 



So FL bisects Z.8 CPD, OLD. 
Again •/ arc B = arc D, 

/. /_ BFC = A CFD, and z KPO= Z OFL. 
Also •/ Z. K OF = Z L F, F com., 

and Z KFC = Z OFL; 
V K0 = CL, and z FKC= Z FLC. 
Now V KC = CL; /. KL=2KC, 

and so H K = 2 B K ; 
and V BK = KO, KL = 2 KC, 

andHK = 2BK; /. HK == KL. 
So GH, GM, ML, each = HK, or KL; 
/. the pent. G H K L M is equilateral. 
Lastly/, .\ Z F K = Z F L C, Z H K L 

= 2 Z FKC, andzKLM = 2zFLC; 
/. Z HKL= Z KLM; 
and so zs KHG, HGM, GML, each 

= Z HKLor Z KLM; 
/. the pent. G H K L M is equiangular ; 
.'. the fig. GH KLM is a reg. pentagon. 
And each side touches the given A B D ; 
/. the pent. GHKLM is circumscribed about 

the A B D. Q, B. F. 



ScH. — ^It ia a general truth, that, " If the circumfci*cnce of a circle bo 
divided into, any number of parts, the chords joining the points o division 
shall include a regular polygon, inscribed in the circle ; and the tangents drawn 
through those points shall include a regular polygon of the same number of 
sides circumscribed about the circle/' 



Prop. 13. — Prob. 



To inscribe a circle in a given equilateral and equiangular 
pentagon. 

Con.— 9, 1. 12, L Pst. 3. 

Dbm.— 4, 1. Ax. h Ax, 11< All rt. /.-a are equal to one another. 
26, L Cor. 16. III. Def. 6, tV. 



E. 1 
2 



Datum. 
Quaes. 



Let A B C D E be the given reg. pentagon j 
in that pent, to inscribe a circle. 



PROP. XIV. — ^BOOK IV. 
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C. 1 


9,1. 


2 


12,1. 


S 

4 


Pst. 1. 
Pst. 3. 


5 


Sol. 


D. 1 


H. C. 1. 


2 
3 


4,1. 
C. 1. 


4 
5 


Ax. 1. 
D.2Ax. 1. 


6 

7 


Sim. 
C. 1, 2. 


8 

9 

10 

11 


26,1. 

Sim. 

D. 8 & 9. 

£emk. 


12 

18 


Ck)r.l6,III. 
Def. 5, IV. 




Bi8. Zs BCD, ODE by 

CP, DF cutting in F, 
from F draw FG, FH, 

FK, &c., perps. to AB, B 

B C, &c.; 
join FA, FB, FC, FD, FE ; R 
with any of the perps. from 

F, desc. a GHL; 
then the GHL is the 

circle required. 
V in AS BCF, DCF, BC = CD, CP, com., 

and Z. BCF = Z DCF; 
/. BF = FD, and Z CBF = L CDF; 
But z CDP = I L CDE, 

and L CDE = L CBA; 
/. L CDF== 1 L CBA; 
and L CBF = L CDF; 

.-. L CBF = J Z CBA, 

I.e., BF bisects L CBA; 
So Zs B AE, AED are bisected by AF, FE. 
Now in AS FHC, FKC, •/ Z HCF = z KCF, 

Z FHC = Z FKC and FC com.; 
/. perp. F H =s perp. F K ; 
also FK = PL = FM = FG; 
/. the five St. lines are equal ; 
and a from F at the distance of one of the five 

lines, F G, will pass through H, K, L, M ; 
that GHKLM will also touch the st. lines ; 
.*. GHL is inscribed in the given 

pent. ABCDE. q. e. k. 



\^k\ — * • 



Prop. 14. — Prob. 



To circumsertbe a circle about a given equilateral and equiangular 
pentagon. 

CoK. 9, L Psts. 1 and 3. 

Dbm. 13, V. Ax, 7. 6,L Def. 6, IV, 
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GRADAtlONS m KUOtilD. 



3 

4 
D.l 



3 
4 
5 
6 




E.l Datum. Let ABCDEbe a i-eg.petit.; 
2 QuaBS. to circumsc. ft © about that 

pent. 
C.l 9,1. Bis. the zsBCD, Ct)E,by 

CF, FD; 
from F, the point In Which 

CF, FD, meet, draw FB, 

FA,FE, to the points B, A,E; 
with any one, as FA, desc. a ACE; 
then the ACE is circumsc. about the pent. 

ABCDE. 
As in 13, IV., Z.8 CBA, BAE, AED, are bis. 

by FB, FA, Ffi; 
and V Z. BCD = z. CDE, and /_ FCD 

= i Z. BCD, and Z. CDF=±= J Z CDE; 
/. Z FCD = z. FDC, andCF^=i DP. 
So FB, FA, FE, each =5 FC = PD; 
.-. PA == FB = PC = FD = FE. 
Hence, a (J) from F, with any one of these sides, 

as FA for a rad., will pass through the ex- 
tremities A, B, C, D, E ; 
and /, the A E passes through the angr. • s 

A,B, C,D,E; . 
8 Def. 6, IV. .-. the ACE iS circillnscd. about the reg. pent. 

ABCDE. Q. E. F. 

ScH. — I. Generally the method of hisecting two adjoining angles of any reg. 
polygon may he applied to the circumscribing and inscribing of a circle about, 
or ih that polygon ; for, "If any two adjoimn? angles, ns BCD, CDB, of a 
regular polygoti, ABCDE, be bisected, the interRcction F of the bisecting 
lines, C F, D F, shall be the common Centre of two circles, the one circum- 
scribing the polygon, the other inscribed in it." 

n. Propositions 12, 13, and 14, may be generalised so as to include all 
regular polygons, and will then embrace the three problems : — 

Prob. 1.— To circumscribe a regular polygon about a given circle. 

To be done by drawing tangents through the angular points of the inscribed 
polygon. 

Pbob. 2.— To inscribe a circle in a regular polygon, 
"By bisecting two a<\jaCent angles, and irom the point where the angle- 
bisecting linfes meet, drawing a perpendicular to a side of the pol^'gon, and, 
•with that perpendicular for radius, and this point as centre, by denilibittg ft 
circle. 

pROB. 3.— To circumscribe a circle about a ^iven poiygon* 
By bisecting two adjacent angles, and from the point where the angle- 
bisecting lines meet, with one Of thof«e lines for radiiii^, dcpcribiftg a dWle. — 
See Hose's Euclid, p, 153, 



Datum. 
QuaBS. 

9,1. 

Pst. 1. 

Pst. 3. 

Sol. 

IZ,IY, Sm. 

H. & C. 1. 

Ax.T&O.I. 
Sim, 
Ax. 1. 
Kemk. 

D. 6. 
Def. 6, IV. 



ADDBllDA *0 14, IV. 
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Addenda to 14, IV. 

Before dismissing the regular pentagon ahd its intimftteljr allied figure, the 
regular decagon, it 'mil be useful to state some of the principled of theil* eon- 
stmction. 

I. To anAlyze the conditions on which the drawing of those figures 
depends. 

First — Of the Decagon : 

At the centre there are ten equal angles^ 
each = 1-lOth ot 360°, or 4-lOths == 2.5ths of 
90°. At C draw an /_ equal 2-5ths of & vt, /_; 
and from C, with any rad., make CA =s CB, and 
join A B ; then AB the chord of 1-lOth of 360° 
will measure the circle into ten equal parts, abd 
consequently is the side of a regular decagoil. 

Since Z C = l-5th of 180°, and ^1 A = /JB^ 
/. ^ A and Z. B of A AB C each = 2-5th8 of 
180°, and each is double of ^ G. 

Bis. /.ABC, and the A B D C is an isosc. 
A and the ext. /. ADB « 2 /. C « /. A. 

The A A BD is also isosc, and its /s Are equal to the /,s of A A C B. 

Hence AsABD, ACB, are similar, and (by 4, VI.) the sides about the 
equal /_8 are proportional j i.e. A C : A B : : A B : A D ; and A B = B D 
==CD; i-. AC : CD :: CD : AD. 

Thus when C A, the rad. of a circle, is divided, at D, into extreme and 
mean ratio (11, II.) the greater segment, CD; will be the side of the decagon 
inscribed in that circle. 

Hence, Prob. 1. — To find the side of an inscribed devagon, when the fad., 
C Ay of a circle is given. 

By 11, II., divide the rad. C A into extreme and mean ratio in D, and the 
greater segment C D equals the side of the decagon requiredt 

Prob. 2. — To find the radius of the circumscribing circle when the side* 
A B, of the regular decagon is given. 

By 11, n., produce B A, so that the rectangle contained by the whole line 

{)roduced BE, and the part produced, A E, i. e. B E • A E = A B^ ; the whole 
ine thus produced, B E, is the radius of the circumscribing circle. 

Second. Of the Pen to^on. 

By joining the alternate angular points of the decagon a corresponding 
Pentagon will be drawn. 

II. To demonstrate, that the square on the side AB of a reg. pentagon 
inscribed in a circle equals the sum of the squares of the rad. A €, and qf the 
side A D, of the inscribed decagon ; i. e. A B' -k A C* -f A T)*, 
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Let the sides of the inscribed decagon .'*'' '^^ ^N 

beAD, DB; join'A,,B; then AB is /'* j 

the side of the inscribedlpent. • / i 

Bis. Z. BCDby CE,' and join ED. F/ 
Then V D C, CE = B C, CE, and 

/.DCE=Z.BCE; 
/. (4, I.) DE = EB, and A CD E 

= A CBE. 
And in As BED, ADB, •/ /_ EBD is 

com. Z. EDB == /. BAD, and 

Z. BED= Z. ADB, 
/, the AS BED, ADB, are similar. 

Hence (4, VL) AB : BD : : BD : BE, 
orBD^ =:AB.BE (1). 

Again, V the rad. CA bisects the /_ BAT, of a regular figure, 
.•. Z. C A E = J Z. B A F of the inscribed pentagon ; 

And •/ the^w angles together = 6 rt. Z.s, /. the half of one of the five, 
namely Z. C A E = 3-5ths of a rt. /_, 

But, •/ Z. ACD = 2-5th8 of a rt. Z., and Z. D CE == l-5th of a rt. Z., 
/. Z. A C E = 3-5ths of a rt. Z.. 

Thus, Z. CAE = Z. ACE, and A AEC is isosceles and similar to 

aacb. 

Hence (4, VI.)AB : AC :: AC : AE; or AC «= AB . AE (2). 
Adding Equations (1) and (2); BD^ -f AC« = AB . BE + 
AB.AE == (2,n.)AB«. 

Cor.— Hence a Practical Method for inscribing 
a pentagon in a given circle A D B E. 

Draw diam. GH at rt. Z.s to diam A P j 
bisect the rad. O H in L, and JQin L A ; 
make L K = L A, and join K A ; 
K A is the length of the side of the pentagon 
required. 

^ 1 ^^F-'^T?^? ^^: 9i^ ^^ ^^** ^^ extreme and mean ratio in the point K j 
aftd K IS the length of the side of an inscribed decagon. 
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pROJp. 16. — Pro«. 

To mcribe an equilaiet'dt and equiangular hexagon in a given 
tircle. 

Coy. l,m, Pst«. 3. 1.1 ^ 



PROP. XV. BOOK IV. 
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Dem. Def. 15, 1. Ax. 1. 32, 1. 26, HI. 29, III. Ax. 2. 27, III. 

Def. 3, IV. 
Cor. 6, 1. Every equil. A is also equiangular. 
13, 1. The 1% which one st. line makes with anotlier upon one side of 

it are either rt. /.s, or together e^ual to two rt. ^s. 
15, 1. If' two 6t. lines cut one another, the opp. or vert ^s shall be 

equal 



E.l 
2 

C.l 

2 

3 

4 

5 

D.l 

2 
3 



5 
6 

7 
8 



10 

11 
12 

13 
14 
15 



Datum. 
Quaes. 

1, III. 

Pst. 3. 

Psts. 1 & 2. 

Pst. 1, 

Sol. 

C. 1«&2. 
Def. 1 5,1. Ax. 1. 

D.2. Cor.5,1. 

32,1. 

Sim. 
13,1. 

Cone, n 

D. 4, 5,V. 
15, I. 

D. 8. 9. 

26, III. 
Cone. 

29, III. , 
Con 
D13. Add, 



Let ACE be a given circle; 
to inscribe in it a reg. 

hexagon. 
Find G the cen.of© ACE, j^A 

and draw the diam. AD ; ''^ ^ ' 




from D, with D G, desc. p> 

© ECH; 7 ^^ 

join EG, C G, and prod. I e' ' 

them to B, P ; \ 

join also A B, B C, C D, \ h -' 

DE, EP, FA; 
the fig. A B C D E F is the hexagon required. 

V G is cen. of © ACE, and D of © ECH; 
/. GE = GD, and DE = GD ; /. GE = ED; 
and •/ A E G D is equil. ; 

/. ZEGD=ZGDE = ZDEG; 
but the 3 Z.S of a A = 2 rt. /.s ; 

/. Z. EGD = Jof2rt. Zs. 
So z DGC == Jof2rt. z.s; 
and V GC with EB makes Zs EGC, CGB, 

= 2rt. Zs; 
/. remg. z CGB = J of 2 rt. Zs; 
/. ZEGD=ZI)'GC=ZCGB; 
to these Z s are equal the vert. Z s B G A, 

AGF, FGE; 
/. the six zsare eq. ; EGD = DGC = CGB 

= BGA = AGF = FGE. 
But eq. Z s stand on eq. arcs, 
.'. the six arcs are eq. ; A B = B C = C D 

= DE = EF = FA; 
and eq. arcs have eq. chords ; 
.%the six chords are eq.; and ABCDEF is equil. 
Again, •/ arc AF = arc E D, to each add arc 

ABCD; 
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16 Ax. 2. ' .% the whole arc FA BCD » the whole 

arcEDCBA. 

17 C. Now Z. FED stands on arc FAB CD, 

and Z. A F E = on arc F D C B A; 

/. Z AFE=: /. FED; 

So zs AB C, BCD, CDE each ^ /_ AFE 

= t FED; 
/. the hexagon is eq. lat. and eq. angular, 
and it is inscribed in © A (J F. 

Q. E. F." 

CoR. 1. — The aide of a regular hexagon imcribed in a circle is 
equal to the radius, or semi-diameter, of the circle ; or, in other 
words, the chord of 60° is equal to the radius. 



18 

19 

20 
21 



27, III. 

Sim. 

D. 14 and 10. 
Def. 3, IV. 



D.l 

2 



15,IV.D.2. 

Cone. 



V GE = ED; ED being the side of the 

hexagon, and Q E the rad. ; 
/. E D the side, or chord of 60° == G B the 

radius. 



CoR. 2. — An equilateral triangle would be inscribed by joining 
the points A, E, and C, alternate points in the hexagon. 

Cor. 3. — Every equil. figure inscribed in a is also equiang^lar; 
for ',' its /is are contained by the chords of equal ares, a»5(28, JII.) 
stand on equal arcs, /, its /_ s are all equal, each to each, 

ScH.— 1. The opposite sides, AB and D E, pr B C and EF, or CD and 
F A, of a hexagon are parallel ; for, *.* A D meeting A B and D E im^eq the 
alt. /, B AD = the alt. Z. ADE, .-, (27, 1.) AB I| DE. 

2. If, through the angular points of the inscribed hexagon, A, B, C, D, E, F, 
tangents to the circle be drawn, ab, be, cd, de, ef fa, these will fonn a 
regular hexagon circumscribing the circle. 

The Proof is the sapie as in Prop. 12 and 13, IV. 

Use xsd App.— 1. On a given line, A B, to describe a regular hexagon. 



C.l 
2 

3 

D.l 

2 

3 



1,1. 
Pst. 3. 

Sol. 

C. 1. 

4,1. &;5im. 

Cone. 



On A B draw an eq. lat. A A O B ; 
from G, with G A, or G B, deso. a 

©ACE; 
then AB will exactly divide tlie 

©ce into six equal parts. 
V GA, GB = GC, GB, and 

£ AGB= l_ BGC; 
.-. AB = BC; and BC=CD 

= DE = EF = FA. 
/. fig. ABCDEF is a regular 

hexagon. 




PUPP, XY,— «00K lY. 
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2. The inscribed hexagon, A B C D E F, in a circle is three fourths of 
the area of the circumscribed hexayoti, abode f. 



£.1 



CI 



3 

4 

D.l 



2 
3 
4 
5 
6 
7 
8 
9 
10 
11 



12 



Dat. 



Pst. 1. 

Pst. 1. 

10,1. 
Cone. 

8,1. 



4,I.Def.lO,L 
Cor.l,15,IV. 
18, m. 
C. 2. 
Cone. 

C. 2. 38, 1. 

D. 6. 38, 1. 
Remk. 
Cone. 
Sim, 



Cone. 



Let circomsc. hex., abcdef 
touch the circle ACE, at the 
Z_8 A,B,C,D,E,F, of the 
inscribed hex. ABCDEF. 

Join G, and any angular • as 
a of the circumscribing hex. ; J 

join also GA, GB, adjacent 
points of contact ; 

Bis. G a in K, and join A K ; 

then A AGH = f of A AGa. 




-Da 



•/ A GAa = A GB a; 

.-. Z AGa= /_ BGa; 
and •/ A GAH = A GBII ; ,-. ^s GHA, GIIB, are rt. £b. 
But G a ss G/ = /a ; and G A is perp. to/a, 
.% also GA bisects /a. 
and '/ A K bisects Ga, A^ = Ka = Aa; 
/. A A K a is. cq. lat. j and K a bisected by A H ; 
butV GK = Ka, .-. A GAK = A aAK; 
and V KH = Ha, /. A KAH = A HAa ; 
thus A K A o = i A G A a, and AHAa = JGAa; 
.'. A GAH=i A GAa. 
tSo, by drawing lines from G to the angr. • s of the inscribed 

and circumscribed heipagons, each A of the inscrd. hex. 

=1 f of each A of the eireumserd. hex. 
/. the inscr. hex. A B C D E F = | of the c. scr. hex. abe def, 

Q. IS. D. 

3. The area of a reg. hex. ABCDEF is six times the area of the eq. 
lat. A A G B described on the same st. line, A B. 

4. Because the side of a reg. hexagon is equal to the chord of 60° j and 
the chord of 60® equals the rad.; .'. ^ rod. = sine of S0°, 

5. The inscribed hexagon and the successive bisections of its arcs, have 
been employed as the groundwork for finding the approximate ratio of the 
circumference of a circle to its diameter. By forming Polygons of any number of 
sides that are successive bisections of the original 6, as 12, 24, 48, &c., we obtain 
the apothem] t. e., the perpendicular from the centre on one of the sides, which 
continually approaches the radius in length j and from a polygon of 1536 sides 
wp deduce the appro:](imate values of the circumferei^ce and radius to be 
6-283185 and 1. 

When a square is taken as the groundwork of the process, and the apothems 
and sides of successively inscribed polygons of 8, 16, 32, &c., sides are employed ; 
on arriving at the polygon with 32768 sides, the Areas of the inscribed and 
circumscribed Polygons agree to the seventh place of decimals, 3*1415926, 
and since the area of the circle is intermediate, this value^ 3-1415926, as 
far as it goes, must also be the area of the corresponding circle. Now, by Use 
4, Pr. 41, Bk. I., the Area of a circle is equal to the rectangle under its circum- 
fere^ce and semi-^radiuSj or under its radius and semi-circumference ; therefore 
the radius being 1, the semi-circumference is 3*1415926 ; and since the diameter 
is twice the r^us, 3*1415926 tol is also the Katio of the circumference to 
the diameter. — See Chambers's Euclid, pp. 202-221, and Penny Cyclopeedia, 
Vd. XIX,, pp, 186, 187. 
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Prop. 16. — Prob. 

To uiscnbe an equilateral and equiangular quindecagon in a 
given circle. 

Coy. 1, I. 2, IV. Cor. 6, L 11, IV. 
Cor. 5, I. Every eq. lat. A is also eq. ang. 
28, IIL To bisect a given arc of a circle. 

Dem. 28, m. 1, IV. 11, IV. 



E.l Dat. 



S 



C.l 



3 
4 



6 

7 

D.l 
2 
3 
4 
5 



8 



Quses. 

l,LCor.5,I. 

2, IV. 

Cor. 6, I. 
11, V. 

Sup. 

30, III. 

Sol. 



28, III. 
Cone. 1. 
Cone 2. 
Sim, 
D. 8. 4. 

Ax. 3. 

C. 6. 
1. IV. 



9 Cone. 
lO; 11, IV. 




Let A B F D be the 

given 0; 
in that to inser, a reg. ^ 

qidndeeagon. 
Dese. an eq. ang. and E 

eq. lat. a ; 
and in AB F D inser. 

A ACDeq. ang. toit; 
then A ACD will be eq. lat. 
Also insc. in A B FD a reg. pent. ABFGH; 
and let one angr. • A be eom. to the A and 

the pent. 
Bis arc BC in E, and join E C, EB ; 
then E C is a side of the quindecagon, to be set 

round the ABFD. 
•/ equal chords cut oflF equal arcs, 
/. arc AC = arc CD = arc DA; 
and /. arc AC = J 0ce. 
So also arc AB = \ 0ce. 
Thus of the 15 eq. arcs in the 0ce, arc AC 

contains 5 and arc A B, 3 ; 
/. arc BC, equalling arc AC minus arc AB, 

contains 2 of the 15 ; 
/. arc BE = arc EC = -^5 of the 0ce. 
Hence, if st. lines each = chord B E, be placed 

in succession round the ABFD; 
then a reg. quindecagon will be inscribed in the 

given 0. 
The proof will be similar to that for the pentagon. 
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Cor. — The only reg. st. lined figures which can be placed, side 
by side, so as to make a continuous plane surface, are the equi- 
lateral triangle, the square, and the hexagon. — See Use 3. Pr, 15, 
Bk,L 

ScH. — 1. As in the Pentagon, 12, IV., if through the angular points 
B, E, C, F, &c,, of the inscribed quindecagon, tangents to the circle be drawn, a 
regular quindeccufon will be circumscribed : and, as in the Pentagon, 13 and 14, 
IV., a circle may be inscribed in a given quindecagon, or ciFcomscribed 
about it. 

2. Th« arc subtending a side of a regular thirty-sided figure ma}' be readily 
fomid, by placing in a circle, A BCD, from the 
same point A, the line AB = the side of an 
inscribed hexagon, and AC = the side of an 
inscribed pentagon ; 

then, the arc B C = the arc of a reg. thirty- 
sided figure ; 

for l-5th of a© minus l-6th of a0 = l-30th 
of tlie same circle. 

Also twice BO = B E = l-15th the arc of a 
regular quindecagon. X t\ 

^^ — ^^"^ 

Use. — This proposition opens the way for the construction of other 
polygons ; for, if we obtain the common measures of 360°, as 2, 3, 4, 5, 6, 8, 9, 
10, &c., and diyide 360° by any two snccessiye common measures, the diSerenee 
of their quotients will giva an arc of lite circle, by which the circle will be 
exactly measured ; consequently, a regular polygon may be inscribed, the 
sides of which are equal in number to 360 divided by the difierenoe of the 
quotients arising from the division of 360° by the two successive common 
measnres : 

Thus, 1.9th of 360 = 40 ; 1-lOth of 360 =: 36; and 40 — 36 = <; 
360 

and — — ^ 90, the number of parts into which the circle would be 
4 

divided, and the number of the sides of the polygon. 

Again, l-36th of 360 = 10 ; l-40th of 360 =9 ; and 10 — 9 = 1, 

the difference of the arcs ; and 1 will give a polygon of. 360 sides. 
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OBSERVATIONS ON POLYGONS. 

Ob8. I. — The only known ways of dividing a circle geome- 
kioally are — 

iBt, into 8, 6, 12, 24, &c., parts— by Prop. 15, IV., & Prop. 9, 1. 
2nd, „ 4, 8, 16, 32, &c. „ „ 6, IV., „ 9, 1. 

3rd,,, 5, 10, 20, 40, &c. „ „ 11,IV., „ 9,1. 

4th, „ 15,30,60,120, &c. „ „ 16, IV., „ 9,1. 

Obs. II. — Consequently there are many polygons which cannot 
be inscribed in a circle, except by mechanical contrivances ; but the 
following methods approximate so near to the tmth, that they may 
be adopted without sensible error. 

1. In a given circle, as ABP, to inscribe ctn^ regular ri. lined 
figure ; or to divide the circumference of a circle into any assigned 
number of equal parts. 



C.l 



i 



G> « A. 84, 1. 



11,1. 
3' U. & A. 34, 1. 
3,1. 
Pfet. 1. 
Pst. 2, & 1. 



7 
8 



Sol. 
Bemk. 



Divide the diam. A B, 

into 1^ assigned num- 
ber of eq. parts, as 9; 
froib cen. 0. raise a 

perp. C^; 
div. rad. C y into 4 eq. 

parts; 
and set off 3 of those ^^1 

parts from y isy h] 
join h and z, tiie second 

of thedi visions from A; 
prod. 1c z to ©ce, P; 

and join PC, A P ; 
the line A P = the side of required figure ; 
and A P set round the © >vill divide it into 

the assigned number of parts. 




N.B. It is ufioal to denote the circumference , measnring four rt. angles, by 
2 9r; the semi-circumference^ by tt; and the number of sides oi the figure, or ei^ual 
parts of the circle, by n. 
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Analysis. — The Z. A C P is giren = — ; 

n 



also Z. CAP or Z. CPA = 90^ — 



2 v 



2n 
A C = ^being given, C z = ^-^ — 2^^ is given ; 

/. Pz can be found; as also /_ Az P, or its equal /. C zk\ 
}ience the compl. of the Z.C zk^ namely /. Ckz, can be foupi^. 
And Cz being given, G k can be found ; and hence Jp y c^ b^ 

found ; 
and ky = | Cy nearly. — iS'ee Treatise on Mensuration, Irish 

National Schools j p. 19. Demonstrations, p. 53. 

2. Though no exact geometrical rule has been ^covered fo^ 
inscribing many figures, as the heptagon, enneagon, or nonagon, 
hendecagon, &c., figure^ of 7, 9, 11, 13, &c., sides, — yet a j^igh 
degree of accuracy may be obtained by the follo?ring approximative 
process, the real errors of which are far less than those which ihe 
imperfections of our best instruments entail in all geometrical 
constructions. 

By 9, I. continue the series of bisections of the circle and of its 
arcs 2, 4, 8, 16, 32, 64, &c., until a number be found greater or 
less hy one than a multiple of the number of si^es in the reqiiired 
polygon. Of the equal parts thus found, tak^ ^s many as constitute 
a multiple part of the required polygon, and let one more of the 
equal parts obtained by successive bisections be also bisected suc- 
cessively, until its parts are one more than the number of the sides 
of the polygon ; — ^then the first multiple part plus the second 
multiple part will, with sufficient accuracy, be equal to the side of 
the required polygon. 

Thus, for the Heptagon : 

The continued bisection of the ©ce, 
until it is divided into 64 equaj parts, 
gives a number greater by one than 9x7, 
or 63, a multiple of 7. * 

Now by bisecting the quadrantal arc 
A B in D, arc D B in E, arc D E in F, and 
arc D F in.G, (AG bsing equal to 9 out 
of the 64 parts), the arc A G will be l^ss 
than a seventh part of the circumfereiice 
by a seventh part of one of them, D G. 
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But the arc D G being small, a seventh part of its chord may, 
without any considerable error, be assumed for the seventh part 
of the arc itself, being somewhat less than the latter ; — and 
if the chord of A a be taken equal to this approximate seventh 
part, the error of assuming for it the arc A a, which is some- 
what greater than its chord, will be still less, — so that arc Ga 
will be equal, very nearly, to one-seventh of the circumference, — -and 
the chord of G a, very nearly equal to the side of a regular heptagon 
inscribed in a circle. — Geometry^ Plane, Solid and Spherical, p. 121. 

Obs. III. — In the construction of polygons it is useful to 
ascertain the magnitude either of fhe angle, 
A OB at the centre, or of the angle ABC, 
formed by two adjacent sides. 

As before, in the formulas, let ir denote 2 rt ^s, 
or the semi-circumference ; 27r, 4 rt. Z.8, or the whole 
circumference; n, the number of sides; and 9 the 
magnitude of one angle, cither at the centre, or at the 
concave boundary. 

1st, To find the inagnitude of an L at the centre, as Z. AOB 
of a polygon, 

nd =: sum of all the ^s at the centre, or 2 t = 4 rt. ^s, 
(Cor. 2. 15, I.) 

2 T 

.'. — = 0, the magnitude of one i^, as / A OB at the 
n 

centre. 

27id. To find the magnitude of an angle, as ^ ABC, formed 
hy two adj, sides of a polygon, 

n 6 = the sum of the magnitudes of all the interior ^ s ; 
But, Cor. 1. 32, I., n 6 -f 2 TT = n ?r; 

and by trans, n = n 7r — 2 tt = (n -— 2). r. 

/. e = ^ ^ . IT = the mag. of one Z , as Z. AB C, formed 
n 

by two adj. sides. 

Note, — For n substitute the number of sides, 3, 4, 5, 6, &c.; 
and for 2 ir, 360®, and the magnitude of the angles is found in 
numbers. 
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Obs. IV. — On a given rt» liiUj A B, to construct a reg, polygon. 

1. By dividing 2 x = 360° by n the number of sides, we 
obtain the arc AB, or the measure of the Z. at the cen. /. AOB ; 
and A AOB being isosc, Z.s OAB, OB A are equal, 

180°— Z AOB , n\i> , r^TDA 
Now ^ — — = Z. OAB = z. OBA; 

and •/ z. ABO= h Z ABC, /. 180° - Z. AOB = Z ABC, 
one of the angles of the polygon to which all the others are 
equal. 

Hence the Rule, or Formula ; 

2 TT 

TT — — = Z A B C, one of the eq. Z s of the polygon ; 



n 



at A and B make Zs OAB, OBA each = ^ ^^^ ; 

then from O, with O A, or O B, desc. a ; 

and in this circle place the st. line AB continually; 
a polygon of the assigned number of sides will be drawn. 

2. By means of Trigonometry the radius of the circumscribing 
circle is calculated, assuming the side of the polygon to be 1, and 
the following Table constnicted. 



No. of 

Sides. 


Name of Polygon. 


Kadins of 
Circumscribing Circle. 


Angle 
OAB or OBA. 


3 
4 
i) 
C 

7 
8 


Trigon 

Tetragon 

Pentagon 

Hexagon 

Heptagon 

Octagon 


•5773503 

•7071068 

•8506508 
1-Side = radius 
1-1523825 
1-3065630 


30° 
45° 

GO 

64-1° 

67J° 


9 
10 
11 
12 


Nonagon 
Decagon 
Undecagon 
Dodecagon 


1-4619022 
1-6186340 
1-7747320 • 
1-9318516 


70° 
72° 
73-,- 
75° 



Then, the units of length in AB x tabular rad. = units of 
length in O A or OB, the rad. of the actual circle, in which the st, 
line A B is to be placed, step by step, so that the polygon may be 
formed. 



isi 
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Otis. V". — to calculate numerically Ihe area of any regular 
polygon^ it is sufficient td find the area of one of thQ triang^les into 
which the polygon niay be divided, and to ihultiplj^ that area by the 
number of triangles ; 

Or, given a side, as A B, and O P the perpendicular ^ from O 
the centre, on AB; 



then, 



w AB 



X OP = the area of the polygon. 



To facilitate the calculation when Qnly a side^ as AB, is given, 
the following Table has fceen formed on trigonometrical principles — 
the side of the polygon being 1. 



No. of 
sides. 


, X^adins of 
Inscribed Circle. 


Area of Polygon, 
or Multiplier. 


Tngonometrical Expression. 


3 


0-2886751 


0-4330127 


= i tang. 30° = J^3. 


4 


0-5 


1- 


= |tang. 45° =1x1. 


5 


0-6881 9 10 


1-7204774 


t= A tang. 54° =fV(l+:V5)- 


6 


0-8660254 


2-5980762 


= 1 tang. 60^ --2VS. 


7 


1-0382617 


3-6339124 


= ^tang. 64f. 


8 


1-2071068 


4-8284271 


= 8tang.67r=2 X (1+^/2). 


9 


1-3737387 


6-1818242 


-^ tang. 70^ 


10 


1-5388418 


7-6942088 


=:V"tang.72°=V(5+2^5). 


11 


1-7028437 


9-3656404 


=Vta^g-7«^V 


12 


1-8660254 


11-1961524 


=z\^ tang. 75° =3 X (2 +^S). 



By using the Table we find, 

AB2 X tabular area = area of the reg. polygon; 

or, AB X rad. of inscr. © X -_- = area. 
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Obs. VI.— DoDsoTff, in his « Calciilatdr," supplies the following 
Tables for the calculation and construction of any reg. polygon 
having not more than 12 sides. 

1** When the length of the side = 1. 





Badius of 






Sides. 


Circumscribed 


Hadius of 


Area. 


1 


Circle. 


Inscribed. 




8 


0-5773503 . 


0-2886751 


0-43a0127 


4 ' 


O-7071068 


0-5 


1- 


5 


0-8506508 


0-6881910 


1-7204774 


6 


1- 


0-8660254 


2-6980762 


7 


1-1523825 


1-0382617 


B-6889124 


8 


1-3065630 


1-2071068 


4-8284271 


9 


1-4619022 


1-3737387 


6-1818242 


10 


1-6180340 


1-5388418 


7-6d4t088 


11 


1-7747329 


1-7028437 


9-3656404 


n \ 


1-^81851« 


l-86«0g54 


1M961^24 



2® TVIien radius of ctrcumscribed circle == 1. 



Sides* 



3 

4 

5 

6 

7 

8 

9 

10 

11 

12 



Xength of Side. 



1*7320508' 

1-4142136 

1-1755705 

1- 

0-8677674 

0-765366S 

0-6840403 

0-6180840 

e-56S4661 

0-5176881 



Radius of 
insGribed Circle 



"0-5 

0-7071068 

0-8090170 

0-8660254 

0-9009689 

0-9238795 

0-9396926 

0-9510665 

0-^594931 

0-96592^9 



Area. 



■» ^ ' 



i HWm o' 



■•Wi 



1-2990381. 

2- 

2-8776412 

2-598076« 

2-7364102 

2-8284271 

2-8925437 

^-98^92^ 

2*9785S§§ 

8- 

' *■ "M ■ lit •■ 
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5° When radius of inscribed circle = 1. 



Sides. 


Length of Side. 


Rad. of Circumscribed 
Circle. 


Area. 


3 


3-4641016 


2- 


5-1961524 


4 


2- 


1-4142136 


4- 


5 


1-4630851 


1-2360680 


3-6327128 


6 


1-1547005 


11547005 


3-4641016 


7 


0-9631491 


1-1099160 


3-3710222 


8 


0-8284271 


1-0823919 


3-3137084 


9 


0-7279405 


1-0641776 


8-2757315 


10 


0-6498394 


1-0514622 


3-2491970 


11 


0-5872521 


1-0422172 


3-2298913 


12 


0-5358984 


1-0352760 


3-2158904 



4** Wlien the area =s 1. 



Sides. 


■ 

Length of Side. 


Bad. of Circumscribed 
Circle. 


' Radius of 

j Inscribed Circle. 


3 


1-5196716 


0-8773827 


! 0-4386912 


4 


1- 


0-7071068 


0-5 


5 


0-7623870 


0-6485251 


0-5246678 


6 


0-6204033 


0-6204033 


0-5372849 


7 


0-5245813 


0-6045183 


0-5446520 


8 


0-4550899 


0-5946034 


0-5493420 


9 


0-4201996 


0-5879764 


0-5525172 


10 


0-3605106 


0-5833184 


0-5547687 


11 


0-3267617 


5-5799148 


0-5564242 


12 


0-2988585 


0-5773503 


0-5576775 



Use and App. — By the help of these tables, and of the 
compasses, and a scale of equal parts, the construction of any 
regular st. lined figure is reduced to a simple calculation, to the 
drawing of a circle, and to the setting off of equal chords on that 
circle. 



OBS. VII. ON POLYGONS. 



137 



Ex. — ^To construct a reg. heptagon with an area 144 times greater than 
the sqnare on any one division of the scale of eq. parts. 

Increase the side and rad., in Table 4. in the proportion of /^ 144 to a/ 1 

or of 12 to 1; then 
•5245813 X 12 = 62949756 =r length of a side of the hept. 
•6045183 X 12 = 72542196 = „ of rad. of circumscribed 0, 
•5446520 X 12 =i 65358240 = „ of rad. of inscribed 0, 

From the same centre with the two radii, draw two circles ; the side 
found above will measure the larger circle into seven steps; and choirs, joining 
the • s in which the 0ce is cut, will touch the inner circle. 

Thus, a reg. heptagon will be inscribed, or circumscribed. 

Obs. VII. — In Arithmetic polygonal numbers are such as are 
th^ sums of a series of numbers beginning 
with unity and so increasing as to be repre- 
sentative of the figure of a polygon. These F 
numbers are subdivided into triangular, quad- E^ 
rangnlar, pentagonal, &c., and may be ex- jjl 
plained by taking a pentagonal number. 

1. Construct a set of pentagons A c C, A £? D 
&c., double, treble, &c. of A i B, in lineal B 
dimension ; 

Divide the sides of each pent, into parts each -Ar 
s corresponding side A 6 B ; 

Tlien, beginning with A, one point, and taking in p 
all the points of pent. A & B, we have 1 + 4 = 5 ^ 
points ; ^ 

Add all the • s of pent. A c C that are not in 
pent. A 6 B, and we have 1 -f 4>-}- 7 = 12 points ; 

So for pent. ArfD, 1 + 4+ 7+ 10 =22 
points ; 

For pent. A e E, 1 + 4 + 7 + 10 + 13 = 35 
points ; 

And pent. A/F, 1+4 + 7 + 10+13+16 p^ — L I ) \ n 
= 51 points &c. o c a € J 

This series 1, 5, 12, 22, 35, 51, &c., is a series of pentagonal 
numbers, in a way similar to that in which 1, 4, 9, &c., are a series 
of square numbers. By aid of the Square on A/, the series of 
square numbers will be readily formed. 

2. To find the numbers wincli bear the name of jxn n-sided 
figure. 

The 7»th number of the ?i-sided fig. «= 14- w«? !?rii— (w^l) c 




d, € j^ 



E 
D 
C 
B 



-' <• — 


i i 


1 
1 

! 




• 

; 1 


1 

1 










, 




A.> a ■ 




k 


1. . 


1 .i 


f 


1 n 
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Form a series of terms beginning with 1, and, by a com. 
difference = n — 2, increasing in 'Arithmetical progression ; 

then the sums of the terms of the arithmetical series form the 
series of polygonal numbers. 

Thus, for Decagonal mimbew, in whidi n — 2 sat 8 ; 
the series 1, 9, 17, 35, 33, 41, 49 &c. in arithmetical progrefision ; 
gives 1, lOj 27, 52, 85, 126, 175 &c Decagonal numbers. 

Some of the polygonal numbers are, 

Triangular, 1, 3, 6, 10, 15, 21, &c. 
Quadrangular, 1, 4, 9, 16, 26, 36, &c. 
Pentagonal, 1, 5, 12, 22, 35, 51, Sec. 
Hexagonal, 1, 6, 15, 28, 45, 66, &c 
Heptagonal, 1, 7, 18, 34, 55, 81, &c. 

For a further account, see Penny Cychpmdkiy Vd, \% p 364. 

Obs. VIII. As it has been observed, EccfLiD treats only of 
regular convex polygons; though, according to his definition of a 
reg. St. -lined figure, they are both equilateral and equiangular, lie 
does not name Star-shaped polygon^ i.e. regular polygons with 
re-entrant angles, as a, h, c, cZ, e, /, g, h, i. Figures of this kind are 
described, by first constructing any 
regular convex polygon, as might 
be at the points 1,2,3,4,5,6,7,8,9; 
and by then drawing successive 
diagonals, as 1—3, 2—4, 3—5, <fec., 
so as to cut off that numbfer of sides 
which is prime to the number of sides 
of the assumed convex polygon ; or 6' 
what leads to the same results, so as 
to cut off a number of sides which 
neither ss^asures the number in the 
given convex polygon, noris measured 
by any of its common measures. 

To 5 the no. of sides in a pentagon, 2 and 3 are the prime nnmberB ; 
7 „ heptagon, 4 and 3, and 5 and 2 

9 „ nonagon, 2 and 7, and 4 and 5 

12 „ dodecagon, 5 and 7 

IS »> tridecagon 2 and 11, 3 and 10, 4 and 9, 

5 and 8, 6 and 7 ; 
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And diagonals cutting off snccessiyely in a 
Pentagon, 2 and 3 sides, will form ... 1 star-shaped polygon; 

Heptagon, 4 and 3, or 5 and 2 will fonn ... 2 „ polygons ; 

Nonagon, 2 and 7, or 4 and 5 will form . . 2 „ polygons ; 

Dodecagon, 5 and 7, will form ... 1 „ polygon ; 
Tridecagon, 2 and 11, 3 and 10, 4 and 9, 

5 and 8, or 6 and 7 sides will form ... 5 „ polygons. 

A similar process will form other star-shaped polygons. 

N.B.— The figure as C at the centre of a star-shaped polygon, formed 
by the intersection of lines from the angular points, 1, 2, 3, &c., is also 
a regular convex polygon, with the same number of sides as there are re-entrant 
angles to the star-shaped polygon. 



Kemarks on Book IV. 



1. The Problems of which the Fourth Book of Euclid is 
entirely composed require little classification ; they may be brought 
under the general heads ; — 

1 st, Of rt.-lined regular figures inscribed in circles ; Pr. 2, 6, 

11, 15 and 16; 
2nd, Of rt.-lined regular figures, circumscribed about circles; 

Pr. 3, 7, 12 ; 
3rd, Of circles inscribed in regular rt.-lined figures ; Pr. 4, 8, 

13; 
4th, Of circles circnmscribed about rt.-lined figues ; Pr. 5, 9, 

5th, Of constructing an isosceles triangle, having each angle 
at the base double of the vertical angle, Pr. 10. 

2. The Use and Application of the Propositions of this Book 
have been given so much in extenso, that it would be superfluous to 
add to these remarks, except again to challenge attention to the 
value of theoretical reasoning as the guide in Geometry to most 
important Practical Besults. 
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BOOK V. 
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THE THEORY OP PROPORTION, OR OF THE COMPARATIVE MAGNITUDES 

OF PLANE FIGURES. 

This Book is entirely independent of the four books which 
preceded it. In the main they relate to the Properties of 
Figures on a plane surface, but the fifth book introduces Properties 
of a more general kind, and though restricted by Euclid to the 
comparative magnitudes of right lines, really extends to all kinds of 
magnitude. It is no longer absolute equality, or inequality, which 
we have to consider, but the ratio, or mode of estimating the 
relative lengths of lines and the magnitudes of figures, and the 
proportion^ or setting forth of those relative lengths or magnitudes. 

As in the Second Book material assistance for illustrating the 
properties of Rectangles, was derived from Algebra and Arithmetic, 
so in this book similar help will be obtained from the same sources. 
Indeed very many of the terms employed will be already familiar 
from their use in Arithmetic; and it will be seen that the estimating 
of Eatios, and the setting forth of proportions, rest so entirely on a 
numerical basis, that to a very high degree the Fifth Book, or the 
Theory of Proportion, is an application of Numbers to the purposes 
of Plane G^eometry. 

For this reason it will be of advantage to the Learner to be 
presented with a brief view of the Principles on which are esta- 
blished the Properties of Proportional Numbers and Quantities. 
If, however, he has already mastered the subject, he may pass over 
the next few pages, and at once enter on the Theory of Geometrical 
Proportion. 
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SOME PBOPERTIES OF PROPOBTIONAL NUMBERS, 

INTRODUCTORY TO EUCLID's THEORY OP GEOMETRICAL 

PROPORTION. 

We may compare two npn^bers together, either by theijr diffsrence, or by their 
quotient, i. e. by the nmnber of times which tbe greater contains the less, or 
the less measures the greater. When we say 12 — 9 = 3, we compare 12 and 
9 by their difference; bnt when we say 12 contains 9, one anyone quarter times, 
we compare them by a division of 12 into 9 and a part of 9. 

The proportion which one nmnber or quantity bears to another is often 
called its JRatio ; the ratio, measured by the difference is named an arithmetical 
ratio, — that measured by the quotienl, — a geometrical ratio. 

Proportion is applied, either to an identity of difference between three or 
more numbers, as 12, 9, 6, where the common difference or the Arithmetical 
ratio is 3; or, to identity of relative magnitudes, as 12 : 9 :: 8 : 6, — ^where 12 
contains 9 just as often as 8 contains 6, — the conmion quotient op la^o li)eing 1 jt* 
When the differences are identical, the numbers are in Arithmetical Proportion; 
when the contents of each pair of terms are identical, the numbers are in 
Geometrical Proportion. The term proportion, taken by itself, is usually 
restricted io ntuidi)erB ia geometjical propi>rtion; and oi these 'we l^ye now to 
treat. 

Jdentity in the quotients of successive pairs of numbers constitutes Proportion. 
Take for an example, 15 : 5 :: 36 : 12; me quotient obtained on dividing 15 by 
5 is the same as that obtained by dividing 36 by 12; and these four niiiidi>eis, 
15, 5, 36, and 12,— or any othv ionrimmbersAilfiUiDgUieGonditiQaiof e^gp^ty 
of qnc^ients in each saccesave pair, form a Proportion, or setof Proportionals. 

The extremes are the first and last terms in the seiiea; the terms plac^ 
between the first and last terms, the means; the antecedent is iihe ^t \eto^ qifk 
ratio; the consequent, the second term. 

The ratio may be expressed, either by a whole number or by a firaction; 
thus in the proportionals, 18 : 6 : : 24 : 8, fiie constant ratio is 3; in A.e propor- 
tionals 12 : 9 :: 36 : 27 that ratio is ^ or 1^. 

If we take two sets of quantities in direct proportion, a-.h:-. cid (which 

fljaj' aliso he written in afi:ac.tional form — = — j we can readily exhibit 

various rules that are employe^ in modifying a Proportion: they iu?e aU 
dependent on the principle that resulting equations are equally true 
whenever the thing which is done .on one side Of an equation fs aha done 

on the other side. Take as an example — ^ — * 

b d 

Rule 1. Multiplyeachsideof the equation by 6 X rf; we obtain — = — » 

or a^= c6; .". the product of the extremes = the product of the 
means; and conversely, if the product of tiie extremes = the product <rf 
the means, <^e quantities are prt^rtioiial; for, dividing eadi side by b d, 

_ ad cb' a c , 

we nave j^ = - » or — = —» i. e., a : 6 & c : rf are proportionals. 
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Buu5 2. Multiply each side by ^-^ the sides become 2i>5c-^or -^!t^ 

c he dc c d 

i. e. o I c =zh I d. 

Buu» 3. Add unity to each side, and the equation js"-j-l=: — rfl- or 

b d * 

reducing the mixed quantity, ?J^* = ^J^ i. c, a + 6 : 6 = c +d : rf. 

BuLE 4. Subtract unity from each side, we have the equation— —i =_^ 

It b d 

—1 ; or — ^ s= — -p I.e., a — 6:6s=c — <^:d. 

Rule 5. Any common factor, a« m, may be expunged, except from the two 
extreme?, or from the two mean^j for, if ^ =^,on dividing both sides 

multiplying by w, we have "?-^'= ^ ; or, agam?=-^^. Or,if^ = 
-rfJ ••-^~"d' ••;jr6-S' ..^ ^^is Identical wUh--^-=^ 

BiTUS 6. In two or more series of Proportionals, th» products oi the 
corresponding antecedents and consequents also constitute a Proportion, 

and this is named a Compound Proportion ^ for if— =-^ & ?_:= i!» 

b d f h 
on multiplying the terms, on the lef^ hand of the sign =, together, and 

tbose on the right hand, J^X Jf & ^ x 4' the resultant wiU be ?^=--^* 

o J d h bf dh 

Three or more series of proportionals are compounded in a similar way. 
Thi& Essential Property, or Criterion, of numbers in tyue propcMrtion is, 
that the product of the extremes is equal to the product of the means; and 
reciprocally, if the product of any two numbers equals the products of any other 
two numbers, the series of numbers constitutes a proportion; thus, 

in 15 : 5 :: 36 : 12-,— 15 X 12 = 180 = 5 X 36; .-. a true proportion. 

in 14 : 5 :: 35 : 12 ;— 14 X 12 = 168; — 5 X 35 = 175; .-. a false proportion. 

From the Essential Property of numbers in true proportion it foUows, that 
when mny tkree terms are given the fourth may be found; for on dividing the 
product of the means by the given extreme, or that of the extremes by the 
i;lveBmean, the other extreme, or the other mean, will be obtained; thus in 
6 : 8 : : 24 ; arj 

.\ 6 jr =5 8 X J84; ,'. a: =5 ^ ■ == 32, and the terms are 6 : 8 == 24 : 32. 

o 

Or^ in 7 : X :: 14 : 6, 

7 V 6 
/. 7 X 6 s= 14 X, ^\ 35 /> == 3; and the terms are 7:3=14:6. 

14 

If each of the means is the same number, as in 3 : 6 :: 6 : 12, the product 
oi the esctremes equjils the square of one of the means; the value of one of the 
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means is therefore the square root of the product of the means; thtis in 
4 : a: :: J? : 16,\ 

,'. 4 X 16 = 3^f /. a; = v^ 64 = 8; and the teiins are 4 : 8 :: 8 : 16. 

When the vahie of one of the means equals the square root of the product 
of the extremes, that number is named a mean proportional between two given 
numbers. Stated algebraically, when a '. x ^=z x : b, then jr* = a 6 ; or 
X = xj^ihi X being the mean proportional bet^veen a and h. 

There ai^e other important properties of numbers in proportion resting on the 

A C 

equation which may be formed from four proportionals, ^5=-^. For instance 

as shown aboYe,--add I to both sides; ^ + 1 =-^ + l, or^-±-^= 9 + ^? 
which is the theorem known by the word componendo, pntting together : Or, 
taking 1 from both sides ; 4 — ^ =4^— 1| «•«•, ^^— =-^^ ; which is the 
theorem indicated by dividendo^ taking apart. Again, on dividing unity, first, 
by g, and next, by ^, we have-| -i- -=_^,and \-^^ =^; thus giving, 

invertendo, by inversion, — =— ; And on multiplying each side byp, we have 

^ X -p = q' snd _^- X -^' =-y 'i. e., alternando, by taking each other one, 
A_B 

These Properties, with their variations and combinations we now mention in 
their order. 

1°. Mvltiplicando, or dividendo, by multiplying, or dividing by the same 
number, the two first terms or the two last, — the two antecedents or the two 
consequents,— the equation and consequently the proportion is undisturbed. 
Take the Proportionals 9 : 12 :: 16 : 24; 

Multiplicando, by 3 ; Dividendo, by 3. 

l&2terms, 27 : 36 :: 18 : 24; 3: 4 :: 18 : 24 

3&4 „ 9: 12:: 54: 72; 9 : 12 :: 6 : 8 

1&3 „ 27 : 12 :: 54: 24; 3:12:: 6:24 

2&4 „ 9: 36:: 18: 72; 9 : 4 :: 18 : 8 

In all these changes the product of the extremes renuiins equal to the 

product of the means, and the munbers resulting are therefore still 

proportionals. In fact the ratio of the two first terms ^^ , or that of the two 

last i4,is thesamS fi:w;tional number f, — and fractions undergo no change 

of value when the terms of the fraction are both multiplied or both divided 

by the same number. Also when the product of the extremes and that 

of the means are each multiplied or divided by the same number, the 

' resulting products or quotients are sdso equal, and the proportion 

remains. 

2°. Altenvando, or invertendo, by taking the terms alternately, or by 
inverting the terms, the proportion also remains undisturbed; 
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Thus in the proportions 12 = T5, 
1st, exchange the extremes, ^ = tr. the ratio being 2^, 
2nd, „ means, +# = ^; „ „ X 

3rd, „ means & extremes, V — 25 1 

But the proportions continue unbroken though the ratio in each case is 
different; for after the various exchanges the criterion is satisfied,— the 
product of the extremes does equal that of the means. 
3°. Componendo vel dividendo, by putting the two first tenns of the proportion 
together, and the two last; or by separating the two first and the two last,— there 
anses the proposition, that the sum or the difference of the two first terms is to the 
second, as the sumar difference of the two other terms is to the fourth: for example, 
in the proportion 24 : 8 : : 45 : 15, the com. ratio is 3 ; 

componendo by adding 24 + 8 : 8 :: 45 + 15 : 16, „ „ 4; 

ditfidendo by subtracting 24 — 8 : 8 :: 45 — 15 : 15, „ , 2- 

The explanation to be given is, that when we increase or diminish each 
antecedent by its consequent, we do nothing except increase or diminish 
by unity each of the two ratios; and since these ratios were equal at first, 
they remain equal after such an increase or diminution: for 
changing the means, 24 + 8 : 45 + 15 :: 8 : 15; (1) 

but 24: 8:: 45: 15; (2) 

or, 24: 45:: 8: 15; (3) 

& •/ two ratios equal to a third are equal to each other, 

.•.24+8: 45 + l5 :: 24 : 45; 
or rather 24 j- 8 : 24 :: 45 + 15 : 45. 

Thus the sum, or the difference of the two first terms, is to the first term, as 
the sum, or difference of the two other terms, is to the third term. 

4°. Grenerally, addenda vel subtrahendo, by increasing^ or diminishing the 
sum, or the difference of the antecedents is to the sum, or the difference of the 
consequents, as any one of the antecedents is to its consequent, 
Tafce the proportion, 24 : 8 :: 45 : 15; 

exchanging the means, 24 : 45 :: 8 : 15; 

by the former property 3°, 24 -f 45 : 45 : : 8 + 15 : 15; 

again exchanging the means, 24 -f 45 ; 8 + 15 :: 45 : 15; 
whence by reason of the common ratio 45 : 15, 
24 + 45 : 8 + 15 :: 24 — 45 : 8 - 15; 
or, rather exchanging the means, 

24 + 45 : 24 — 45 :: 8 + 15 : 8 - 15. 
i. e., the sum of the antecedents is to their difference, as the sum of the 
consequents is to their difference. 

Cob. Let there be a succession of numbers, forming, two by two, equal ratios, 
the sum ofaUthe antecedents is to the sum of all the consequents, as any one 
antecedent is to its consequent 

Assume the series, 8 : 12 :: 2 : 3 :: 4 : 6 &c., or, a : b =: c : d=: e :f, &c. 
the ratios 8 : 12 :: 2 : 3, a : b :: c : d; 

by 4° give 8 + 2 : 12 + 3 :: 2 : 3; a -}- c : b -\- d= c : di 

but 2: 3:: 4: 6, c:d=ze:f; 

8 + 2: 12 -f 3:: 4 : 6 a + c : b + d :: e :f; 

applying4°.8 + 2 + 4: 124-3 + 6:: 4:6 a + c + e: 6 + </+/=:c:/. 
and so on, whatever may be the number of equal ratios. . 
L 
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If there be any number of fractionB equal in value, as ^, |, |, &c., if the 
sum or the difference qf the numerators and that of the denominattnri be taken 
the resulting fraction is equal in value to each of the given fractiom t thus, 

8 Hh 4 + a = 14 or 2, and 12 + 6 + 3 = 21 or 3, 
the resulting fraction being ^^ or |.. 
The equation -f^ »« f leads to the proportion 8 t 12 :: 2 : 3; 

WhWice by the foregoing ptoperty, |-=-| - if = | =: .j. 

6°. GOMPOIJND RATIO; Con^nendo, by placing together <tf cbmbiDifi^. 
In any number of proportions, &aU the corresponding antec&ieHis emd consequents 
be respectively multiplied to§emer, the resulting products wiU be in proportion. 

For Example, 

3 : 8 :: 12 : 32, or, a:b :: c : rf; 

7:l»t:28:60, V'X''''H'^i 

45 : 12 it 50 : 15, i: h::l:m,^c. 

being pi*oportionals they niay bd tfepresented by 
3 _ 12 -- « _ c 

-8-=°35, 'b-d' 

_7__25 £_.<?. 

16 60' / V 

40_50 i _J j.^ 

T2T5* i-m'^'- . .^ ^ 

on multiplying the corresponding sides of these equations, there wul result 
the equal products, , 

3 X ? X 40 12X28X50 ^ iae _c ^ I ^ 



8 X 13 X 12 ~ 32 X 60 X 15 ' ffl'^ IK 



m 



i. e., ^^ s= 15???s or, 840 : 1440 :: 18800 : 28800, 

' 1440 28800 
satisfying the criterion of proportion that 840 X 28800 = 1440 X 1680O. 

If We divide i®— ? by 20, we have -— ^ ^^, to iitenticta proportion, 
28800 -^ * 1440 1440 

tbe teims of the two ratios being the same. 
N.B.— The con«ft»ji^rofto of the preceding proportion, namely -— ^ is equal 
to the product of the three constant ratios of the given proportions. 

Thus t^e tbrce constant ratios being |, ^, ^jj, or i^^ wc have for their 
product |.J^; or suppressing the common fector 30, ^tj., towidcb thefraetioa 
B 4 A. ^aaj be reduced by suppressing the conunon factor 120. 

The ratio ^, thus arising from the multiplication of several otilier ratioi, is 
named the compound ratio. 

6°. Frooi the theory of compound proportion it follows, when four numbers 
are in proportion, let, their squares^ cubes, and other like powers are aiso in 
proportion, and 2nd, their square roots, cube roots, and other like roots are 
in prbportioh. 
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Ut Take a i bi.cidf or, 4 : 6 ): a s IB} 

squaring) a^ i if^ i: c^ : tP, 16 : 36 : 64 : 144| 

cubing, a8:fe::c9:<^, 64 ; 216 : M8 : 17S«* 

Thus there results a series of proportions which, multiplied in the order 
of the antecedents and consequents, will give products also in proportion. 
2nd. Take o» : 4« :: c» : cf, or, 4 ; 9 :: 16 : 36; 

eztraothlg the i^,a: b :: c : dy or, 2 : 8 :: 4 : 6 ; 

*.* the ratio o =^ :» <^ n = ^^i •*• ^^ mtio9 of the twin are «qQal 

3nt to extract the square root oi a fraction, as 4 oi" 4|, we extract the 
square root of the numerator and that of the denominator, which gives 

^9 3 * v^e 6 



7°. Irrational numbers, or numbers without a perfect root, and Iticammei^ 
nurables. When quantities as a, b, c, d, or numbers, as 2. 3, 8, 12, are not 
perfect squares, the quantities >/ o, V A, >/ c, >/ rf, or ^/ 2, /^ 3, >/ 8, ^/ 12, 
are named rrraftonoTquantities or numbers ; and when quantities or numbers 
are so related, tiiat, although one of them maj be represented in the terms of a 
certain nnit, tiie otJier cannot be so represented, sncb qnantitieB or nnmben are 
named incommensurable. The diameter of the circle in relation to the 
circumference, and the diagonal of a square of which the side is unity in 
relation to that side, are ^miliar examples. Also in numbers, j^ 2, /^ 3, i^ 15, 
&c., are incommensurable with unity, for there is no mixed number, nor 
fraction, exactly equivalent to them. Proportion however exists between 
incommensurable numbers, for j^2 : »J 9 sz ,^ B : ^12; and we are led to 
consider ratios, which must in general be regarded as irrationai, because be- 
tween numbers without a perfect root : but by ratio we must bear in mind that 
we mean the proportion between quantities or numbers ; — and by irrational, 
the non-existence of an exact root. Now the question arises, can we appljr to 
proportions of this kind, i,e., between irrational and inconunensurable qnantUjof 
or numbers, all the properties which have just been established ? 

The answer is affirmative, if we remember that an irrational number may 
always be replaced iu the mind by an exact fractional number which only differs 
from the proposed number by a quantity so small that, when we neglect it, we 
need not have any regard to the mistake committed ; and it is between the 
commensurable numbers substituted for the irrational magnitudes that the ratios 
are judged to be established. 

As to the ratios between exact fractional numbers, it is easy to understand, 
that according to the rule for the division of fractions, they may always be re- 
placed by the ratios bet\voen whole numbers ; thus, the ratio of -^ to JL 

being the quotient arising from the division of ^ by JL is equal to 

3 X LI, or to %4-. that is to say, to tiie ratio of 83 to 85. 

Again, the ratio of J to i^ is equal to J x ?^ ^ *<> t*i« ratio of 161 to 
120. 
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Thus, all the properties of proportion are true with respect to numbers, 
whatever may be the numbers about which we reason. Similar truth and cer« 
tainty will appear even in a higher degree when we consider j 

euclid'b 

THEORY OF GEOMETRICAL PROPORTION. 

By some writers this fifth book of Euclid has been named the 
Elements of Mathematical Logic, The other books have shownais 
the absolute properties, the equality or inequality of Plane Greo- 
metrical figures ; — this book enables us to institute a comparison 
between them. The Definitions and Propositions indeed are so 
expressed, as if they applied only to such plane figures ; but they 
extend equally to lines, surfaces, amd solids, and to every species 
of quantity. Whatever be the science or branch of knowledge 
that depends upon Proportion, it is founded on the Principles con- 
tained in the fifth book of Euclid. We take, for instance, Practical 
Geometry; — nearly all its measurements are calculated by the Doc- 
trines of iProportion, — ^the survey of an estate, or of a whole king- 
dom, is carried out by the application of those doctrines : and in 
Arithmetic, Astronomy, Statics, &c., the use of this book is indis- 
pensable. " In fine," says an old writer, " one may afi&rm, that if 
one should take away the knowledge of the Propositions that this 
Book giveth us, the remainder would be of little use." 

The Definitions and Propositions of the fifth book may be ex- 
tended to every species of quantity and magnitude ; and may be 
easily applied to number ; but though our clearest notions of ratio 
and proportion are derived from numbers, Number, as we have said 
before, is only to a small extent the actual subject of Geometry. 

N.B. — The text of the Definitions and Propositions is from Simson's 
Edition; — variations are given in the notes, and if between brackets, or " " 
they are from the Greek text of Euclid. 



Definitions. 

I. — A less magnitude is said to be Q,part of a greater magnitude, 
when the less measures the greater ; that is when the less is con- 
tained a certain number of times exactly in the greater. 

" A part is a magnitude of a magnitude, — the less of the greater, when it 
exactly measures the greater." — ^Euclid. 
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" B'or the clearer Tnderstandjng of a parte, it is to be noted, tiiat a part is 
taken in the Mathematical! Sciences two maner of wayes. One way a part is a 
lesse qnantitie in respect of a greater, whether it measure the greater or no. 
The second way, a part is one^ that lesse qnantitie in respect of the greater 
which measnreth the greater." — ^Billinosley, fol. 126. 

By part is meant an a/tguo^ part, or aubmultiplef —not any portion of a 
whole or greater magnitude, but the portion, which if repeated will 
exactiymale up that whole, or greater magnitude ; thus, if A represents 
a line = 3 inches, and B a line = 9 inches, A =: 3 is an aliquot part 
or submultiple of B := 9 ; — A repeated exactly measures B, and B is 
the multiple of A. In numbers 4 and 6 are submultiples of 24 ; and 
the quantities, a, 6, c, d, of a b c d. 
Aliquant part has been used for the less magnitude, which though repeated 
does not exactly make up the greater ; thus a measure of 3 feet is an 
aliquant part of 7 feet. 
The magnitudes compared must be of the same kind, — lines, or surfaces, or 
solids, — ^weight, or time, &c. Lines bound surfaces, but are no part of them ; 
on hour camiot be measured by an ounce, — and a penny is no submultiple of 
a mile. 

One magnitude measures another when it is contained in that other mag- 
nitude an exact number of times. 

And a magnitude which is a measure of two or more magnitudes is named 
the common measure of those magnitudes. 

II.— -A greater magnitude is said to be a multipU of a less, 
when the greater is measured by the less, that is, " when the greater 
contains the less a certain number of times exactly." 

" The greater magnitude is a multiple of the less, when it is exactly 
measured by the less."— Euclid. 

" The Multiplex is a great quantity compared with a less which it contains 
precisely some number of times." — ^De Chales. 

" By this worde multiplex*' says Billingsley, fol, 127, ** which is a terme 
proper to arithmitike and niunber, it is easy to consider that there can be no 
exact knowledge of proportion and proportionalitie, and so of this fifth booke 
wyth all the otiier bookes followyng, without the ayde and knowledge of num- 
bers," If excuse be needed, this is the reason why we have prefixed, ** Stmie 
Prcperties of Proportional Numbers to 'EjJCiiD^a otherwise matchless '^^ Theory 
of Geometrical Proportion.** 

la things of the same kind every greater magnitude contains the less ; thus 

a vessel of 27 cubic inches contains another vessel of 13 cubic inches • 

but the greater is a multiple of the less only when it is measured exactly 
by the less, — i, e., by its submultiple ; thus a piece of cloth 27 yards in 
length is the multiple of another piece 9 yards in length, — 3 repetitions 
of the less exactly making up the greater. 

Equimultiples are magnitudes containing their respective aliquot parts the 
same number of times ; thus one yard and <me barrel are equimultiples 
of an inch and a gallon ; — for the yard contains the inch 36 times and 
the bivrrel s^o contains the gallou the same number of ^imes, 
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All ttagiiltwte fi>r which att eacMi canunon mpMW% or niblMilt^, can be 
iHUid we €bmm«iiMy«&fe nagnitttdos, «b the nffim nd diameter of a 
cinda, a&d tiie as^ of anaqiailafteral triangle, %]£ « equare, or (^ « i^. 
hesagou, and the spaxie Toond any {loiiit : and llioBe magnitudes are 
Incommensurable wUdi liaTe no camnMm meason; Hias tiie diagonal of 
a aqnaia lepresented in numbers, and the side of that sqaaze have no 
coounon measoze ; — for if the side contains 100 units, the diagonal will 
ContaSn less than 142 and more than 141 ; — what is the sabmoltiple of 
t3xe one is not the submidtiple of the other. The same is also true, — 1°. 
of the diameter and dicnmierence of a circle ; a^. of the diagcmal and 
side of a cnbe ; 3°. of the segments of a line cot in extreme and 
mean ratio. None of these have a common measore^ nether have they 
a common mnltiple. 

III. — Eatio is a mutaal relation of two magnitudes of tlie same 
k&id to one another in respect of quaniitjr. 

A mistake in tranriatnqj Bnc^d's xora vnXntorrfrec «in respect of qnaii'- 
tity," has tended to confuse this definition. The how great one thing is 
wnen compared witti another is I3ie hinge on which the definition tnms< 
Euclid is speaking of two magnitudes with rcGpect to the spaces whidi 
t^bgr uoeupy, w iie Uic r length, or ai^ea, or bu&, tmd his meaning therefore 
is better expressed by saying that ** Ratio is the relative size which two 
magnitudes of the same kind have to one another with respect to the space 
which they occupy." A square of six acres in area, thoi:^ giieatcr &ian 
a ^uare <^ four acres in area, is, when compared with four acres, a less 
magnitude than a square of three aaes is, when compared with a square 
of one acre ; tlie space which the six acres oocupy is only one and a 
half times larger than the space which the fyar acres occupy, — but the 
space comprised in three acres is three times kffger than HUB space com- 
prised in one acre. Thus the Jiow great one £bing is, when conqsared 
with another, is the essential idea which belongs to Euclid's defimtion 
of ratio. 

Certainly tTie how great is best expressed by numbers; an algebraical notation, 
m times, or n times, or - tames, may denc^ generaBy that one magnitude 



m 



B is m times A, or ~ tmies A; but "the partloQkr faiio of two given 

magnitudes, whether commensurable or otherwise, can be " expressed 
or "conceived only by means of the numbers which denote how often 
the same magmtade as contained, or nearty ooota^ied, in each."^ With- 
oat these munbers we foocm no idea of tbe rcSadve mageitiide of the 
two given magnitodes,-- ibr numbers oonstrtate, eilAier its exact, or its 
proxiniftte meaaaxe. SeeQ^soiL Fl. ScfL. & Bpheb. p. 32. 

A twtio is esepiessed by twoierms, as A : !B, or 6 : IS ; the foundailaon from 
which the comparison proceeds, A, is named the antecedent, and the 
i&em. io wlii<^ the Qemparison exslends, B, the o&iaeqmnt 

^ tiW) ^eommensuiBble magnitudess the nwnerical ratio of one to the other, 
*• is a 'certain number, whole or fractional, which expresses howmani/, 
and whxit parts of the second Jtre contmnod in the first ; for example, if 
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did eommoii meafiuro of A and B be ocmti^ned in A JIm timei, find in B 
six times, or, which is the same thing, if A contains ^ths of B, then A is 
said to have to B the numerical ratio * 5 to 6,' which is written 5 : 6, 
or, in the fractional form, 4." 



The fMosure of a ratio, or how ^at one magnitude i» whe» compared 
witii another of the same kind, is determined, by ascertainbg how often 
the first magnitude is contained in the second, or w^Aa^par^ the first 
magnitude is of the second ; if one line, A B, contains 12 unit3 of length, 
and another line, CD, 4 of the same units, the measure ol their Telative 
magnitudes sc 12 -r 4, or 3 ; and if one line, E F, contains 8 units, and 
another G H, 12 units, the measure = 12 —• 3, or J. 

When A = B, the ratio A : B is one of egwa/ify ; when A is > B, the 
ratio is of greater inequality; and when A is < B, it is of less inequality. 

The inverse or reciprocal ratio arises from changing the order of its two 
terms; as, instead of A : B, or 5 : 6, making the ratio B : A; 6 : 6 or ^. 

IV. — Magnitudfa are said to have a ratio to one another, when 
the less can b« multiplied bo as to exceed the other. 

<'Hagnitades are said to have a ratio to <me another, which are able on 
being multiplied to' exceed one another." — ^Euclip. 

« 1b Geometry, multiplication is onlj a repeated addition of ib^ ^9^A mag- 
sitnda, and division is only a repeated 8ubtraction."--PaTTa. The 
suocessive foldings up of a string, or of a pi^ce of cloth, m fcldji of the 
same length, is geametric«l multiplication ; the soeoessiYe unfoldisgs, or 
cuMtings off, (rf pieces of the same length, }» geometrical diyision. 
By this definition is excluded the comparison between any two magnitudes 
of which one is finite and the other infinite ; — ^ftjr no additiotn of finite 
things can ever equal, muoh less exceed, the infinite ; and for the same 
reason we cannot institnte a comparison between two magnitudes of 
which one is infinitely small and the other infinitely large. 

Y^-^J^efinition of Proportion. — The first of foTir magnitudes is 

said to have the same ratio to the second, which the third has to the 

fourth, when any equimultiples whatsoever of the first acd third being 

ti&en, and any equimultiples whatsoever of the second and fourth ; 

if the .multiple of the fir^t be less than that of the second, the 

multiple of toe third is ^Iso less than that of the fourth; or, if the 

multiple of the first be equal to that of the second, the multiple of 

the third is also equal to that of the fourth; or, if the multiple of 

the first be greater than that of the second, the multiple of the third 

is also greater than that of the fourth. 

" Magnitudes are said to be in the same ratio, the first to the second, and 
the third to ihe fonrth, — ^when the equimultiples of the first and third, 
Veing at the ssme time compared with the eqnJwnltiplea of the lecond 
and fourth, each with each, are, whatever the multiplication may be, 
together greater, or together equal, or together le8s.*'-.sBiJCU]>. 
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The whole reasoning of the fifth book rests on this celebrated definition as 
its foundation ; — ^it is indeed, the definition which supplies a criterion for 
determining the equality of two ratios. 

We shall exemplifj its meaning by 
taking four magnitudes A, B, G, D ; 
and of A and C equimultiples £, G, five 
times A, C ; and of B and D equimulti- 
ples F,H, twice B, D : also K, M, four 
times A, C ; and L, N, double of B, D ; 
finally, O, Q, thrice A, C ; and P, R, 
four times B, D ; now, 

VE>F,andG>H; K = L, andM = N; O < P, and Q < R ; 
/. A : B = C : D. 
Or, Let a : i = e : (f ; and let a, c, each be taken m times, b and d each 
n times ; 

then, 1. If m a > n 6 ; also mc > nd; 

2. Ifma=n5; „ m c = n c2 ; 

3. If m a '<,nb; „ ma '^^ nd. 

Thus the test of the equality of the ratios a : b and c : d, is, that any equi- 
multiples of a and c are always greater than, equal to, or less than the 
equimultiples of b and d. 

The excellence of Euclid's definition consists in its applicability to all 
magnitudes, to incommensuraUea as well as to commenaurables. See Study 
of Maihematicsj pp. 85, 86. Applied to incommensnrables indeed the 
second part of the test does not occur, — ^for in that case no multiple of 
one quantity can be found exactly equal to a multiple of the other ; but 
when quantities are commensurable, the second part is as applicable as 
the first and third. 

Lardner's comment, in elucidating the meaning of the text, establishes 
that Ratios are the samey 1°. if their consequents are equimultiples of their 
antecedents ; 2°. if their antecedents be equimultiples of their consequents; 
3°. if any equimultiples whateverof the antecedents are also equimultiples 
of their consequents ; or 4° when tiie ratios of every pair of equimulti- 
ples of their antecedents to every pair of equimultiples of their consequents 
are ratios of the same species of inequality, — ^i. c, if A and a be multi- 
plied by the same number, the results must be either both greater, equal 
to, or less than, the results obtained by multiplying B and b by any 
number. 

"The best commentary," says the Manual of Euclid, pt ii., p. 29, "is in 
the first and last Propositions of the Sixth Book ; " where in applying 
the test of equality of ratios, it is shewn from the nature of the case 
considered, that what is proved of one set of multiples must necessarily 
be true of all. 

VI. — Magnitudes which have the same ratio are called propot^^ 
tionals. 

The same ratio is expressed by the sign : : or = ; thus A : B : : C : B, or 

A : B = C : D; or in the manner of a fitujtion ^ ss^^r, indicatiog the 
division of the antecedent by the consequent. 
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VII. — When of the equimultiples of four magnitudes, (taken as 

in the fifth definition), the multiple of the first is greater than 

that of the second, but the multiple of the third is not greater than 

the multiple of the fourth ; then the first is said to haye to the 

second a greater ratio than the third magnitude has to the fourth ; 

and, on the contrary, the third is said to have to the fourth a less 

ratio than the first has to the second. 

A greater ratio exists, if the first magnitade contains any aliquot part of the 
second a greater number of times Sian the third contains the like aliquot 
part of the fourth ; for example, in the four quantities, a, h, c, d, let 
ma '^ n b, but mc -^ n d, then a: b"^ c : a; or, let m a < n ^ but 
mc > nc?thena : b <<, c : d. Or, take four numbers 101, 10, 200, 20 ; 
then, '.* 101 contains one hundred and one times the tenth part of 10, — 
but 200 contains only one hundred times the tenth part of 20, /, the 
ratio 101 : 10 > the ratio 200 : 20 ; and .% 101 is a greater number 
with respect to 10 than 200 is with respect to 20. 

VIII. — Analogy or Proportion is the similitude of the ratios. 

" Analogy is the sameness (identity) of the ratios." — ^Euclid. 

Analogy is a reasoning out of two sets of comparisons and a declaring of 
their identity ; thus, the admiral and the fleet are one set of relations, — 
the general and the army another,«>and our reasoning is an^iigiialogy, 
when we declare, as an admiral to his fleet, so is a general to his army. 

Ratio is the comparison instituted between two magnitudes,^- Analogy, 
the comparison between two ratios, — the analogy being complete or perfect 
when the ratios are identical. Take four magnitudes A, B, C, D, and 
from them form the ratios A : B and C : D ; if the one ratio equals 
the other, there exists a proportion between the magnitudes,— A : B 
: : C : D. This proportion does not establish the absolute, but the 
relative magnitudes. 

IX. — Proportion consists in three terms at least. 

The middle term being repeated, there are in reality four terms, without 
which a proportion cannot be established; thus, a : 6 :: 6 : c, or 2 : 4 : : 4 
:8. 

X. — When three magnitudes are proportionals, the first is said 
to have to the third the duplicate ratio of that which it has to the 
second. 

A duplicate, or two-fold ratio is a ratio compounded of two equal ratios ; 
thus if a : 5 : c, then a;ca=j-x — ; or2j4:8; then ■§■ «= 2 x * 

» ^ - -J. 
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Tba duplicate ratio U expressed algebraiedQy and ariilmeticdlhf by the ratio 
of their sqiaares ; thus, a : 6 : cj— a : c =s a* : &*, 

or 3 : 4:8; ^ : 83=4 : 16, 

Such mognitudes are in continued proportifm ;^for xpagnitudes are cc^^^ 
tinued proportionals, wnen every two terms have always the same ratio; 
or when the first has the same ratio to the second as the second has to the 
third,-- 4Uid the second to the third the same as the third to the fourth; 
thus, a : b : c : d : e, &c., or 3 : 4 : 6 i 16 : 32, &;o., the eammon ratio 
being 2. 

Xu continued proportionals thQ ^rst and laet t^sni are the e^trem^s, the 
intermediate are the means. 

A piean proportional is a magnitude between two other magnitudes, forming 
with them a comtinned proportion ; and the third proporHonal is the 
magnitude in continued proportion with the two other magnitodes. 

A double Ratio and a duplicate Ratio must not be confounded. A double, 
triple, &c., Batio is so called when the antecedent is double, triple, &c., 
of the consequent ; a duplicate Ratio Is a ratio compounded of two equal 
ratios, as in the proportionals, 2 : 4 : 8, or 3 : 9 : 27; — 2 : 8, or 3 : 27 
lading compounded (^3:4, and 4 : 8; — or of 3 : 9> t^ 9 *• 27 \ — isi the 
one instance it is the half of a half, — in the other the third of a third. 
The half oi a half is the square of ^, — ^the third of a third is the square 
of t ; 2 is J of the i, or i of 8,— a^ 3 is the i of the i, or X of 27. 

In like mann» 8 : 2 is a dnplicate ratio of B : 4 because 8 is the double 
of4. 
Duplicate ratio is a species of compound ratio, of which instances occur in 
propositions 19 and 20, bk. vi, 

XI. — Whien four magnitudes are cantinual proportionals, the 
first ifi siad to have to the fourth, the triplicate ratio of that which 
it has to the second, and so on, quadruplicate^ &c., increasiuig the 
denomination still by unity in any number of proportionals. 

"When four magnitudes are p?x)portionaI, the first is said to have to the 
* fourth a ratio triplicate of that which it has to the second ; and so on 
successively 4» order, as fer as the analogy (or proportioo) may extend.*' 
— Bucun. 

Triplicate ratio, compounded of three equal ratios, is the ratio of the cubes; 
thus, if A : B : C : D, or 2 : 4 : 8 : 16;— then A : D = As : Bs, or 2 : 16 
=8 : 64. The ratio 2 : 16 is triplicate «f tbe ratio of 2 : 4e for 2 is i of 
Jof J,oriof 16. 

Triplicate ratio is a species of compound ratio, instances of which are footid 
in the 11th and 12th books of Euclid on the Geometry of Solids. 

A numerous list of the kinds of proportion might be given; as. Duple pro- 
portioo, twale, quadruple, quintuple,— jSesquiatter, sesquitertia, aesqui- 
juarta, — Super-partiens, snper-bipartiens, super-tripartiens, ^c., — 
Multiplex, super-particular, &c., &c. ;— but most of them are rather 
higenious puzzles than of practical utility. 
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Dev. A'-^f Compound Batio. "^Whea. there is any number of 

magnitudes of the same kind, the first is said to have to the 
last of these the ratio compounded of the ratio which the first has 
to the second, and of the ratio which the second has to the third, 
and of the ratio which the third has to the fourth, and so on unto 
the last magnitude. 

Tor exfonple, if A, B, C, B, be four magnitades of the same kind, the first, 
A, is said to luive to 1^ iast, D, the ratio oompouoded of the ratio of 
A toB» and of the ratio B to C, and of C to -D ; or the ratio of A : D is 
said to he compounded of the ratios of A : B, B : C, and C : D. 

So 4, 5, 3, 11 are four numbers, and 4:ll=4x4x-A-==^ • ^^^• 

And ifA:B = E:F,B:C = G;B,C:D=:K:L; then A : D is a 
a»tio compotmded of ratios, wbich are the same with tiie ratios of fi : F, 
Xx : H, and K : L. And the same t^isg is to be understood when it is 
more briefly expressed by saying, A has toD the ratio compounded of the 
ratios of E to F, O to H, and K to L ; thus, 

If A:B = E:F; B : C=<i : H; &C:D = K:L; tbcn, A : D s= E ; F, 
ofG:H,ofK:L. 

Or, if 3 : 4 = '6:8; 4 : 5 == 8 : 10 ; and 5 : 7 = 10 : 14; 
then, ^ = 6 of -&- of 10= 6 : 14. 

In like manner, the «ame tbnqgs being «nppofied, i£ M haoB tolU ihe sawe 
ratio which A has to D; then, for shortness sake, M is said to have to K 
the ratio conQ)ounded of the ratios of E to F, G to H, and E to L. Thus 

*If A : I)= M :tN^ thenM : :C^ = E : F, of G : H, of K : L. 

Or,if 3 :'7=Sfl : 49^ then 21 : 49= 6 X -^ X ^^ = .480 s=3 : 7. 
' <>aoi4ii«o 

It may be observed, 1^, that the product xrf tiie fcactioas which represent 
numerical ratios corresponds to the compound ratios of magnitudes; 2°. 
in ratios compounded by this definition, the second term of each ratio is 
the same as the first term of the following ratio, — the consequent of the 
former becoming the antecedent of the latter. 



Def. B— There is a species oi Progression in tJie lengtlis of cJiords 
of the same thickness and degree of tension, which produce the mu- 
sical sounds of a certain note, of its fifth, and of its octave. Thus, 
if « -Btni^ical iStiing, O 0, be 'dswided so tha* its parts are in the 
popofrtiott'to^oneatiotber as^iie »iatfb«re, 1, f , f , ^, -g, |, ^, |, itihe 
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vibrations of the respective parts, C O, D O, E 0, FO, G 0, A O, 
B 0, <? O, will yield the eight sounds 

• a 4 s 2 5 6. 1 

9 5 i 3 5 15 2 

CDEFGrABc O 

to which musicians give the names, C, D, E, P, G, A, B, c. Of 
these parts of a musical string, thus divided, it is the property, that 
the first is to the third, as the difference between the first and second is 
to the difference between the second and third. Thus 1 : ^ = ^ : ^. 

Three straight lines, therefore, are said to be in Harmonical 
Progression, when the first is to the third as the difference of the first 
and second is to the difference of the second and third. 

And when three lines, C O, D O, and E O are in harmonical Progression, 
D is named a harmonical mean between C and E O ; and E O is 
named the third harmonical progressional to C O and D O. 
In the same way magnitudes of any other kind are in harmonical pro- 
gression, when the first : third : : the dif. between the first and second : 
the difference between the second and third ; thus, 
A:B = AooB:BojC. 
And flny number of lines or magnitudes are in harmonical progression, 
when eveiy successive three are in harmonical progressioB. 

XII. — In proportionals the antecedent "terms are called hotjw- 
logmis to one another, — as also the consequents to on€r another. 

" Magnitudes are said to be homologous, — ^the antecedents to the ante- 
cedents, and the consequents to the consequents." — Euctm. 

Homologous magnitudes are those which correspond in the proportion ; 
thus in A : B = C : D, A and C being antecedents, are homologous • 
and B and D, being consequents ; but in A : B : C : D, A and C, B and 
C, B and D are homologous, — ^for the full statement of the progressionals 
is, A : B=B : C = C : D, — ^where B and C are at one time consequents, 
and at another time antecedents. 



TECHNICAL WOUDS TO DENOTE CHAN6Ej¥ ^ Tflfi ORDER 0!^ 

PROPORTIONALS. 
1. FOR FOUR PROPORTIONALS. 

XIII. — Permutando, or altemando, by permutation, or alter- 
nately. This word is used when there ar^ fpur proportionals, and it 
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is inferred that the first has the same ratio to the third which the 
second has to the fourth ; or that the first is to the third as the 
second to the fourth ; as is shown in Prop. 16 of this fifth book. 
Thus, 

IfA:B = C:D, or 1:2 = 3:6; 
then altemando A : C = B : D; or 1:3 = 2:6. 

^Alternate ratio is the comparison of the antecedent to the antecedent, and 
of the consequent to the consequent." — ^Euclid. 

XIV. — Invertendo, by inversion ; when there are four propor- 
tionals, and it is inferred that the second is to the first, as the fourth 
to the third. Prop. B. Book V. Thus, 

K:— = ^,orJ = f; then mvertendo, -- = — » or 2 = a 

*< Inverse ratio is the taking or comparing of the consequent as antecedent 
with the antecedent as consequent." — Euclid. 

In all changes of the order of Proportionals it is essential, that if one oF 
the means be exchanged for an extreme, the other mean nmst also 
change places with the other extreme ; and that if one of the extremes 
be placed as a mean, the other extreme must be placed as the other 
mean ; thus, if A : B = C : D, or 1 : 2 = 3 ; 6; then A : C ^ D : B, 
or ^^^ I 

XV. — Componendo, by composition ; when there are four pro- 
portionals, and it is inferred that the first together with the second, 
is to the second as the third together with the fourth, is to the 
fourth. Prop. 18. Book V. Thus, 

If A : B = : D; then A+B:B = C+D:D. 
Or, 1 : 2 = 3 : 6 ; then 1 + 2:2 = 3 + 6:6. 

" The Synthesis, or Composition of ratio, is the taking of the antecedent 
along with the consequent as one term, in comparison with the conse- 
quent." — ^Euclid. 

Generally, the snm of the first and second is to the first or second, as tlie 

sum of the third and fourth to the third or fourth : thus, if— =P 

B D 

XVI. — Dividendo, by division; when there are four propor- 
tionals, and it is inferred that the excess of the first above the 
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Beeond is to the second, as the excess of the third above ihe foiprtli 
is to the fourth. Prop. 17, Bk. V. Thus, 

If A : B s=s C I D, A being greater than B, and C than D; 
then A-B:B= C-D:D; 

or, if 3 : 1 = 6 : 2 ; then, 3 — 1:1 = 6—2:2. 

" The Dicureais or Division of ratio if the taking of the excess whereby the 
antecedent exceeds the consequent in comparison with the consequent." 

£it70LID. 

Geometrical Division, as we have seen, is the successive subtraction of a 
less magnitude from a greater. 

Generally also, — the difference of the first and second is to the first or 
second, as the difference of the third and fourth to the third or fourth ; 

thus, II ^=r= ^ , or 4 = -A- : then, ss - — =~ : 

' B D' t tt^ 'AorB C or D ' 

'^^ 2 or 6 "" 8 or 24 * 

XVII. — Convertendo by conversion; when there are four pro- 
portionals, and it is inferred that the first is to the excess above the 
second, as the third to its excess above the fourth. Prop. E., Bk. V. 
Thus,if A: B = 0: D, or 2 : 1 = 6 : 3; then A: A - B = C: 
C--D, or2:2 — 1=6:6 — 3. 

''An anastrophe or reversion of the ratio is the taking of the antecedent in 
comparison with the excess whereby the antecedent exceeds the conse- 
quent." — ^Euclid. 

Combining several definitions into one, — conjunMemio, the sum or difference 
of the first and second is to the first or second, as the sum or difference 
of the third and fourth is to the third or fourth;— or the sum of the first 
and second is to their difference, as the sum of the third and fourth to 
their difference. 



2®. FOR ANY NUMBER OF TROPORTIONALS ABOVE TWO. 

XVIII. — Ex cequali (sc* distcaitia) or ex cequo^ from equality of 
distance; when there is any number of magnitudes more than two 
and as many others such that they are proportionals when taken 
two and two of each rank ; and it is inferred that the first is to the 
last of the first rank of magnitudes, as the first is to the last of the 
others. Of this there are the two kinds, in definitions 19 and 20, 
which arise from the dijBferent order in which the magnitudes are 
taken two ^nd two. 



DBF* XX.-^BOOK V. 169 

" The tatio <^€qual diatancet (or of intenrAls) is when thexe are aeveral 
magnitudes and others equal to them in number, taken two and two in 
the same ratio, and it arises that, as in tile fint set of magnitudes the 
first is to the last, so in the second set of magnitudes the first is to the 
last'' '^Otherwise, a taking of the extremes for comparison hy a remoriJ 
of the mettDs."*— EuoLED. 

Thus, assuming a :h^ di c; 6:c = « :/; r : « «» A : ^i s : t s=y : z; 
1st Series, a, b,c ... r, «, t, or 2, 4, 8, ... 6, 12, 24 ; 

tod „ dt e,f, ... A, y, ff, d, 6, 12, ... 9, IS, 36 ; 

then axt^^dti, or 2 : 24 » 3: 36. 



XIX. — JEx (equcUi, or ex eeqito ordinate. This term is 
used simply by itself, when the first magnitude is to the second 
of the first rank, as the first to the second of the other rank ; and 
as the second is to the third of the first rank: so is the second to 
the third of the other ; and so on in order ; and the inference is as 
mentioned in the preceding definition ; hence this is called ordinate 
proportion. It is demonstrated in Prop. 22, Bk. V. 

" Arranged Analogy , or Proportion is when antecedent is to consequent, as 
antecedent to consequent ; and also as consequent to some one thing, so 
is consequent to some other thing." — ^Euclid. 

Let A : B : C : D, 12 : 6 : 18 : 36; and E : F : G : H, 6 : 3 : 9 : 18; 
then A : D :: E : H; 12 : 36 = 6 : 18. 



XX. — Ex cequali in proportione perturhatd sen inordinatdj or ex 
<equo perturhate, from equality in perturbate or disorderly proportion. 
Archimedes de sphcerd et cylindro. Prop. IV, Lib. 2. Tliis term is 
used when the first magnitude is to second of the first rank, as the 
last but one is to the last of the second rank; and as the second is to 
the third of the first rank, so is the last but two to the last but one 
of the second rank; and as the third is to the fourth of the first rank 
so is the third from the last to the last but two of the second rank ; 
and so on in a cross order ; and the inference is as in the 18th defi- 
nition. It is demonstrated in Prop. 23, Bk. V. 

*< Disturbed Analogy ^ or Proportion is when, on there heing three magnitudes 
and others equal to them in number, it comes to pass, that, as in the first 
magnitudes, antecedent is to consequent, as in the second magnitudes 
antecedent to consequent ; so, in the first magnitudes, as the consequent 
is to some other thing, so, in the second magnitudes some other thing is 
\o the antecedent."— Euclid. 
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Let <me series of magnitudes be A, B, C, 4, 8, 2^ and another B, £, F^ 

12,3,6; 

BO that A:B=:£:F, w 4:8=3:6 

and B : C = D : £, and 8 : 2 =: 12 : 3 

then A : C = D : F ; then 4 : 2 = 12 : 6 

t.e„ the magnitades being taken in a cross order are therefore said to be 

in disturbed or disordered Proportion, though in reality the Proportion is 

as exact as in any other case of proportion. 

'' Both this and the former inference come under one ^neral principle, 
sdL^ that ratios which are compounded of equal ratios are equnL"— 
Labdnbb. 

The definitions, ex aquo ordinate and ex cequo perturhaU, may readily be 
extended to any number of magnitudes, compared with an equal number 
of other magnitades. 
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POSTULATES. 



Let it be granted, 



1. — That a given magnitude may be so increased that any re- 
quired multiple of it may be taken. 

2. — That any given multiple of a magnitude may be divided 
into parts, each of which is equal to that magnitude. 



AXIOMS. 

1. — Equimultiples of the same, or of equal magnitudes, are 
equal to one another. 

2.-^Those magnitudes of which the same or equal magnitudes 
are equimultiples are equal to one another. 

3. — A multiple of a greater magnitude is greater than the same 
multiple of a less. 

4. — That magnitude of which a multiple is greater than the 
same multiple of another, is greater than that other magnitude. 

Additional Algbbbaic Expbessions, &c. 

N.B.— -The capital letters A B, CD, EF, &c; or A, B, C, D &c., denote 
cither lines, or other magnitades of a like kind. 

An M denotes magnitude, — Msy magnitades. 



m 


multiple. 


n 


another multiple. 


mA &c. 


multiple of A, &c. 


m-{- n 


the sum of the quanti- 
ties m & R. 


m A, m B, &c., 


equimultiples of A,B, 

&c. 
multiple of (A 4- B). 


mn 


tlio product of TO X n. 


m(A + B) 


mnA 


a multiple of A by to w. 


i» (A - B) 


multiple of (A— B). 


(to + n) A 


» „ A by 








(TO-f n). 


iii(A+B-C) 


multiple of the excess 


pt. 


part. 




of (A+B) above C. 


sub-m. 


submultiple. 



The signs >, >, <, <^ between ratios,as A : B > C : D, or 
A: B > C : D, or A : B < C : D, or A : B < C : D, denote that 
he one ratio is less than, or not less than, greater or not greater 
than the other, according to the sign.. 



M 
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Proi*. I. — Thbok. 

If any number of rmgnitudes he equimultiples of aa many, each 
of each ; what multiple soever any one of them is of its part, the 
same shall all the first magnitudes be of all the other. 

Con. Pst. 2, v.— Any given multiple of a magnitude may be divided into 
parts each of which is equal to that magnitude. 

Pem. Ax. 2, v.— Those magnitudes of which the aaiQ^ <V ^^al inagni- 

tudes are equimultiples are equal to one another. 

Def. 2, V. — ^A greater magnitude is said to be a multiple of a leas, 
when the greater is measured by the less. 



E.l 

2 

D.l 
2 

C. 



Case I. — Let the number of magnitudes in each ^et be two. 
Hyp. 



Cone. 

Hyp. 
Ax. 2. 

Pst. 2, V. 



^ 



D.3 


H. 


4 


C.&Ax.2,V. 


5 


C.&Ax.2,V. 


6 


Cone. 


7 


Def. 2, V. 



Let A B, C D, &c., be equims. 

of, E, F, &c., each of each, 
then mult. A B of E = mult. 

(AB+ CD;of(E + F). 
•.• A B, C D equims. of E, F ; ^ 
•% mags in A B, each =; E, equal 

Ms, in C D, each = F. 
Divide A B into A G, G B, each 

= E, and C D into C H, HD, 1 ^ 

each = F. 
/. no. of Ms C H, H D = no. of 

other Ms A G, G B. 
•/ A G = E, and C H = F, B 
/. AG + CH=E + F; ia 
and •.• G B = E, and HD = F, 

/. GB + HD = E-f F; 
,'. no. of Ms in A B, each = E equal no. of Ms 

in A B + CD, each = E + F. 
.'. the mult. A B is of E, that same mult A B 4- 

CDisofE+E. 



Case II. — Let the number of miognitudes in each set he more than 
two ; the same demonstration, which has been aBplied to two, hoicks 
for any number of magnitudes. 



K :d f 

9 24 it 
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Cone. I •. If any numher of magnitudes, &Q, Q. E. D. 

Alg. ff Arith, -ffyp.— Let A sa S4, B =^ 91, C = 18, &c., be equimults. 
say m times, or 3, of a » 8, 6 » 7, & c =s: 6. 

^5r.— Then '/A«»wi«a + a + «iB=»wfe^*-ffi+(>; 
SiCss: nic sssi c + c -{- c\ 

4- |he Equals, A4«B-4-C=:JBo4-t»6 + t»c=sJi»(flt4-6-j-c)j 
/, A + B H- C same mult, w, of o -^ 6 + c, i^a A, B, 0, 
are regpeotively of a,btO. 

Arith.— •.• 24 = 3 X 8 = 8 +8 + 8; 21 ==3x7 = 7 + 7 +7; 
&18=3X6>=36 + 6 + 6; 
+ the Equals; 24 + 21 + 18 = (3 X 8) + (3 X 7) + (3 X 6) 

= 3(8 + 7 + 6); 
.•, 24 + 21 + 18, or 63, the same mult, of 8 + 7 + 6, or 21, that 24 is 
of 8, 21 of 7, and 18 of 6. 

Cob. — Hence, if m be any number, >uA + mB+ mC=!m(A+B + C), 
i,e., the sum of the equimultiples z^i the equimultiple of the sum, 

ScH.-«-7/*fo a multiple of a magnitude hy any number a multiple of the same 
magnitude by any number be added, the sum will be the same vtidtiple of that 
magnitude wai the sum of the two numbers is of unity. 



E. 1 
2 

D. 1 
2 
3 



Hyp. 
Cone. 
H. 1,V. 
H. 1, V. 
Add, Ax 2, 1. 

Cone, 



Let A s= m C and B = n C ; 

then A + B = (m + ») C. 

•/ A = m C, .\ A = C + C + C &c. repeatedfll times ; 

and •/ B = n C, /. B = C + C + C &c. „ n „ ; 

Adding equals, A + B=3 C takensi + « tigiQSj 

i.e. A + B = (»+ b)C; 
,% A + B contains Q as often as there are ^ni(s in 

w + n. 



Cob. 1 — ^Thns, if there beany number of multiples whatever, as A ^ m E, 
B=Bn£^C = pE &c., it is 8how^ that A+B+C=(m+n + /7)E. 

Cob. 2.— Hence also, •/A + B+C = (»»+n + p)E; 
and • • A = m B, B ^ « E, and C = p E ; 
/, »iE+ nB+/>E = (m+ « + ;>)E. 
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Pbop. II. — Theor. 

If the first magnitude he the same multiple of the second that the 
third is of the fourth^ and the fifth* the same multiple of the second that 
the sixth is of the fourth; then shall the first, together loith the fifth he 
the same multiple of the second^ that the third together with the sixth 
is of the fourth. 



XOl ^ I 

A r." B 



s'-; 



TH 



u. 



o 






E 



C 29 



9 



^TH 



H 



r ♦? 



E.l Hyp. 
2 



3 

D.l 

2 

3 

4 



6 



>j 



1 
2 



Cone. 



Hyp. 1 
Def. 2, V. obs. 

Sim 

Ax. 2 

Def. 2, Y. 
Remk. 

Rec. 



Let A 19 the 1st = mO the 2nd, & D E the 3rd 

= mFthe4th; 
& B G the 5th = nC the 2nd, and E H the 6th 

=71 F the 4th ; 
then AG = AB + BC =(m + n)C; 

&DH = DE + EH=(7/i -f n)F. 
V AB = m C, and DE z= mF; 
/. raagns. in AB (each = C) = magns. in DE 

(each = F) ; 
So magns. in B G (each :ir C) = magns. in E II 

(each = F) ; 
/. magns. in A G (each = C) = magns. in DH 

(each = F)*; 
.% A G same mult, of C that D H is of F; 
i. e. AG (the 1st + 5th) same mult, of C the 

2nd, that DH (the 3rd + 6tli) is of F the 
4th. 
Jf therefore the first he the same, <5'c., Q.E.D. 



Coil. — Hence, if any no. of magns. AB, BG, OH, be 
mults. of C, and as many, DE, EE, KL, the same 
WIS of F, each of each ; 

then, AH i.e.(AB + BG + GH) thcsamcmof C 
that DL, i. e. (DE+ EK + KL) is of F. 



PROP. III.— THEOR. 
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16 



e 



H 



24 D 



-I — 



d 



9 



E 



K. 






£ 



-4fy. |r -4riM. iaj^.— Take 6 quantities A = 24, B = 8, C = 21, D « 7, 
b: 16, F ^ 14, m= 3, and 71 » 2. 



^/(7. 



• • 



. A the 1st S3 m B, and C the 3rd « m D. 
E the 5th =x: nB, and F the 6th = n D ; 
■^eguala, then A + E= (m4- n)B and C + F = (m-f n)U. 
Now A 4- E contams B, (w + n) times, & C + F contains 
D, (m + n) times ; 
/. Def. 2, V. A-f E is the same mult of B thatC + F is of D. 



Arith. 



• • 



24 == 3 X 8, and 21 = 3 X 7 ; 
16 = 2 X 8, „ 14=«2X7: 
+ equah, 24+ 16 =(3+ 2)8, and 21 -f 14 =(3 + 2)7. 
But 40 contains %,five times, and 35 contains Ijfive times. 
/, Def. 2, V. 40 the same mult, of 8 that 35 is of 7. 

ScHOL.— Allied to this Proposition is the Theorem" : If the first of three 
magnitudes contain the second as often flj there are units in a certain number; — 
and if the second contain the third also as often as there are units in a certain num- 
ber, the first will contain the third as often as there are units in the product of 
these two numbers** 



E.1 

2 

D. 1 



3 
4 

5 



(Hyp. 
Cone. 
H. 

2,V. 

Bemk. 
Ax. 1, V. 
H. Ax. 1, L 



Let A =a sa B, and B = n C; 

then A = ni n C. 

VB=:nC, .". »nB = m(nC+ nC&c); 

butm(nC + nC&c) = m|(»i -f » + &c.)C|, 

andn X m aamn; 

,\ m B = tnn C. 

But A = mB, .". A «9 wift C* 



Prop. III.— TheoK. 

If the first he ike same multiple of the sedofidf urhick the third is 
of the fourth ; and if of the first and third there be taben equimultiples; 
these shall he equimultiples, the one of the second^ dfif 7 the other of the 
fourth. 



166 



GRADATrOKfi IK BlTCLlD. 



Con. Pst 2, v.— Dem. Def. 2, V.— Cor. 2, V. 



E. 1 Hyp. 1. 

3 Cone. 
D. 1 Hyp. 2. 
2 Def. 2, V. 

C. 1 Pst. 2, V. 
2 „ V. 



ft. a, 

4 
5 
6 

7 
8 



10 
11 



tiyp. 1. 
C. 1. 
Def. 2, V. 
Sim. 1. 

„ «• 

Cor, 2, V. 



9 



.Kt 



.i T 



I 



r 



I 



A B a 

16. 5. 24v 12. 



4 
4. 



2, V. 

Cone. 



Let A the 1st = wi B tlie ^ 

2nd; and C the 3rd = 

mD the 4th; 
Also, let E F = n A, and 

GH = nC; 
then E P the same w of B 

asGHisof D. 
V EFsamemof AaiGH ' 

ofC; 
/. as many magns. in E P, 
eatih aft A) SB in G H, 

each ~^ C. 
Divide EF into BK,KF, 

each ts; A, " 

ana GH into QL, LH, '^• 

each, = C; 
the no. of Jfs in EK, KF eft n6. of JA in GL, 

LH. 
\^ A Bame m of B, tliat C 5s of D5 
and V EK = A, and GL:=C; 
.*. EK same m of B, that GL is of D ; 
and .\ KF same fn of B, that LH is of D. 
and 80, if more Ms in EF & GH each = A, C. 
Hence '.* the 1st EK same m of the 2nd B, as 

3rdGL, of4thD; 
and *.* the 5th KF Same m of the 2nd B, as 

6th LH of 4th D; 
.-. EF (1st + 5th) same m of the 2nd B, as GH 

(3rd + 6th) of 4th D. 
If, therefore the first be the same^ ^c* 

Q. E. D. 



CoR. If A, A' be equimtilts. of B, B' and also of C, C ; and if 
B be a 971 of 0, the other B' shall be the same m of C. 



^]^.^^te/t.i?j/p.--Tdke a^l2, h siti,cc=i Modest h\ M^9&fiasS. 

^^.-^Let a eto in&, and c s^ nuf ; then na si& fiift6» and kc lae mkd \ 

t. 0.) the equim8. na & n c of the 1st and drd, are mxilts. of ^e 2n4 and 
4th. 



PROP. IV. — THSOR. 
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Aritk, •/ 12 = 3 X 4, and 15 = 3 X 5, .". 2 X 12 = 6 X 4, & 2 X 15 
= 6X6; 

t. e. the eqnims. 24 & 30, of the Ist 12, and 3rd 15, are equima. of the 
2nd 4, and of the 4th 5. 

ScB.— *'If any eqttimnltiples m A, mC, be taken of the antecedents of an 
analogy, A : B : : C : D, and any eqoimnltiples, n B, n D, (^ the conse- 
quents, these multiples, taken m the order of the terms, are proportional," 
i. e. mA:nB::inC:nD. 



C. 1 

D. 1 
2 

3 

4 

5 
6 

7 
8 
9 



Pst 1, V- 

3, V. 

Cone. 

Sim 

H. and B. 2. 

D. 3. 
Def. 5, V. 

D.2. 
D. 5. 
Def. 5, V. 



Of m A, fR C take eqnims. p times, and of n B, n D, 

eqnims. q times ; 
then *.* m A, m C, contain A and C, p m units of times ; 
/. eqnims. m A, m C by /> are equims. of A and C, and 

equal pm A, pmC. 
So R B X 9 and nD X q ^=qnB and qnD, 
Since A : B : : C : B, and equims. of A and C are p m A, 

pmC, 
and *•* eqnims. of B, D are 9 r B, 9 n D, 
/, if /> m A > qnBfpmC > ^ r D ; if ■=, =, and if 

<» < 

But pmAfpmC are also equims. of m A and m C, 

and 9 R B, 9 R D also equims. of r B and r D ; 
.*, m A : R B : : m C : R D I 



Cob. When 11=3 i, then m A : B » m C : D. 



PaoF IV.— TflfcoR. 

1/ the firit of four magniiiides has the same ratw to tht M^orttf 
which the third has to the fourth ; then an^ equal multiples whatev^ 
of the first and third shall have the same ratio to any equimultiples of 
tk$ second and fourth; viz., ^^ike equimultiple of the first shall have 
the same raitio to Uiat of the secand, which the equimultiple of th^ 
third has to that of the fourth. 



Coir.— Pst. 1, V. Dem. 3, V* Def. 5, V. 



E. 1 
2 
3 
4 



Hyp. 1. 

» 3. 
Cone. 



Let A : B aa C : D ; 
and E, F be any equim*. of A and C, 
and G, H any equims. of IB and D ; 
then E : G w P : H, 
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a. 



KiB 

5 1^6 

1-.A2 

2 B^ 

7 QlO 

M20 



56 L 




1( 


i2T^ 


r. 




40_ 


-S 




iOP_ 


.. ,4 




20H__ 




.„5 


4fN^ 




■ 



12 



0.1 

2 

D.l 

2 

3 

5 

6 

6 

7 

8 

9 

10 

11 

12 



Pst. 1, V. 



» 



Hyp. 2 

C. 1. 
3, V. 
Situ. 
Hyp. 1. 

D. 3. 

B. 4. 
Def. 6, Y. 

C. 1. 
0.2. 

Def. 5, Y. 
Oonc. 



Of E and P take any equims. K, L, 
and of G and H „ „ M, N. 
•/ E is the same w of A as F of 0, 
and K, L are equims. of E and F ; 
/. K same m of A, that L is of ; 
So M same m of B, that N is of D. 
And •/ A : B = : D ; 
and K, L are equims. of A and ; 
and M, N equims. of B and D ; 
.-. K, >, = or < M, so L >, = or < N. 
But K, L are equims of E and F ; 
and M, N equims. of G and H ; 
/. E: G = F: H; 

Therefore if the first of four magnitudes ^c. 

Q. E. D. 



OoR. 1.— Likewise, if the first has the same ratio to the second, 
which the. third has to the fourth, then also any equimultiples whatever 
of the first and third shall have the sam^e ratio to the second and fourth ; 
and in like manner, the first and third shall have the same ratio to 
any equimultiples whatever of the second and fourth,'* 

Or,'' If 4 Ms be proportional, then P, any eqnims. being taken of the 1st and 
3rd, the m of the let ; 2nd«aOT of 8rd : 4th; ^nd 11^ any eqttitoB. beine taken 
of 2nd and 4th, the 1st : m of 2nd = 3rd : w of the 4th/' 



E. 1 
2 
3 

C. 



Hyp. 1. 
Hyp. 2. 
Cone. 
Pst. 1, V. 



Let A ; B = C : D 

and let E, F be any eqniffi^. Of A & C J 
then E : B =: F : D. 

take of E, F any equiiriif. K, L, and of 
B, P equims. G, H. 



PftOP. IV. — ^THtiOR. 
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D. 1 4, V. 
2 Hyp. 1. 
C. 
0. 

Def. 5, V. 
C. 

Def. 5, V. 
JSim. 



3 
4 
5 
6 

7 
8 



Afi before K same m of A, that L is of C. 

And .-. A: B = C: D, 

and K, L are equims, of A & C, 

and G, H are equims. of B & D ; 

.-. K > = or < G, so L > == or < H. 

But K,L are equims of E,F, & G,H any of B,D; 

/, E : B = F : D. 

In the same way, A : G = C : H 



Cor. 2. •.• in Dem. 8, Pr. 4, V., if K > = or < M, L > = 

or <N; 

/. if M > = or < K, N > = or < L. Hence G : E = H : P. 
Therefore, if four magnitudes are proportionals , they loill he propor- 
tional by inyersion. 

N.B. — This Cor. is not in its proper place; it correctly forms Prop. B, V. 

Cor. 3. If A : B = C : D, — and if any like parts of A and C 
he taken, as — , , and also any like parts of B and D, as --, --, 

these like parts will also be proportional; i. e., —:_=:-.:--.■' 

Alg. Sf'Arith.Hi/p.^Lata^Z, 5 = 5, c? = 4, d=10, m = 2 & n = 3. 

Alg. — •.• a : 5 = c : rf, then ma : nb =z mc : nd. For, 3, V. equims. ol ma 
and mc are equims. of a & c ; and equims of n6, nd also equims. of b & d. 

But, Def. 5, v., a jf c < = or > i & (f, ,', equims. of a & c < = or > 
b& dy and also < = or > equims. ofbScd. 
Hence, Def. 5,Y, ma : no =z mc i nd, 

Ariih, •/ 2 : 6 = 4 : 10, then 2x2:3X5 = 2X4:3x10. Now 
equims. of 4 & 8 are equims. of 2 & 4; and equims of 15 & 30 also equims. of 
5&10. 

But, Def. 5, V. •.• 2 & 4 < 22 or > 5 & 10 /. equims of 2 & 4 < = or > 
5 & 10, and also < = > equims. of 5 & 10. Hence, Def. 5, V. 4 : 15 = 8 : 30. 

Appl.— From Cor* 8, arises the rule in simple proportion in 
arithmetic, of dividing the 1st and 2nd terms by any common mea- 
sure, and using the resulting instead of the original numbers. 
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QRADATIOKS IN EUCLID. 



Prop. V. — Thkob. . 

^f one magnitude he the same multipte of another, which a md/jnitude 
taken from the first is of a magnitude taken from the other ; the r«- 
mainder is the same multiple of the remainder ^ that the whoU i$ ofih^ 
whole. 



C 



Con. — ^Pst. I, V. Bbm. 1, V. Ax. l,ir. fiquimultipies of the t g 
same or of equal magnitades are equal to one another. ! 

Ax. 3. 1.—- Ifeqnalfl be taken from equals the remainden jd 

are equal. A.. . 



E. 1 



fiyp. 1 



Cone. 



Pst. 1, V. 



D. 1 


C. 


2 


1,V. 


3 


H. 


4 


1, V. 




Ax. 1, V. 


6 


/S^i& Ax. 3,1. 


7 


0. 


8 


D. 6 


9 


1,V. 


10 


H. 


11 


1,V. 


12 


Gone. 



Let A B be the same m of G D 
that A E, taken from A B, is 
of C F, taken from CD; 

then the rem. E B is the same 
m of rem. F D, as the wliole 
A B of the whole C D. 

Take A G same w of F D, that 
AEisofCF. 



Z^ 



■t 



BJL 



8 



Or 

6 

F 



? 



V AG, AE are equims. ofM 
FDand C F, 

/. A G, A E, t. e., E G, same m of C F, F D, 

I.e., C D, that A E is of C t'. 
but A E same m of C F, that A B is of D; 
/. E G same w of C D that A B is of C D, 
.*. EG = AB; 
from each take A E ; /, rem. AG = rem. E B. 

V AE same m of CE thit AG is of FD, 
and AG = EB; 

/. A E same m of OF that E B is of FD; 
But A E same m of C F that A B is of G D ; 
.-. E B same m of F D that A B is of C D. 
Therefore if one magnitude he the same, ^c, 

Q.ED, 



PROP. VI. TRBOR. 



Ifl 



Alg, ^ Anth, J7|9>.'^Let A ss S2, Bfc 8, G (A pert of A) £= 84, and D 
(apart ofB) = 6, m =4. 

Alg. Let A = m R Arith. Let 32 = 4x8. 



C= mD; 

Subt A — C= TO (B — D), Stibt. 

Thus A^G is m times (B— D, Thus 

as A ism „ B. as 



24 =:: 4x6. 

8 = 4(8 — 6); 
8 is 4 times 2; 



32 was 4 



>f 



8. 



So the rem. ifl thd tame m of th^ rem. as the whdle is of the whole. 

Or, Let A^ B = D; to both sides add B,— then A == B + D; 
/. (1, V.) mAaa«B + mD; 

Subtrabt mB, and m A — m B ic m D; 

bntDsA — B; ,•. «A — mB=r m (A — B); 

Tfans the rem. is the same m of the rem. that m A is of A. 

Scit. "Iffrim a multiple of a ntagnitude by any number y a multiple qfihe 
HUM magnitude by a less number be taken away, the remainder will be the same 
nmUiph of that magnitude that the difference of the numbers is of unity. 

Let m A, n A be m^ts. of A, m being > n ; 

then m A — n A = (m — n) A. 

Let m-' n= q; then m =: n -{- q. 

Here toA=:»A+ ^A; 

from both take n A; then mA^nAssgA; 

,*, m A — n A = (m — n) A. 

Gob. When the difierenoe of the two numbers is equal to unity, or 
m — II = 1, then mAs^nA-BA; orSA — A = A. 



E. 1 


Hyp. 


2 


Cone. 


C. 


Sum. 


D. 1 


G&2,V. 


2 


Sub. 


3 


Cone. 



Prop. VI.— Theor. 

If two magnittides he eqmrmiltiptes of two others, and, if equimul- 
tiples of these he taken from the first two; the remainders are either 
equal to these oihers, or equimultiples of them. 

CoK. Pst 3, 1. — 3, L From the gr. of two lines tO cut off a part eqcnl to 
the less. ^st. 1, V. 



E. 



Bbic. Ax. 1, v.— Ax. i^, L Ax. 1, I*-*, V. 



1 
2 
3 
4 



Hyp. 1. 

„ 2. 

» 3. 
Ooiic, 



I 



Let A B, C D be equims. of E P ; 
and let A G taken from A B be an equim. of E, 
and C H ftrom C D an eqnim. of F; 
then rems. G B, H D either = E F, ot *re 
cqnims. of them. 



ti2 



GRADATIONS IN EUCLID. 



Cash. I. — Let GB =^ Ej then HD shall equal F» 



C. 

D. 1 

2 
3 
4 
5 

6 

7 

8 



Pst.2I&3I 
H. 2 

H. & C. 

Cone. 

H. 

Cone. 

Ax. 1 V. 

Sub Ax. 3 1. 

C. Ax. 1 I. 



Make C K = F. 

•/ A G same m of E, that C H 

isofF; 
and •/ G B = E, and C K = 

»\ A B same m of E, that Aj 
K H is of F. I 

But A B same m of E^ that 
C D is of F. 

/. K H same m of F that 
CD isofF. 

/. K H = C D, 

take away C H, rt -^ 

.Mem.KC=rem. HD; 28 se 5 

butKC=F, .'. HD = F. ^ 




P 

9 



Cabb II. — Let G B be a m of E, then H D same m of F. 



C. 



D. 1 



6 

7 

8 

9 
10 
17 



Pst. 1, Y. 

H. 

C. 

2, V. 

H. 

Cone. 

Ax. 1, V. 
Sub. Ax. 3, 1. 

C. 

D. 7 

Cone. 

Rec, 



K 
18 



Of F take C K the same m 

that G B is of E. 
V AG same m of Ethat 

C H is of F. 
and G B same m of E that 

KH isofF; 
•*. A B same m of E that 

K H is of F. 
But A B same wi of E that 

D is of F, 
/. K H same m of F that 

C D is of F, 
/. KH = CD. 
Take away CH, 
.'. rem. KC, =rem. HD. 
And /. G B same 7» of E 

that K C is of F, 
andKC= H D; 

.-. HD same w of F that GB is of E. 
If, therefore, tiuo magnitudes, ^c. Q. E. D. 




B D 
28 56 



E 

r 



JP 

9 
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Alg. ^ Aritk. Hyp. — ^3jet m > » express any integers, as 4 and 3; A = 28, 
B = 36, C = 7,D = 9. 

^/igr.— Let A, B be equims. of C & D ArithA Let 28 &36 be equims. of 7 &9, 
A = mC, B = mD, 28 = X 7; 36=4x9 

A>»C, B>nD; 28>3x7; 36>3X9; 



SubtA— nC = ?nC-nC = (in--n)C; 

B^n D =iiiD— nD =(»i— fi)D. 

Suppose m^n =: 1. 
1°. A— nC=:C, 
B — nD=D, 
2®. Or, equimsofC&D 
(m— 7i) C and (m—n) D. 



Subt. 28—21 = 4x7 — 3 X 7 = 
(4-3) 7. 
36—27 = 4X9 —3 X 9 =5: 
r4 — 3)9. 
Here 4 — 3=1. 
1°. 28 — 21 =: 7. 
36 — 27 = 9, 
2°. Or, equims. of 7 & 9. 

as (5 — 2) 7, and (5—2) 9 



ScH. — The six preceding Propositions are chiefly useful for establishing, by 
the method of Equimultiples, the Propositions which follow. When thfs 
method is not employed some have adopted the Postulate, — Three Magnitudes, 
At B, C, being given, let it be granted that there is a 4th magnitude, we may call 
it Xf to which C has the same ratio, as A to B-, i.e, A : B =: C : x. 



Prop. A, — Theor. 

If the first of four magnitudes has the same ratio to the second 
which the third has to the fourth; then if the first be greater than the 
second the third is greater than the fourth ; and if equal j equal ; if 
less, less. 

Ck)N.— Pst. 1, V. Dem.— Def. 5, V. 



E.l 
2 
C 

D.l 

2 



3 

4 



5 
6 



Hyp. 

Cone. 

Pst. 1, V. 

H. 

C. 



Def. 5, V. 



j> 



Sim. 
Cone. 



1 Lot A : B = C : D, 
then if A > = or < B, C> = or < D. 
Take any equims., as 2 A, 2 B, 2 C, 2 D. 
•/ A : B = C : D, 
and of the 1st and 3rd equims. 2 A, 2 C are 

taken, 
and of the 2nd and 4th equims. 2 B, 2 D ; 
/. 2 C is > = or < 2 D, as 2 A is > = or < 

2B. 
But 2 is >= or < 2 D as C is > = or < 

and so, 2 A is > = or < 2 B, as A is > = or 

<B; 
.*. C, is > = or < D, as A is > = or < B. 

Q. E. D. 
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Or, more briefly ; 



D.l 
2 
3 



Def. 5, V. 



Cone. 



>) 



4. Sim, 



If3A > 2B,2a > 2D; 

but if A > B, 2 A > 2 B ; 

/. 20 > 2D, and /, G > D. 

So if A = or < B, C =s or < D. Q. E. D. 



U6£. — SiMSON added this and the next three Fropositionfi. Prop. A is 
required for the demonstration of 25, Y; 21, VI ; 34, XI, futd 15, XII, ind is 
often employed hj (geometers. 



PaoF. B, — Thboh. 

JnvertendOf by inverting. — If four magmtudesi f^rf proportionahi 
they are proportionals also when taken inrersely. 

Con. Pst. I, V. Dbm. Def. 5, V. 



04 



6,. 



G 
A 

B 



ar 







^B F^ 



^8 



52 



^12 



56 



r 



—I 



E. 
C. 



1 
2 
1 
2 



Hyp. 
Cone. 

Pst. 1, 



V, 



>j 



Let A : B =. C : D ; 

then B : A = D : C, ^ 

Of B,D, take any equims. E,F ; 

and of A,C, any equims. G,H. 



First.— Let E > G. t. e., G < E. 



D. 



1 
2 
3 

4 

5 



H. 
0.2. 
C. 1. 
Def. 5. 
Cone. 



V. 



•/ A : B = : D, 

and of the 1st A, and drd C, are equims. G <& H, 
and of the 2nd B, and 4th D, „ E & F ; 
/. H > = or < F, as G > = or < E ; 
If /. E > G, P is > E. 



Second,— i>o, if E = or < G, F 5= < H. 



6 
7 
8 



C. 

Def. 5, 
Rec. 



V. 



But E,F any equims. of B,D ; & G,H of A,C ; 
.-. B : A = D : C. 
I Therefore, if four magnitv.des, <J-c. Q. E. D. 
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Alg, i^Arith. Hyp. Let A =* 6, B =« 9, C = 8;D = 12; m = 4, n = 3, 

Mg. Let m A & mC be equims. of A & C. 

nB&nD „ B&D; 

•/ A : B = C : D 
Def. 5, V. /. m A, wi C> «* or < 
nB, nD. 
IfmA, 7nC>nB, nD; 
nB, iiD< m A, mC; 
Ifj|iA,»iC< B»,»PD; 

nB, nD > mA, mC; 
,*, Any equims. ofB,D > =or < A,D. 
Def. 6, V. .-. B : A == D : C. 

AriiL Let 4x6, A;4x8 be equims. of 6 x 8, 

8X9, &d,Xl2 „ of 9 & 12. 

%• 6 : 9 = 8 : 12. 
.-. 24, 82 < 27 & 36. 
I. e, 27 & 36 > 24 & 32. 
,-. equims. of 9 & 13 > those of 6 & 8. 
/. 9 ; 6 = 12 : 8. 

ScH. 1. The Proposition may be stated, — " The reciprocals of equal ratios 
are equal to one another." 

2. By an ioaccuracy Prop. B has been placed by some as a Corollary to Fr 
4. V. 



Prop. C. — Thkok. 

If the first he the same multiple of the second^ or the scinie part 
(i. e. meagnre, or measure sabmultiple) of it that the third jifi of the 
fourth^ the first is to the second, as the third is to the fourth. 

Con. Pst 1 V. Dem. 3 V.— Dof. 5 V.-.-I)ef, 1 V.— Bef. 2 V., P. B. V. 

There are two Cases of this Prop, according as A and C are 
multiples or parts of B and D. 

Case I. —Let A^ Che multiples ofB 4r D, 
E, 11 Hyp. 



2 

C. 1 

2 



Cone. 
Pst. 1. V. 



» 



Let A 1st be same a» of £ 2nd, that C 3rd is 

of D 4th, 
then A : B =5= C : D. 
Take of A, C any equims. E, F ; 
and of B, D anj oquims. G, H. 
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D. 



8 



lOw 



-A 

B 



S. 



c 



E. 

a 



.8 



24 



,10 



SO 



D. 



1 
2 
3 
4 

5 
6 

7 
8 



H. &a 

3, V. 

c. 

Cone. 

Bemk. 

Sim, 

C. 

Def. 5, V. 



V A,C equims. of B,D and E,F of A,C; 

.-. E, F equims. of B, D. 

But G, H equims. of B, D ; 

.% if E> m of B than G is of B, 

P is a > w of D than H of D; 

I. e. if E > G, F > H. 

So, if E = or < G, F = or < H. 

But E, F are equims. of A, C, and G,H of B,D; 

/. A : B = : D. Q. E. D. 



Case II. Let Aj'C be parts j or sub-multiples, ofB^D, 



E. 1 



2 
1 



3 

4 



H. 



Cone. 
Def. 1, V. 

Def. 2, V. 

Case 1. 

B. V. Invert, 

Rec. 



(16 



8 



10 



£0 



Let A the Ist^ be the same 

part of B the 2nd, 

that C the 3rd, is of D 

the 4th; 
then A : B = C : D. 
'.• A the same part of B 

that C is of D, 
/. the same m of A that D 

is of C ; 
.-. B : A = D : C. 

.\A:B=:C:D. Q.E.D 

Therefore, if the first be the swne multiple^ <Jr. 



A B C D 



Alg. §• Arith. Hyp. Take A = 2 B = 8, and C= 2 D = 10; n = 3 & /) =4. 

Alg. Take n A, n C any eqnims. of A, C ; 

pB,pD „ ofB,D, 

Then •/ A same m of B, that C isof D ; 

and n A ,, ,, of A, ,, n C is of C ; 
.*. n A „ „ of B, ,. n C is of D, 

i. e. n A, n C ore equims of B, D. 
But p B, p D „ „ of B, D ; 
,•, If n A > TO of B, than p B is of B, / 

nOmofD, „ pDofD; 

i. 0., if nA >pB, nQ > pD. 
So, if n A = or <pB, nC = or < pD. 

But nA, nC equims. of A, C, 

pB,pD, „ ofB,D, 

.-. by Def. 6. V. A : B = C : D. 



TROP. C. — ^^THEOR. 
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Arith. 3 X 8, & 3 X 10 are cqaims. of 8 &; 10 i 
4x4&4x5are equims. of 4 & 5 ; 
Then *.* 8 is the same m of 4 that 10 is of 5; 
24 is the same m of 8 that 30 is of 10 ; 
.', 24 is the same m of 4 that 30 is of 5 ; 

1. e.y 24 & 30 are equims. of 4 & 5. 

But 16 & 20 „ „ 4 & 5; 

/. If 24 > m of 4, than 16 is of 4, 

30>mof5, ^ 20 of 5, 
i. «., if24 > 16, 30 > 20. 
So, if 27 = or < 16, 30 = or<20. 
But 24 & 30 are equims. of 8 & 10, 
16 & 20 „ 4 & 5. 

/. by Def. 5, V. 8 : 4 = 10 : 5. 



ScH. — ^The 7th, 8th, 9th, and 10th books of Euclid's Entire Work treat 
of Arithmetic and the doctrine of Incommensurables; and the 20th Def. Book 
Vn., gives a definition of quantities which are proportional ; but " most of the 
commentators" says Simson, and Potts repeats the words, "judge it difficult to 
prove that four magnitudes which are proportionals according to the 20th def. 
of the 7th book; are also proportionals according to the 5th def. of the 5th book. 
The Demonstration, however, is as follows,- from Simson's Kotes, page 317. 



1°. As to four magnitudes in proportion according to Def. 5, V. 

C'KSE 1. — ^I^t A, B, C, D be four Ms, such that A = wi B, or - ; andC=: 

P 

m D,or ^, ; then, by Pr. C, bk. V; A : B = C : D. 
p 

Case 2. — In A B let there be tlie same parts of C D 

as there are of GH in EF, 

then also AB : CD =EF : GH ; For 



F 
30 



30 



C.l 

2 

D.l 
2 



»» 



Pst.2,V.|Let CKbe of CD the same pt. 
that G Lis of GH, 
and A B same m of C E that E F is 

ofGL; 
/.AB :CK=EF:GL; 
And •/ C D, G H are equims. of 
C K, GL, the 2nd and 4th, 
.3 Cor.4,y.' .-. A B : CD = EF : GH 



Pr. C, V. 
C. 



B 








24 






15 


12 




H 




D. 






8 




10 








-L 1 


4 


-K 


5 





A C E G M 
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11°. And, if four magnitudes are proportionals according to the Sth def. of 

Book Vy they are also proportionals according to the 20th def, of Book VII. 

Case 1.— Let A : B = C : D. ^ « ^ . .^ 

then, by Pr. D, book V, if A is any ot, or pt of B, C is the same m or pt 

of D. 

Case 2— Let AB ; CD = EF : GH, as in the foregoing figure : 
thenif AB = anypf ofCD,BF = the same pf of GA. 



CI 
2 
3 

Dl 
2 
3 
4 
5 
6 



Pst. 2, V. 

Pst 1, V. 

Pst. 2, V. 

Pr. C, V. 

C 

Cor. 4, V. 

H. 

9,V. 

Cone. 



Take CK apf of CD, and GL the same;?/ of GH ; 
and let AB be am of CK, and EF the same j« of GL ; 
take M the same m of GL that AB is of C K ; 
V AB:CK = M:GL, 
andCD,GH=:iiiCK,TOGL: 

• AB:CD = M :GH; 
AiidAB :CD = EF:GH, 
.-. M = EF 

• EF the same m of G L that A B is of C K. 



*« This is the merfiod by which Simson shows that the Geometricid defini- 
tion of proportion is a conscqnetice of the Arithmetical definitiofi, artd ron- 
Tersely." 

"It may, however, be shewn by employing the equation^ «= ^, and 

taking ma, mc any eqmms. of a and c, the first and third, and nb, nd, any 
equims. of h and d, the second and fourth."— Potts. 

UsB.— Prop. C, bk. V., is often made use of, and " is necessary to the 4th 
and 6th propositions of tie 10th Book." 



Peop. D.— Thkor. 



If the first be to the second as the third to tkefourthy and if the 
first he a multiple, or a part of the second, the third is the same muHi- 
pie or the same part of the fourth. 

Con.— P6t.l,V. Dbm.— Cor. 4, V. A,V, B,V. 



PKOP 7 A. ^TBBOS. 
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E.1 



Hyp. 



Cone. 



Let A : B = C : D ; 

B 2® 
and A = w B, or — : 

then C = wi D, or — • 



20 



Case 1. — Let A = m B ; then C = 
m D. 



10 



A B 



16 



16 



8 



E C D F 



C.l 

D.l 
2 
3 
4 
5 
6 



Pst. 1, V. 

H. 
C. 

Cor. 4, V. 
C. A. V. 
C. 
Cone. 



Take E = A, and F the same m of D that 

A or E is of B. 
•/ A : B = C : D, 

and of B, D, 2nd and 4th, theequims are E and F; 
.-. A : E == C : F. 
But A = E, /. C = E ; 
And F is the same m of D that A is of B ; 
C „ m of D that A is of B. 

Q. E. D. 



j> 



D. 1 

2 
3 

4 
5 



Case 2. — Let A = - , tben C = -' 

P p 

H. & B, V. •/ A : B = C : D, /. invert B : A =;= D : C ; 
but A =— , /. Bisawof A; 



H. 

Case 1. 
Bemk. 
Rec. 



and /. D the same m of C, 

I. e., C ='7,^ or same pt, of 

D, that A is of C. 
Therefore, if the first he to 
to the second, ^c. 

Q. E. D. 



16 



12 



A B C D 



N.B. — ^For sake of preserviiig the same ntimbermg we insert here as Prop* 
7 A, the 7th Prop, of Chahbers' Additional Fifth Book, 



Prop. 7 A. — Theor. 

The ratio of two lines is the same as that of the numWs which 
express the number of times that any third Ime is Contained in them 
respectively. 
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E. 1 Hjp. 



»» 



2. 

3, Cone. 



! 



Let A=30, and B=20, be two 
lines, and M = 10 a third; 

and let M = ^> and -^' 
then g =-^^ ; or A : B = a : ^. 



30 



SO 



Case. — Let a and h be integers, and 
o : = 3, & = 2. 



10 



D. 1 
2 
3 



H. 

Cone. 

H. 

1 Sim, 
Cone. 



•/ A = 3M, and B = 2M : 
/. A contains 1 JB, & a, la ft. 
and /. A : B = a : &, 

or 30 : 20 = 3 : 2. 
So we conclude whatever be the integer valncs 



M 



of a and h ; 



a _ «M _ A • ^ 3 __ 3 X 10 _ 30 
A AM B' ~ 



2 2 X 10 



20 



npM 



If being integers, a^fnq and ft = «;?, then _. = — = _L_. 

Or, 6 = 3 X 2, and 8 = 2 X 4 ; 
then^ =_?x_2=^xix_io^ =,, 



2X4 2X4 X 10 



60. 
80 



8 



Case 2. Let a = f , and ft = ~; or 3 = -3 , and 2 = ;^ ' 



D. 1 



Hyp. 
Case 1. 



4 
5 



Sim. 
Cone. 



.". M' is a subm. of M by 715', or M = n^r M', 
i. e., 10 = 2 X 4 X 1 J ; 

a ** V -^ w? t«y -Jf ^ 

3 _ 6 4 _ 24 X U ^ 30. 
^* ®*' 2 "" 2 8 16 X l\ 20 

Bnt7«5M' = ^' = ^xnqW = ^M; 

i.e. 24 X IJ =f xlO = 80. 
Son;>M'=^M,i.e., 2x8xlJ=fxlO=:20; 

.% a : ft == ?M : ^M, 

n q 

i.e., 3: 2 =:f X 10: 2 x 10; 
or a : ft = A : B ; 5 = 4g. 



PROP. VII. THEOP.. 
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Case 3. Let a be interminate and b terminate. 
Sup. 



D. 1 

2 
3 



Case 1 & 2. 



a' 



A O Am/ 

If g-^ -^, let 3"="^/ ; and let a' > a, and a' 



be a terminate no. between a & a. 



a' 



a 



H. 



I 



o'M' A ,, 
•'• 6~M > B 5 6" > ^ > and /. a" > a' 

But a" also .< a', an impossibility, .•. a' > a. 
So a < a, .-. ;g = -^5 



Case 4. 

Case 5. 
Stfp. 



D. 1 

2 
3 



Case 4. 
Sim. 



Let a be terminate and b inteiTiinate. 

I By a demonstration similar to that of Case 3. 

Let a and b be both interminate. 

-Ao-A «', 
If g- ^ ^, let g- = ^- ; let a' > a& a be a 

terminate no. between a & a 

Then y == ^-^-£ . 

The rest of the dem. as in Case 3. 
A a 



Prop. VIL— Theor. 

Equal magnitudes have the samfi ratio to the same magnitudey 
and conversely, the same has the same ratio to equal magnitudes. 

Cow. Pst. 1, V. A given M. may be so increased that any required m of 
it may be taken. 

Dem. Ax. 1,V. Equims, ofthc same or of equal Ms. or equims. are 
equal to one another. 

Def. 5, V. The first of four ma^^itiulcs is said to huve the ?>ame ra'J/i , 



\S2 



CSBAIkAXKXEn IS MMXLI1>. 



E- 1 1 Hyp. 1 

2 C<Mic. 1 & 2. 
C. 1 Pst- 1, Y. 

2i Prt- 1, Y. 



Lei A =r B, & C be a 3^ M. cf «i&c sime kind; 
then A : C = B : C ; «nd G : A = C : B. 
Of A, B, take maj 

eqnims. D, £ ; 
and of C, take anr ^^ 

eqniiii. F. 



:20 



Fini. A and B sball each hare tlie 
same ratio to C. 

D. 1 '^ 



3 
4 



a 

H. Ax. 1, Y. 

C. 1 & 2. 
Def5, Y. 



10 



16 



8 



V D & Eareequiiiis. 

ofA&B; 
aiidA = B, 

.-. D = E; 
.-. if D > = or > F, E > = or > F ; 
but DyEare eqoims.of AB, and Fis afn of C; 
/. A : C = B : G. 



Seetmd, G shall hare the same zatio to A that it has to B. 



i As before, D = E; 
/. ifF> =ar> D, F > =or>E: 
but F an J m of G, and D, E anj m of A, B ; 
.-. C : A = C : B. 

Therefore, «^a/ magnitudes hart the same 
ratiOj 4rc. Q. E. D. 



D. 


1 


Shn. 




3 
4 


G. 2 & 1. 
Dcf. 4, Y 
Rec. 



Cor. — If a ratio A : G which is compoonded of two ratios, A : 1>, 
and B : G, be a ratio of eqnality, one of these must be the inyerse, or 
reciprocal of the other ; tl e.. A : B is the inrerse^ or reciprocal of 
B:C. 



ScB.— The ^^^eond pait, C : A = C : B,lb|]oTrs frcm the coroUaiy of Pr. 
4.Bk. V. 



PROP 8. THEOR. 183 



Prop. VIII.— Theor. 

Of two unequal magnitudes, the greater has a greater ratio to 
another magnitude than the less has ; and conversely, the same mag- 
nitude has a greater ratio to the less of two other magnitudes, than it 
has to the greater. 

CiMT. P»t. 1, V. Djsm. 1, V, Def. 7, v.— When of the equims. of four Ks., 
(taken as in the fifth def.) the m of the 1st is > that of the 2nd, hut jthe m 
of the 3id ^ than the m of the 4th ; then the first is said to have to the 
2nd a greater ratio than the drd M has to the 4th ; and on the contraiy, 
the 3rd is said to have to the fonrth a less r^tio than the 1st has to the 
second. 



E. 1 
3 



Hyp. 
Cone. 1. 
2. 



3} 



Let A B > B C, and D apy other M; 
then AB : D > BC iD.- 
and D : B > D : A B. 



First,— AB: D > B C : D. 

C. 1 Sup, 1. I If of the two iM>., AC, 3, the not gr, of the two 

I be not less than D ; 
Pst. 1, V.I take E F =;: 2 AC, and F 0; =5 2 C B, 

D 5 

A 6 C 8 ^ ^ ^ 



XAYCfAi.. < » 



^_ -'iL ii__G K- 



L 



15 



C.3 



Sup, 2. ^ Butifofthe two Jf«., the no^^r. M be < D- 
Pst. 1,V| talce of AC, CB, equims. EF, FG each > D. 



A 4 C 8 



S 8 16 



F 



D 5 

B H 10 

G K u 

L 



i& 
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K 



15-6 



7.8 , ^-2 
S-4 



K 



-15 



20 



c 



5j Pst.ljX'. 
6 P5t,l,Y. 



P. i\ C 



3 


C. 


4 


1,V, 


5 


Remk. 


^; 


D.2,&C. 


7 




S 


C. 


9 


C. D. 5. 


10 


C. 


11 


Def.7.Y. 



In all c&sos take H = 2 D, K = 3 D, &c^ till the 
m of D be that wbich is first >F6. 

Let L, a 01 of D, be found > F G; 

and K then of D next less to L ; tL e., FG ^ K. 

V Listhemof D whidifiistis > FG; 

/. K, the fli of D next preceding^ is ^ F G, 
f . e., F G < K. 

And V £F same n of AC, that FG is of CB; 

.-. FGthesamemofCBthatEGisof AB; 

t. e., EG and FG are eq[oinis. of AB and CB. 

And V FG < K, and EF > D; 

.-. theirhole£G=r FG + FE>K + D; 

but K + D = L, .-. EG > L. 

Bnt FG > L, and EG, FG cqnimsof AB, CB ; 

and Lis an of D; 

.-. AB : D > BC : D. Q. E. D. 



Se€vnd,—l> : BC > D : AB. 



C. \ SfM. As in the Mrst purt. 

P. l! Sifii, As before, L > FG but > EG; 

2 C. and L a w of D; 

a. D. 5. pt. 1. also FG, EG vcre pzored cqnbns of CB, 

4, Dcf. 7, T. j .-. D : BC > D : A B. 

5 Rec. ' '. Of two wmt^al ma^ptitudes^ ^. 

Q.E.D. 



OikMrviac. 1^6 A + B =s 3 -f 4^ sitd A = 5» he two nseqcal Ms; and 
C a 10 a thxrf M ; tb«tt A + B : C> A : C: t. r^ (5 + 4) : 10 > 5 : 10. 



PROP IX. THEOR. 
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Afg. Take mA, wB, each > C; 

nC the least mult. > mA + mB. 
Hence (n — 1) C < »iA -j- "iB, or m (A + B); 

TO (A + B) > (n-l) C, ornC-C; 

•.* n C> (mA + mB), and C < »iB, 

,'. nC-C>mA, ormA < (n— 1)C. 
Hencem(A +B)amofA + B> (n— 1) C, am of C. 

but mA, I* a m of A ^ (n — 1) C, a m of C, 

/. by Def. 7, V. A+B:C>A:C. 

Arith, 3X5, and 3x4, each > 10 ; 

3 X 10 least m >(3 X5) + (3 X 4). 
Hence (3—1) 10 < (3 X 5) + (3 x 4) or 3 (5+4). 
3 (5+4) >(3— 1) 10, or (3X10)— 10. 
•/ 3 X 10 > (3X5) + (3X4), and 10 < 3X4. 
/. (3X10)— 10 >3X5, or3x5< (3—1) 10. 
Hence 3 (5+4) > (3—1) 10. 
but 3 X 5 > (3—1) 10, 
/. 5 + 4 : 10 > 5 : 10. 



Prop. IX. — Theor. 

Magnitudes which have the same ratio to the same niagnitttde 
€tre equal to one another y and those to which the same magnitude has 
the same ratio are equal to one another. 



Con. Pst 1, V. Drm. 8, V.— Def. 7, V.— Def. 5, V. 



E. 1 
2 
3 



Hyp. 1 



Cone. 



2. 



Let A : C = B : C ; 
or C : A = C : B ; 
then A = B. 



First. Let A : C = B : C, then A = B. 



D. 1 

2 



Sup, 
8, V. 

Def. 7, V. 



If A :jfc B, let A > B ; 

then the gr. M, A : C > the 
less M, B : C. 

Now equims. of A,B, mA, mB, 
and a m of C, (n — 1) 0, 
may be taken, so that m A > , 
andmB> (n— 1)C; 



B 

I 

• 4 



C 



13 12 



4 
A 






V 



11 
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41 Pst. 1, V. i Of A & B take eqnims. D,E ; and of C a m, F, 
I ' sothatD > F, butE > F; 

5 Hyp. j then •/ A : C == B : C; 

6 D. 4. , and of A & B equims. D, E, and of C a wi, F, 

, andD > F; 
7»Def. 5, y. /. E>F; 

8i D. 4. But E also > F ; — ^two things, of which one ia 

impossible ; 



9' Cone. 



/. A not :^ B, t. «. A = B. 



Second. Let C : A = C : B,— then A = B. 



D. 1 
2 
3 



o 
6 

7 
8 
9 



Sup. 
8, V. 
Def. 7, V. 



Pst. 1, V. 

Hyp. 
D. 4. 

Def. 5. V. 
H. Cone. 
Rec. 



If A :^ B, let A > B. 

then C : B the less M > C : A the gr. M. 

*.* there may be taken a m of C the 1st and 3rd, 

and eqnims. of A & B the 2nd and 4th ; 

so that ffi of C > tnB, bnt > i» A ; 
Take F, a m of C, and E, D, eqnims. of B, A^ 

so that F > E, bnt > D. 
And •/ C : B = C : A, 
and F,OT of C> E, m of B ; 
/. F, a m of C > D, a m of A ; 
bnt F also ^ D ; an impossibility, /. A = B. 
/. Magnitudes which have the same ratio, ^c. 

Q. E. D. 

Otlterwise. Hyp.—Jj^i A:C5=B:C,orC:A=C:B; th«n A = B ; 
let 4 : 6 = 4 : 6 and 6:4 = 6:4, then 4 = 4 

Cask L— If A :^ B, let A > B. 

Assome, (8, V.) m A > n C, bnt m B >« n C : 
V A :C =B :C, /. niA,mB> = or<fiC; 
bnt m A > n C, and »i B < n C, an absurdity; 
/, A not ^ B, £ e., A = B. 

Case IL— If C : A = B : A, then A = B. 
Invertendo. A : C = B ; C ; /.by Case 1, A = B. 

(;joB. A ratio compounded of two ratios^ of which one is the 

reciprocal of the other, is a ratio of equality. 

For in A, B, C, magnitoiies of the same kind, — if B : C 
= B:A, A=:C; 

i. e., the ratio A : C compounded of A : B and of B : C, 
one the reciprocal of the other, \& a ratio of equality. Note 
Def. 3, V. Def. A, V. 



or 



PROP X. — THEOB 
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Prop. X. — Theor. 

That magnitude which has a greater ratio than another has unto 
the same magnitude is the greater of the two ; and that magnitude to 
which the same has a greater ratio than it has unto another magnitude, 
is the le$s of the two. 

Con.— Pst. 1, V. Dem. Pef. 7, V. Ax. 4, V. That magnitude, of which 
a multiple is greater than the sanac multiple of another, is greater than 
that other magnitude. 



E. Ij Hyp. 1. 
21 Cone. 1. 
Hyp. 2. 
4 



Let A: C > B: C; 
then A > B. 
Let C : B > C : A; 
then B < A. 



Cone. 2. 
Case I.— Let A : C > B : C, then A > B. 



D. 11 Hvp. 1. 
'> Def.7, V. 



V, Pst. 1, Y. 



41 

51 D. 3. 



6! Ax. 4, V. 
7 D. 4. Cone 



c 



12 



B 



D 



10 



•.• A : C> B ; C ; 

/. of A 1st and B 3rd can be 

taken sonie equiix^., and of C 

the 2nd and 4th a w so that 

m A > w C and w B 3> m C. 
Take D, E, sueh eqiiims., of A, 

B, and F a %n of C, 
so that D > B' but E > F ; 
.-. D > E. 
And .•, D and E are equims. of 

A and B, 
and if the 1st < the 2nd, the w of the 1st < the 

same m of the 2nd ; 
and D > E ; /. A > B. 



Case IL— Let C : B > C : A, then B < A. 



D. 



1 
2 



4 

6 
7 



Hyp. 



Pst.l.V. 



D. 3, 4. 
AX.4.V. 

Ilcc. 



For .-. C: B >C: A; 

/. of C Ist and 8rd can be taken some m, and of 

B, A, 2nd and 4th equims, 

so that 71 C > w B, but '^ m A. 
Of C take such w, F, and of B, A equims. E, D, 

so that F > E but > D; 
/. E < D. 

and •/ E, P are equims. of B, A, and E < D ; 
.;. B < A. 

Therefore, that Magnitude which has a greater 4'c. 

Q. E. D. 
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Otherwise. Hyp. 1°. Let A : C> B : A, then A >B ; or 6 : 5 > 4 

then 6 > 4. 
2°. Let C : B > C : A, then B<A;or5:4>5:6, then 4 < 6. 

Alg. 1°. Def. 7, V. Take to A, > n C, and m B < n C. 
,•, TO A > TO B, and Ax. 4, V. A > B. 

2°. Def. 7, V. Take nC> to B, and nC < to A. 

VTOB<nC,andOTA>nC; 
/, TO B < TO A, and /. B < A. 

Arith, 1°. 3 X 6 > 3 X 5 ; but 3 X 4 < 3 X 5. 
.'. 3 X 6 > 3 X 4, and .'. 6 > 4. 

2°. 3 X 5 > 3 X 4, but 3 X 5 < 3 X 6. 
•/ 3 X 4 < and 3 X 6 >, 3 X 5. 
.-. 3 X 4 < 3 X 6 ; /. 4 < 6. 



5, 



Prop. XI, — ^Theor. 

Batios that are the same to the same ratio, are the same to one 
another. 

Con.— Pst 1, V. Dem. Del 5, V. Definition of Proportion. 



E. 1 

2 



Hyp. 

Cone. 

G 

A 3 

B_ 



C. 1 
2 

D. 1 
2 
3 
4 
5 
6 
7 
S 
9 

10 
11 



I Let A : B = C : D, & C : D = E : F; 
I then A : B = E : F. 



H. 



6 



12 



D 2 

M 



K- 
E- 



g 



8 



-4N. 



15 



Pst.l,V. 
Hyp.' 



?» 



Def.5,V. 
Hyp. 

Def.5,V. 
D, 3. 

C. 1. 
Def. 5, V. 
Roe. 



Of A,C,E, take any equims. G,H,K ; 

and of B,D, E, take any equims. L,M,N. 

•/ A : B = C ; D, 

and G,H are equims. of A,C ; L,M equims. of B,D - 

/. if G > L, H > M ; if =, = and if less, less! 

Again, •/ C : D = E : F, 

and H, K are equims. of C, E ; M, N, of D, F ; 

/. if H > = or < M, K > = or < N. 

but if g} > L, H > M, if ==, =, andif less, less; 

/. if G > = or> L, K > = or < N. 

And G, K, are equims. of A, F, and L, N, of B,F: 

.-. A : B = E : F. 

•. Batios are the same, 4'C. Q. E. D 
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OtJterwise. Hyp.. If A : B = C : D, and C : D = E : F; then A : B 
= E : F; or, if 3 : 6 = 1 : 2; and 1 : 2 = 4 : 8, then 3:6 = 4:8. 

Alg, Of antecedents take m A, mC, mE; 

and of consequents „ nB, aD, nF. 
V A : B = C : D; if m A > =or < n B, 

/. TO C > = or < nD. 
Again, •.•€: D = E : F; ifmC > = or < nD, 

/. TO E > = or < n F ; 
Now TO A, TO E equims. of A, E ; n B, n F, of B, F; 

/. byDef. 5,V A:B = E:F. 

Arith. Take the to* 2 X 3, 2 x 1 , 2 X 4 ; 
and 2 X 6,2 X 2, 2 X 8; 
V3 :6 = 1:2, if2 X3<2X 6, 

.-. 2Xl< 2X2. 
Again, •.• 1 : 2 = 4 : 8, if 2 X 1 < 2 X 2, 

/. 2X4< 2X8. 
Now 2 X 3, 2 X 4 are equims; also 2X6 and 2x8; 

.•,3:6 = 4:8. 

Scu. This Proposition is to Batios. what Prop. 30, Bk. 1, is to Parallel 
lines; Ax. 1, Bk. I, to Magnitudes; and Ax. 1, Bk. V. to Equimultiples. 

Cor. 1. If A : B = C : D, but C : D > or < E : F, then A : B > 
or < E : F. 

For, whatever part of D be contained in C, a greater or less number of times 
than the like part of F is contained in E, the like part of B must be contained 
in A the same greater or less number of times. 

Ck)B. 2 Thus also, if A : B > or < C : D, and C : D = E : F, 
then A : B > or < E : F. 



Prop. XII. — Theor. 



If any number of magnitudes he proportionals, as one of ike ante- 
cedents is to its consequent, so shall all the antecedents taken together 
be to all the consequents. 

Con. Pst. 1, V. Dem. Def. 5, V. Definition of Proportion. 1, V. If any 
no. of Ms be equims of as many, each of each, what m soever aoy one 
of them is of its p*.,' the same m shall all the first Ms be of all the o&iers. 
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GRADATIONS IN EUCLID. 



E. 1 

2 



Hyp. 
Cone. 



Let A : B = C : D = E : F ; 

then A : B = A + C + E : B + D-f F. 



G 
A 
B 
L 



H^- 

C 2 

D — 

M 



K 

E. 

P 

--12 N- 



6 



9 



18 



C. 1 

2 

D. 1 
2 
3 
4 

5 

6 



7 C. 1. 



8 

9 

10 

11 
12 



Pst. 1, V. 



Hyp. 
0. 1. 
C. 2. 
Def. 5, V. 



< M, 



Of A,C,E, take equims. of G,H,K; 

and of B,I),F, equims. L,M,N. 

then •/ A : B = C : D = E : F, 

and G,H,K, are equims of A,C,E, 

and L,M,N, equims. of B,D,F; 

/. G > = or < L, H also > == or 

and K > = or > N ; 

wherefore if G > =tt or < L, 

then G + H + K> = or<L + M + N. 

But G, and G + H -f K, are equims. of A, and 

A + C + E. 
for whatever m of A, G is, the same w.are all^ 

G+H + K of A + C + E; 
i, e. G, and G + H + K are equims. of A, and 

A+C + E. 
So L, and L + M + N are equims. of B, aad 

B + D + F. 
/. A:B = A+C + E:B + D + R 
Wherefore, if any number of magnitudes, ^c, 

Q. E. D. 

Otherwise. Hyp. A :B=C:D = E:F; then A:B=A+C + B 
:B + D + F; or 1:3 = 2:6 = 3: 9, then 1:3=1+2+3:3 + 6+9, 
or 1 : 3 = 6 : 18. 

Alg, I. Of the Antecs. take mA, mC, mE, 

Of the Conseqs. „ nB, nD, nF; 
•/ A : B = C : D, .-, if m A > s= or < xB, wC, > = or < nD; 
•/ C : D = E : F, .-. if m C> as or < «D, mE > = or < »JF: 
.-. IfwA > = or < nB, otA+ wiC + mE > = or<nB + nD 

+ nF. 
Now (1, V.) w A + mC + wE = m (A + C + E), 
so that mA, fnA + mC + mE are eqitims. of A, and A + C + S; 
and rB, nB + nD, + n F are equims. of B, and B + D + F; 
.-. A : B ar A + C + E : C + D ; F. 



1,V. 

D. 7 & 8. 

Sim, 

Def. 5, V. 
Kec. 
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» 
Arith. Of Antecs. take 3 X 1, 3 x 2, 3 X 3, 

Of Conseqs. „ 2 x 3, 2 x 6, 2 x 9; 

•.•1:3=2:6,/. if 3 X 1 > = or < 2 X 3, 3 X 2 > = or < 
2 X 6; 

and .-. 2 : 6 = 3 : 9, .-. if 3 X 2 > = or > 2 X 6, 3 X 3 > = or 
>2 X 9. 

Now (3 X 1) + (3 X 2) -H (3 X 3) = 3 (1 -f- 2 -f 3), 

so that 3 X 1, (3 X 1) + (3 X 2) -h (3 X 3) are equims. of 1 and 
(1 + 2 + 3) 

and 2 X 3, (2 X 3) + (2 X 6) + (2 X 9) equims. of 3 and 
(3+6 + 9); 

.-. 1 : 3 = (1 + 2 + 3) : (3 + 6 + 9), or 1 : 3 = 6 : 18. 
Alg, n. For Antecs. take a, and a, b, c, d, e, &cr 

For Conseqs. „ a', and a', b', c', d', e\ &c. 

-o'TT^fl b c d e o 

By given Hyp. - =-^,- =--^ = -^ = _ = &c 

Take prodnct of extremes and means; ab' = a'b, a c' =s a' c^ ad' =:i a' dy 
at' -=> a' e, &c. 

Add Antecs. for numerator, Conseqs. for denominator, 

q + 6+c + (/ + e + &c. 
a'+ i' + c' + d' + c'+&^ ' 

Divide by ±, and we hare, ««;+ a^6 + g^c + g-rf + g-. &c. 
o! ag'+ g6' + gc' + g'(i + g'g&c. 

Now J?L = 1 & ag' + g' & + g'c + g'cf + g'e &c. _ ^ 
g . ' g o' + g 6' + a c' + gd' + g c' &c. 
And the quotients in each case being «nt(y, 
.-. g : g' = g + 6 + c + d + e &c. : «' + 6' + c' + rf' + e' &c. 



Prop. XIII.— Theor. 

If the first has to the second the same ratio which the third has to 
the fourth, but the third to the fourth a greater ratio than the fifth has 
to the sixth; the first shall also have to the second a greater ratio 
than the fifth has to the sixth. 

Con. Pst. 1, V. Dem. Dcf. 7, V. Defiaition of grwter ml less ratio 
Def. 5, V. Definition of Profortion. 
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GRADATIONS IN EUCLID. 



E. 1 Hyp. 
2 Cone. 



Let A : B = C : D, but C : D > E : F; 
then A : B > E : F. 



15 



f) 



lt> 



M A n -V 



30 



24 



12 



10 



o en K 



18 



15 



9 



If K F I. 



C. 1 H. 

2 Def.7,V. 

3 Pst. 1,V. 

4 Pst. 1,V. 

1). 1 H&C.3,4 

Dcf. 5, V. 
31 C. 3. 
C. 3 & 4. 



5 



Def, 7, V. 
Rec. 



V C : D > E : F, 

•% some equims of C the 1st and E the third, 

and some of D the 2nd and F the 4th ; 
so that m of C > w of D. but wiof E ^ m of F; 
Take such equims. G & H of C & E, K & Lof D & F, 

so that G > K, but H > L; 
Whatever m, G is of C, take M of A ; 

and whatever m, K is of C, take N of B. 
•/ A : B = C : D, and •/ M, G, equims. of 

of A,C; N, Kof B,D; 
.-. if M > = or < N, G > = or < K. 
but G > K /. M > N. 
ButH > L, and M, H equims of A, E ; — N, L 

of B, F ; 
/. A : B > E : F. 
Wherefore if the first Jias to tJie second ^c. Q. E. D. 



Cor. If a : B > or < B : E, but C : D = E : F, it may 
also be demonstrated that A : B > or < E F. 



Alg.ffArithHyp. Let A 5 :B 6 = C 10 : D 12 ; but C 10 : D 12 > 
£ 5 : F 9 ; then A5:B6>£5:F9. Letm = 3, &n=2. 

Alg, •/ C : D > E : F, 

ABsnme m C, n D, m £, n F, so that 
if m C> 71 D, OT E < » F. 



PROP. XIV. THEOR, 
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Now '/ A : B = C : D,-if w C> w D, m A > nB; 
/, m A > n B, and to E < jiF, 
/. A : B > E : F. 

Arilh. V 10 : 12 > 5 ; 9, 

Assume 3 X 10 > 2 X 12, but 3 X 5 < 2 X 9. 

Now*/ 5 : 6= 10 : 12, if 3 X .10 > 2X12; and 3 X 5 >2X 6 

/. 3 X 5 > 2 X 6, and 3 X 5 < 2 X 9 ; 
/. 5 : 6 > 5 : 9. 

ScH. " This proposition is equivalent to stating; 1°. that if any ratio be 
greater than another, every ratio which is equal to the former will also be 
greater than the latter; 2°. Also, that if one ratio be greater than another, 
every ratio which is greater than the foniier is also greater than the latter." 



Prop. XIV.— Theor. 

If the first has the same ratio to the second which the third has to 
the fourth'^ then, if the first he greater than the third, the second shall 
he greater than the fourth ; and if equal, equal; and if less, less. 



E. 1 
2 



Dem. 8, V- The gr. M. a gr. ratio. 13, V.-IO, V. one M with a gr. 
ratio to a third. 9, V. Two Ms. each with the same ratio to a third. 



Hyp. 

Cone. 



Let A : B = C : D, 

If A> = or < C, B > = or < D. 



18 



12 



A B C D 



18 



18 



12 



12 



A B C I> 



Case I. Let A > C, B will be > D. 



18 



12 



A B C D 



O 
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GBAPATIONS m BUCLID. 



D. 1 

2 
3 
4 



Hyp. 

8, V. 

13, V. 
10, V. 

Cone. 



vA:B=sO:D, otC:D = A:B; 
andif A > C, A: B > G: B; 
•. C : B > e : B, 

But the M to which the same has the gr. ratio 

is the less, 
/. D < B, i. e., B > D. 



Case II. If A = C, B = D. 
B. 1 I Hyp. & 9, V. [ V A : B «: C, t\ e. A : D, /. B = D. 



Case IH. If A < C, B < D. 



D.l 
2 
3 



Hyp. 
Case 1. 
Eec. 



•/ C > A, and C : D = A : B ; 
.-. D > B, I. e. B < D. 

Therefore, if the first has the same ratio^^c, Q.E.D. 



Briefly. 1°. Let A > C; then, by 8, V., A : B > C : B; bat A : B 
C : D, /. by 13, v., C : D > C : B, and /. by 10, V., B > D. 

Similarly, 2°. if A = C, by 9, V., B = D, and 3^. if A < G, B < D. 

CoR. Hence ako, if A : B = C : D, and if the 2nd B > = 
or < the 4th I>, then the 1st A > = or < the 3rd C. 



Prop. XV. — Theor. 



Magnitudes have, the same ratio to one another which their equi- 
multiples have. 

Con. Pst. 2, V. Any given m of a M may be-divided into parts, each of 
which, is equal to that M. 

Dem. 7, V. Equal Ms, with the san^e ratio. 12, V. Antecedents to con- 
sequents. 



PftOP. XV*— tflEOR. 
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E. 1 

2 



Hyp. 

Cone. 



Let! A B be the saitie m of €, that D E is of F ; 
then C : F :»= A B : D E. 



C- 



6 



H 



hJilh».a ■ «ad> ■ 



B 18 



4 K 4 L 



E12 



C. II Pst. 2, V. 
2 
C. 



J? 



j> 



D. 1 

2 

3 



C. 1 & 2. 

7,V. 
12, V. 



5: C. 1 & 2. 
6 Cone. 
Rec. 



Divide A B into Ms each = C, 

i.e,, AG=rGH=HB =; C. 
& „ D E „ each = F, 

t.e., DK=:KL=LE=F. 
Now A G, G H, H B in number = D K, K L,. 

ifeLE; 

and A G =*: G H 3to HB, and D K^xK L=:L E, 
/. AG:DK=GH:KL = HB:LE. 
And V AG : DK = AG + GH + HB 

i^DK-fKL-f^LE, 
but A G == C, and D K = F; 
/. C : F =£= A B- : I) E. 
Wherefore', Magnitudes heme the same ratio, &c. 

Q. E. D. 



Otherwise, Take ?«. any nmaber, A & B two magnitudes ; 
then A : B = w A : tti B. 



]). 1 
2 
3 

4 
5 



7,V.&12,V. 
D. 1, 
12, V. 

Cone. 



V A : B=: A : B, .V A : B= A+A : B-f B, or2 A = 2B; 
and V A :B = 2A : 2B, 

A A :B=r2A+ A :2B+ B,oraA = 3B. 

And sd on ibr all equims. of A and B ; 
/, A : B = wiA : wiB. 



Cor. 1. Magnitudes have the same, ratio to one atiot/wr which 
their equal mbmniitiphs or lik9 pojtts ha»e^ 

thus, A: B=: 3- :-i^; or, 12: 18 ^~ : ^,1. e., 12 : 18 =4: 6. 



CoR. ?. Bi Proportionals, the equims. of the 1st and 9nd have 
the same ratio as the equims. of the 3rd and 4th. If A : B = C : D. 
thon 77iA:mB=nC:«D; 
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GRADATIONS IN EUCLID. 



Arith. If 2 : 3 = 4 : 6, then 2x2:2x3=3x4:3x6; 
i. e., 4 : 6 = 12 : 18. 

Cor. 3. In Proportionals also, any like parts of the 1st and 
2nd, and also of the 3rd and 4th are proportional; as 

A . B _ C^ D^ 
2- 2 — 3 • 3 • 

Scfi. Tlic Proportion is sometimes explained, J* one magnitude shall have 
the same ratio to another magnitude of the same kind which any multiple ot 
the first has to the same multiple of the second/'—HosE. 



Prop. XVI.— Theor. 

Alternando, or Permutando. If four Magnittides of the same 
kind he proportionals, they shall also be proportionals when taken 
alternately. 

Con. Pst. l.V. Dem. 15, V.— U, V.— U, V. 



E. 1 

2 



Hyp. 
Cone. 



Let A : B = C : D ; 
then A : C = B : D. 



18 



-E 



la. 



-B 



G- 
C- 
D 
H- 



■24 



12 



8 



16 



C. 

D.l 
2 
3 
4 
5 
6 
7 



Pst 1, Y. I Take E, F, equims. of A, B, and G, H, equims. 

of Ci D. 
•.' E same m of A, that F is of B, 
/. A: B = E:F; 

but •/ A : B = C : D, /. C : D = E : F. 
Again •/ G & H are equims. of C & D, 
•/ C : D = G : H. 

but C : D == E : F, /. E : P = G : H. 
In 4 proportionate, if 1st, > = or < 3rd, 

the 2nd is > = or < 4th ; 



C. 

15, V. 

H. & 11, V. 

C. 

15, V. 

D.3,^11,V 

14, V. 



PROP. XV. — THEOR. 



19: 



8 
9 

10 
11 



C. 

D. 1 
2 
3 
4 



0. 

Def. 5, V. 



Or, 

Pst 1, V. 
15,V. &11, V, 
15,V.&11,V. 
14, V. 
Def. 5, V. 



•/ if E > = or < G, F > = or < H; 
Now E, F, are equims. of A, B ; & G, H, of C,D; 
/. A : C = B : D. 

If then four magnitudes of the same kind, ^c. 

Q. E. D. 



Take m A, wB, wC,.«D, equims. of A, B, C, 1). 
V w A : mB = A : B, /. m A : mB = C : D. 
also, •.• nC : n D = C : D, /. m A : wi B = nC : nD ; 
now m B > = or < nD, asmA >=ior< nC; 
/. A : C = B : D. 



Alq. Sf Ariih. Hyp. 
AJg, 



a 
Let-^, 



_?. = ^ A . then ii -? = 
4* d' 6 * c' 3 



Let 



a 



c 



6 ' c' 3 

then ad=: be. 



d ' 



ad he 
(-T-bycrf), and-^~a» 



a 

or> — = J 
c a 



~ • 



^riiA. 



4 6 



then 2X6 = 4X3. 



2X0 4X3 
(-j-by 3 X 6,) and 3-^ - 3 X 6' 



2_ 4 

°^ 4- 6. 



Use &; App I. From principles established, especially ^'""^^J^fJ^Ji,^ 
and from Props. 7, 11, 14, & 15, bk. V, the following Theorem, Chambers Ex. 
p. 56, may be demonstrated ; 

If to the terms of a ratio, A : B, the same magnitude, C, be ^f.^'^.l ^j;^'^^^ 
will he unchanged, increased, or diminished, accordmy asitisa ratio ol equaiitv , 
(/less inequality, or of greater inequality. 



Case I. If A = B, then A + C : B + C = A : B. 



D. 1 
2 
3 



Ax. 2, 1. 

7,V.&16,V. 
5im. &11,V. 



VA = B,.\A+C = B+C; j,_^r^r'C 

• A+C:C = B+C:C,andA+C:B + C=C.t. 

So aTb = C : Clnd /. A+ C : B -f C= A : B. 



Case II. If A< B,thenA + C: B + C> A : B. 



D.l. 
2 



H. 
Sup. 



3; D. 2. 
4! D. 2, 3. 
5 1 Sup. 
6;D. 2, 5,& 1. 



V A<B,if B— A = D; thenB = A+p. 

Let p C> A, and n D the least m of D cxcccdn S i^ ^^^ 

so thatp A < » D ; 
hence»A + A>nD, or= nD ; 
&;.-./A+/>C>7iI),orp(A+C) > nJX 

Next, let m = n + p, orj» = m— n ; 

then VpA< nD; p = Jn-n,a"dD=:13-A: 

/. («-u) A < H (B-A) ; or m A-n A< n h-u A. 
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OUADATIONB IN JSUOLID. 



8 Aid. 



9 

le 
n 

12 



D.4. 
D. 6. 

Add, 



13^ D. 8. Def. 7, V. 



To ))oth sides udd n A* .% m A < n B. 

Again. V/?(A + C)<»D, 

/.p A + /)C>n (B— A);orfiiA--nA+ mC-nC 

>nB-»A. 
Add » A + n to «ach side of tlie equation ; 
/. »« A + TO C > n B + n C ; or to (A + C) 

>n (B + C) ; 
but TO A < nB, /. A 4- C : B + C> A : B. 



Case m. If A >B,then A + C : B + C < A : B. 



D.l. 
2 

3 
4 
5 
6 

t 

8 

9 

10 

11 
12 
13 
14 



H. 
Sup, 

D.2. 

D. 2 & 3, 

Sup, 

D. 2, 5, & 1. 

^rfd. 
D. 4. 
D. 6. 

Ax. 4, 1. 

D.8,Def.7,V. 

Bee. 



•/ A > B, if A-B »: D, then A = B + D. 
Let p C > B ; and to D the least m of D, 

so that p B < TO D ; 
henec />B + B>or=«D; 
& /. /) B + p C> TO D, or p (B + C) > TO D. 
Next, let » = TO -f p ; or/? = n—m ; 
then '.• /> B < TO D,^ = ii^m, andD s= A— B, 
/. (n— to) B < to(A— B);'ornB— toB < toA— m B ; 
Add«B, /. »B< wA^toA >nB. 
Again •.' p (B + C) > to D, 
/. pBH-pC > TO (A-B); ornB-TOB + «C — ni(' 

> III A — toB; 

Add TO B H- m C to each side of the equation ; 
/. n(B+C)>TO(A+C)} orTO(A+C) <»(B + Ci. 
But TO A > » B, /. A + C : B -f C < A : B. 
Wherefore, If to the terms of a ratio ^c. 

n. Props. 1 J, 15 & 16, 'bk. V., also ftimish the principles by which to 
'establish the useful Theorem, — Chambers' Ex. p. 54; — ^that, 

^* ]faU the terms^or any two homologous terms, or the terms ofeitker of the 
ratios of a proportion^ be multiplied or divided by the same number, the resulting 
magnitudes will remain proportional. 



E. 1 I Hyp. 
Case I. 



D. 1 
2 



15, V. 
11, V. 



I Let A : B ;s; C : D, «nd m, h be any two numbers; then, 

toA :toB = toC :«D; 

'/ A :Bz=:toA :mB; aod C : Das mC : mD; 
.'. TO A : TO B s to C : TO B. 



t/ASE n. 

D. l' H. 

2 15, V. 
I 

3 Sim. 

4'll,V. 



Lb = Ic 



D. 



m 



m 



TO 



TO 



A & B are mults. of ^-^ ^ ^>^^^ ^^i® ^ "*' 

TO TO 



A : B = -Ia 

TO 



vb. 

m 
_ 1 



In like manner C : P = -i-C 

TO 

/. —A: J-B= J-C; ^D. 

TO TO 



D. 



TO 



TO 



TO 



PfiOP XVII. — THBOR. 



1%^ 



Oasi m. mA:Bas9»C:D. 



J). IIH. & Sch. S, V. 
2 Sim. 



VA:Bs=:C:D, /. m A : B «= mC : Bj 
In hke maimer, A : n B 3= C : n D. 



Case TV. JLa ; B ar JLc : D. 
m m 



D. 11 H. & 16, V. 
3i 16, V. 



V A : B = C : D, and A : C = B : D; 

/. L A : -L C Bs: B : D, 

m in 

and /. JLa : B a: i^C : D. 



m 



IR 



CaskY. mA:iiiBa=C:D. 



D. 1 
2 



H. & 15, V. 
11, V. 



•/ A : B == C : D, and A : B = m A : mB; 
/, J»A : mB = C : D. 



D. 1 

2 

3 
4 



Case VI. 

H. 
15, V. 

11, V. 

Rec. 



-1a ; i- = C : D. 
m in 



•/ A : B = C : D, & A,B arc cquims. of —A, -B by m; 



m in 



/. A : B = ~A : ^-B. 
m m 

and .-. La : Lb = C : D. 



m 



m 



Wherefore, If all the temis, Sfc. 



Q. E. IX 



Prop. XVII,— Theok. 

IHvidendo. If magnitudes taken jointly, he proportionals^ they 
shall also he proportionals when taken separately ; that is, if two 
magnitudes together have to one of them, the same ratio which two 
others have to one of these, the remaining one of the first two shall 
have to the other the same ratio which the remaining one of the last 
two has to the other of these, 

N.B. The General Enunciation of this 17th Proposition is varionsly 
given ; 

" If magnitades be proportional, they will also be proportional hy divi- 



200 



GBADATIONS IN BUCLID. 



'* If four magmtudcs. A, B, C, D, be proportionals^ they shall also be pro- 
portionals, when taken dividedly : that is, the difference of the first and second 
shall be to the second as the difference of the third and fourth to the fourth ; 
or dividendo, A(>oB :B=5CooD : D." — ^De Morgan. 

" If four magnitudes be proportional, the first being greater than the second 
and the third greater than the fourth ; then the excess of the first above the 
second shall be to the second, as the excess of the third above the fourth is to 
the fourth." — Hose. 

Con. Pst. 1, V. Dem. 1, V. — If any number of Ms be equims. of as many? 

&c., 2, V. If the 1st M be the same m of the 2nd, &c. Dbf. 5,V. 

Criterion of tlie equality of two ratios. Ax. 4, 1. If equals be added to 

imequals the wholes are' unequal. Ax. 5, 1. If equals be taken from un- 

/ equals the remainders are unequal. 



El 



Hyp. 1 



» 



Cone. 



Let A B, B E, C D, D F, be ifstaken jointly and 

proportionals, 
2.C., AB: BE = CD: DF;-AB > BEand 

CD > DF; 
and let A E be the excess of A B above B E, and 

C F the excess of C D above D F ; 
then AE: EB = CF: FD. 



G 


10 H 6 


K 


A 

C 


1 
5 E 3^ B 8 

10 F G 


D IG 


L 


20 


M 



22 



12 



N 



12 



P44 



C.l 



Pst. 1, V. 



2 


j> yy 


D.l 


c. 


2 


1,V. 


3 


C. 1. 


4 




5 


c.l. 


6 


1, V. 


7 


D. 4. 


<S 


I). 6 & 7. 


9 


C. 1. 


10 


C. 2. 


n 


2V. 



Of A E, E B, C F, F D take eqnims. G H, II K, 

LM, MN; 
and of E B, F D any equims. X K, N P. 
•.• G H, H K are equims. of A E, B E ; 
.-. G H same m of A E that G K is of A B; 
But G H same 77i of AE that L M is of C F ; 
/. GK „ AB „ LM „ CF. 
Again '.• L M same m of C F that M N is of F D ; 
LM „ ofCF „ LN „ CD; 
but L M same moi CF that G K is of A B , 
.*. G K, L N are equims of A B, D. 
Next, •/ H K, M N are equims of E B, P D ; 
and •.• KX, NP equims, of E B, F D, 
/. H K + KX & MN + NP equims. of EB,FD; 
i. e. II X and MP are equims of EB, FD; 
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12 

13 
14 
15 

IC 

17 
18 
19 

20 

22 



Hvp. 
D.'8. 
D. 9. 
Def. 5, V. 

Sup. Add. 
Ax., 5 I. 

Sub. 

Def. 5, V. 
0. 1. 
C. 2. 
Def. 5, V. 



23 Ecc. 



And V AB: BE = CD: FD; 
and V GK, LNare equims. of AB, CD, 
and HX, MP eqnims. of BE, FD; 
/. if GK > = or < HX, then LN > = 

or < MP; 
but if GH > KX, add H K to both, 

.-. GK>HX; 
/. also LN > MP; 
take MN from both; and LM > NP; 
.-. if GH > = or < KH, LM > = or < NP. 
But GH, LM are equims. of A E, CF, 
and KX, NP are equims. of EB, FD; 
.-. AE: EB = CF: FD, 
Wherefore, If Magnitudes taken jointly/, ^c. 

Q. E. D. 

Otherwise. If A 4-B:B = C-fD:D, then hy division A , B == C : IJ; 

Take niA, nB, mults. of A, B. 

Let m A, > TiB. 

To both sides add »iB; /. mA -f m B > wB -f «B, 

or (m 4- w) B> 
butVA + B:B = C+D :D, 

.-. if m (A +B) >(m 4 n)B, m (C +D) > (m + «) D; 

thus mC + m D > mD + »D; 

Irom both sides take m D, .'. mC > nD; 

/.€., ifwiA >nB,mC>«D. 

If m A = n B, then m C = n D, 

and if m A < n B, then m C < nD. 

/. A : B = C : D, by division Def. 16, V. 

Wherefore, ifmagnitudes, ffc, 

AJg. and Arith. Hyp. TaKe a, 8 : i, 2 : : c, 12 : d, 3. 
Alg. Here -,- = 



C.Ii 

t 


Ps^ 1. V. 

5«;j. 1. 
Add. Ax. 4, 1, 


! 

I 


II. 


4 

.0. 


Sab. Ax. .5,1. 


1 

8, 

H 

10 


5w;?. 2. Sim. 
Sup. 3. 5ini. 
Dcf. 5, V. 
Ike. 



£, 



a 



Sub 1 from each ; -. _-i = ^ — i, 

c — d^ 



1. e. 



a — h 



b d 

or a— 6 : b = c— rf : d. 



Arith. 
Sub. 1 



8 



1^ 
3 ' 



81 12 



-1, 



01 



8—2 _ 12—3; 
i.e. -g- •- — 3- 

8^2 : 2 = 12— 3 :3,or6 : 2 = 9:3. 



202 



GBADATIOKS IS EUCLID. 



Cor. 1. Convertendo. — If four Ms, A,B,C,D he proportionals 
A : B = C : D, the^f shall also be proportioiuds hy conversion, i. e.y 
the 1st : lst*^2nd = 5rd : 3rd~4th, — or A : A^B == C : C~D. 

For, invertendo, Pr. B, V. B : A = D : C ; 

dividendo, 17, V. B^ A : A = D*^C : C ; 
invertendo J B, V. A : A*^B = C": C^^D; or convertendo. 

Cor. 2. If four Ms of the same hind, A,B,C,D, he proportionals) 
A : B = C : D, then the greatest -f- the least are together greater 
than the other tiao. 



]). 11 Sup. 1. 

i 
2' 14, V. 

i 
3 H.&17,V. 
4 





6 

7 
8 



'D. 2, 

Add. 

Sup, 2. 

Pr. B, Y. 

Sim. 



9: Rec. 



Let A one of the extremes be the greatest; 

as 12 : 8 = 3 : 2. 
V B< A, /. D<C ; and v C < A, .% D < B 

.*. D is the least. 
/. A : B = C : C, /. A-B : B = C-D : D. 
and V B>D, /. A— B >C-.D. 
To each add B -f D ; /. A+D>C4-B; 
^. e. the greatest 12 -f- the least 2 > the other 

two 8 + 8. 
Let B one of the means be greatest ; 

as 4 : 16 = 3 : 12 ; 
invert, B : A = D : C. 
So, as before, B + C>A+1>, 
i, €. the greatest B 16 + the least C 3 

> the other two 4 + 12. 
.*. the «ina of the greatest and least > the sniu 

of the other two. 



X. B. — This CoroDary is identical with Prop. 25, Bk. V. 

CoR. 3. In three Proportionals, A : B : C, as 2 : 4 : 8, or 9 : 6, 4, 

the sum of the extremes^ A + C is greater than twice the mean, 2 B ; 

and thei^efore half the stan, "^ - of the extremes is greater than the 
mean, B. 

For, if themeanB>C, thenB<A; and if B<C, then B>A. 
.*. the extremes A & C are the greatest M, and the least, 
and as before, in Cor. 2, A + C > B + B, or 2 B; 

and .-. ^^^ > B. 

2 



( 

■ 

J 
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A -I- C 
Use & App. When half the sum of two Ms, — ^ — -, is as much greater 

than the one, as it is less than the other, that halfsum is an arithmetical mean 

2-4-8 
between the two; thus, in -^ — = 5, 8—5 = S, & 5^2=3 ; and 2:5:8 

z 

are in arithmetical progression. Except when the magnitudes are equal, the 

arithmetical mean between two magnitudes, A and C, is therefore greater than 

A -f- C 
the geometrical mean, i. e, the arith. mean, — ^ — > B the geom. mean; 

or ?-±_? I. c, 5 > 4. Geom. Plane, Sol. §• Sph. pp 41 ^ 42. 



Prop. XVIII.— Theor. 

Componendo. If magnitudes taken separately ^ he proportionals, 
they shall also he proportionals when taken jointly^ by composition; 
that is, if the first he to tJie second^ as tJie third is to thefourth, the first 
mid second together skcdl he to the second, as the third and fourth 
together to the fourth. 

" If magnitudes be proportional, thej will also be proportional hy compo- 
sition." —'^clid- 

*' The terms of an analogy are proportional by composition." — Bell. 

Con. Pst. 1, V. Bkm. Def. 5, V.Criterion of the equality of ratios. 
Ax. 3, V. A Ml of a gr. M is gr. than the same m of a less. 

5 V. If one M be the same m of another which a M taken from the 1st 
' is of a M taken from the other ; the rem. is the same m of the rem. 

that the whole is of the whole. 

6 V. If two Ms be equims. of two others, and if cquims. of these Jbe 
' taken from the first two ; Ae rems. eitfcer = these others, or are equims. 

Cor. 4, V. If 1st : 2nd = 3rd : 4th, then any equims. of 1st and 3rd 
the same ratio to 2nd and 4th ; and 1st : 3rd = cquun. 2nd : equim 

4th. 
Pr. A, V. If 1st : 2nd = 3rd : 4^1 ; then it 1st > 2nd, 3rd > ;4tli, 

and if =, = ; if <, <• 

Ax. 2, V. Those Ms of which the same or equal Ms are equims. are 

equal 
Ax. 4, V. That M of which a ?n is greater than the same m of another is 

gr. than that other M. 
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E. 1 

2 

C. 1 



Hyp. 
Cone. 

Pst. 1, V. 



Let AE : EB = CF : FD. 

then AE + EB = : BE = CF + FD : DF; 

i. e., AB : BE = CD : DF. 

Of AB, BE, CD, DF take any equims. Gil, 

HK, LM, MN; 
and of BE, DF any equims. KO, NP. 



1 

no 



K 



G 



32 
MP 



FIG. 1. 

Die 

6 

B8^ 
3 



N 
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;ioE 
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Fia. 2. 
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P38 

6 
M 



N 



10 ,14 



6 

K- B8 
3 
lOE- 



D16 

6 
F- 

10 



C L GAG 



M 
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22 



FIG. 4. 



X 



12 



12 



H 



20 



D16 



K 



6 B 8 F 
3 



10 



E 



10 



20 



GAG 



D. 1 



C. 2. 

Def..5,V. 



•/ KO, NP are equims of BE, DF, & KH, NM 

also equims of BE. DF ; 
.-, if KO > = or < KH, then NP > = 

or > NM. 



Case 1. Let KO > KH, & /. NP > NM. Fig. 1 (L 2. 



D. 1 



C. 1. 



Ax. 3, V. 
5 H.Ax.3,V. 



4 
h 



Sim, 
H. 



•.• GH, HK equims of AB, BE, AB being gr. 

than BE ; 
.-. GH > HK, 

but KO > KH, .-. GH > KO. 
In the same manner LM > NP ; 
•.• KO > KH, .-. GH, a m of AB always > KO 

the same m of BE ; 
.'. also LM the m of CD > NP the m of DF. 
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Case II. Let KO > KH, and /. NP > NM. Fig. 3. 



D. 1 



C. 1. 

5, V. 



I 



3 

4 

5 
6 

7 
8 



Sim, 

5, V. 

D. 2. 

6, V. 



0.2. 
Pst. 1, V. 

6,5. 



' And •/ the whole GH is the same m of tlio 

whole AB as HK of BE, 
.*. rem. GK same m of rem. AE as GH of AB. 

or as LM of CD. 
•/ LM the same m of CD, as MN of DF, 
/. rem. LN same m of rem. CF as the whole LM 

of the whole CD. 
But LM same m of CD, as GK of AE ; 
.-. GK same mof AE, as LN of CF, 
t. c. GK and LN are equims. of AE & CF. 
And •.• KO, NP are equims. of BE, DF ; 
& ••• from KO, NP may be taken KH, NM 

also equims. of BE, DP, 
.% rems. HO, MP either = rems. BE, DF, 

or are equims. of BE, DF. 



Subdivision I Let HO, MP = BE, DF. Fig, 3. 



D. 1 

2 
3 



H&Case2,D.6. 

Cor. 4, V. 
H. 

Pr. A, V. 



V AE : EB = CF : FD, & GK, LN 
are equims. of AE, CF ; 

V GK: EB = LN: FD; 
But H0=: EB & MP = DF, 

/. GK: H0 = LN:MP; 
/. if GK > = or < HO, LN > = 
or < MP. 



SuBD. 2. Let HO, MP bo equims. of EB, FD. Fig, 4. 



D.I 

2 
3 



H. & Case 2,D. 6. 

H. 

Def. 5, V. 

Sub, & Ax, 5, 1. 



VAE : EB = CF : FD, and of AE, CF, 

the equims are GK, LN, 
& of EB. FD the equims are HO, MP ; 
.-. if GK > = or < HO, LN > = 

or > MP; 
but if GH > KO, from each taking KH, 

then GK > HO ; 
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5 
6 
7 
8 
9 

10 

II 

12 



-4tfc?. Ax. 4, I. 

Sim, 

Case I. D. 3, 4. 

C. 

Def. 5, Y. 

Rec. 



.• aliao LN > MP; 

to both add NM /. LM > NP; 

/. if GH > KO, LM > NP. 

So, if GH = or < KO, LM = or < NP; 

And when KO > KH, then GH > KO 

& LM > NP; 
but. GH, LM equims of AB, CD, & KO, 

NP of BE, DE ; 
/. A B : BE = CD : DF, 

L e.y AE + EB i BE=OF + PD : DF, 
Wherefore, if magnUtudes taken separately 

^c. Q. E. D. * 



Otherwise. If A : B = C : D ; — and of B, U any like pts, as the nth, be 
contained in A. C, f» timcsexaetljr, or with like remainders ; i. e. if m B =r A, 
& m D = C, — then those parts will be contained in A + B & C -f D, the 
same number of times exactly, m-\- n wiih the same remainders ; 
/. by Def. 5,V. A -f B : B = C + D : D. 



Cor, A:A + B = C:C + D. 

By indirect Proof. 

Hyp. 
Cone. 
Sup. 



E. 1 

2 
D. 1 

2 

3 H. 17, V. 

4 H. 11,V. 

5 9, V. 

6 Cone. 



If A :B=C :I>, 

then A + B : B=C + D : D. 

IfC+ D : DgfcA + B :B, 

let d 4- rf : rf = A -f B : B; and rf ^ D. 

•/ A + B ; B = C 4- rf : rf, .-. A : B = C : J. 

but A : B = C : D, /. C: D = C : d. 

/. D = </, contrary to the liypothesis ,• 
/. A + B : B =r Cf + D : D. 



Alg. ^Jmik, M^ 
Alg. 



(+ 1) 



Ariih. 



C+1) 



t. e. 



a 5 :b3=sel0 : d (J. 
Liefi cu : b =s< a : d, 

or, a-\-h'.h = c--|- d : d. 
Let 5 : 3 = 10 : 6, 

A + 1 = .10 + ,, 

y 6 ' 



6 

or, 8:3=16: 6. 
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TJsE & Appl. This method of reasoning is often employed. By an 
extension of it, as indicated in the Corollary, we find that the terms of a pro- 
portion ore also proportional by addition. For, X^et A : B =: C : I), — 
then,cKif«n<2o» A : A -f B = C : C + D; 

Invertendo. B ; A=:B : C; Componendo, 18, V. A+B : A = C+D : C; 

.\ invert. (A, V.) A : A + B = C : C -|- D. 



Pbop. XIX. — Theor. 



If a whole magnitude be to a whole, as a magnitude taken frorrii 
the first is to a magnitude taken from the other ; the remainder shall 
he to the remainder as the whole to the whole. 

" If a whole be to a whole as a part taken away to a part taken away ^ the 
I*art left is to the part left, as the whole is to the whole." Euclid. 

" If four magnitudes, which are all of the same kind, be proportional, the 
first being greater than the third, and the second than the fourth ; then the 
excess of the first above the third, shall be to that of tiie second above the 
fourth as the second is to the first." — Hose. 

Dem. 16, T. Altemando; — 17; Y. "DividendQ; LI, V. Ratios the same 
to the same ratio are the same to one another. 



E. 1 


Hyp. 


2 


Cone. 


B. 1 


H. & 16, V. 


2 


17, V. 


a 


16, V. 


4 
5 


H. 
11, V. 


6 


iRec 



15 



Let the whole AB : the whole CD = a pt. AE 

from AB : CE a pt. from CD ; b . 
then rem. EB : rem. FD = the 

whole AB : the whole CD. 
•/ AB : CD = AE : CF, 

/, alt. BA : AE=DC : CF; 
& \' Ms jointly are propl., — E 

separately they are also; 
.\ BE : EA = DF : FC, 

& alt. BE : DP = EA :FC f 
but A E : CF = AB : CD; 6 

.•. rem. BE : rem. DF = in- ^ 

teger AB : integer CD. 
,\ If a whole magnitude, ^c. - Q. E. D. 



1> 10 



F 



C - 



208 GRADATIONS IN EUCLID. 

OtlicrwisCf 



2 
3 

4 



Hyp. 

16,V.&17,V. 
16, V. 
Cone. I 



•.• A : B= C : B, C being < A & D < B ; 

/. alt. A : C=B : D, & dw.A--C : C = B-D : D. 

Again alt. A-C : B-D = C : D. 

but A : B = C : D, .-. A— C : B-D = A : B. 



Cor. 1. Also the remainder shall he to the remainder as the 
7nagnitude taken from the first to that taken from the other. 



Or. " the excess of the first above the third to that of the second above 
the fourth, as the third to the fourth. — Hose. 

V A-C : B-D = A : B; and C : D = A : B; 



/. A-C : B— D = C : D. 



Cor. 2. If any magnitudes, A, B, C, D &c. are in Geometrical 

Progression, i.e., A : B:C : D &c., the differences, A^v^B, : ~B :C 
CD &c, — ivill form a geom. progression, A*wB: B'wC : C^^D 
&c. — the successive terms of which have the same ratio with the suc- 
cessive terms of the former. 



D. 1 
2 



H. 

19, V. 



V B : C = A : B, & C : D = B : C &c. 
.\ A oo B : B oj = A : B, 

&Bc^C:CooD = B:C, 
L e., as A to B, i, e. as A o^ B to B n^ C; and soon. 



Cor. 3. And conversely, any number of Magnitudes,, A, B, Cj P 
&c. in geometrical progression, A : B : C : D&c,, m^y he considered 
as the differences of other magnitudes A, B' C' D' &c., fanning a 
geometrical progression in which the first term A' is to A as A to 
A c>o B, A' to B' as A to B &c., and the successive terms have 
the same ratio ivith the successive terms of the former* 



For let a progression be taken in which A' : A = A : A <x; B, 
and A' : B' = A : B. 
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D. 1. H. Cor. 1, 17, V. 

H. 9, V. 

I 

3; D. 2. 14, V. 
4i Cor. 2, 19, V. 



5 
6 



14, V. 
Remk. 



Cone. 



Then •.• A' : B' = A : B, 

.•. convert. A' : A' ^ B' =A : A /^ B ; 
but A' : A = A : A ~ B, 

.'. A' : A' ~ B' = A' : A. 
and •/ 'the 1st A' is the same with the 

third A, /. A' ^ B' = A. 
but A ^ B', B' ^ C, C' -- D'&c, form a 

progression 
in which A' - B' : B' *w C = A' : B', 

t. €. = A : B ; 
.-. B' - C == B, C' ~ D' = C &c. 
But the progressions A, B, C, D &c. and 

A' - B', B' ~ C, C - D', D' - E' &c. 

have the same first terms and the same 

common ratio, 
/.those progressions cannot but be identical. 



Geom.Pl Sol. ^ Sph. p. 42, 53. 

Alg. jr Arith. Hyp. Let a =^ 15, 5 = 10 be two Ms; A = 6 & y = 4 the 
respectiye parts. 

Alg. By Hyp. T=T' 

ay=zbx. 

we have to prove that v— = -r-' 

b—y b 

clearing firactions, ab—bx ^ ah ^ by ; 

subtract ab, .'. 6j: = ay as before. 

Because of this identity of products the quantities must be in proportion ; 

/, a—x : b — y z= a : b. 



Cob. 



Let 4 = — » •'• ay = **(!) 
b y 



a 



Arith. 



To prove that , 

" a^^o X — y 

clearing fractions ax^ay s= ox — bx\ 
Subtract aXf ay^^bx, an identity with (1); 

a : a—b = x : x — y. 

15 _ 6^; 
10 "" 4 






to be proved 



15 X 4=10 X 6. 

1 5-6 _. ly 
10-4 10 » 
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clearing, (15 X 10) - (6 X 10) = (10 X 15) — (4 X 15), 

take away 15 x 10 /. 6 x 10 = 4 x 15. 



Now 






6xl0&;4xl5 give identical products. 
15 - 6 : 10 — 4 = 15 ; 10. 



'• C7«a 



9 : 6 = 15 : 10. 



15 6 



10 X 6 (1). 



To prove that ^,^__,^ —^_^ , 

clearing, (16 X 6) - (15 X 4) =i= (15 X 6)-(lO X 6)j 

Subtract 15 x 6, and 15 x 4 m 10 X 6, an identity; 

• 15 : 15-10 = 6 : 6-4^ i.e. 15 : 5 «= 6 ; 2. 



Prop. E. — Theor. 

Oonvertendo'. If four magnitudes be proportionals, they are 
also proportionals hy conversion : that is, the first is to its excess 
above the second, as the third to its excess above the fourth. 

** If fonr magnittides be proportional, the first being greater than the second, 
and the third than the fourth; then the first shall ht to its excess above the 
second, as the third is to its excess above the fourth."— Hose. 

** The terms of an analogy are proportional by conversion." — Bell. 

Dem. 17, V. dividendo; B, V. invertendo; 18, V. componendo. 



E. 1 

2 

D. 1 

2 
3 



Hyp. 
Cone. 
H. 

17, V. 
Pr. B, V. 

18, V. 



Bee. 



Let AB : BE = CD : DF; B 
then BA:AE = DC:CF. 
•/ AB : BE = CD : EF, 

AB being > BE, & CD > EF, 
/. div, AE : EB = CF : FD. 
and invert BE : E A = DF : CF, ^ 
^Therefore comp, BE + AE : AE 

=F D + CF : CF, a 

i, e, BA : AE = DC : CF. 
If therefore four magnitudes, SfC,, 



12 



8 



D 



F-1 



Q. E. D< 
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D. 1 
2 
3 



Or, If A : B = C : D, by conversion, A:A — B=:C:C — D. 

D :D. 



H. & 17, V. 
Pr. B, V. 
18, V. 



'/ A ; B = C : D; /. div, A 
and «ni;. B : A — B = D : C 
/. comp. A : A — B = C : C 



B :B = C 

D; 

D. 



Alg. J- Arith. Hyp, Letal2:&9 = c8:rf6, then a 12 : a±^ 6 12+9 
= c8:c + <t8 + 6. ~ 



Alg. 



Arith, 



f- = ^ , and by comp. & divid. _? ±^ c + rf . 

h d , 



by inyerting the fractions, 



o + 6 c + rf 



multiply one side by — ^, the other by ^ ; 



then. 



ah 



&_£fL__ 



dA + As a 4- 6 c</ 4-d» 

/, a : a +_b = c : c -^ d. 



c 

T^fd' 



il = -£.; con^. and diy. !i±_9 = « + ^ 
9 6 9 6 

9 6 . 



invert ; — -i. ■ , 

12 + 9 ^ 8^. 6 

12 

multiply one side by — , the other by 



8 



then 



12 



8 



12-4-9 



8 + 6 



12 : 12 + 9 = 8 : 8 + 6. 



Use & App. Among other results, Prop. E., bk. V., leads to the following 

1. If any number of Ms be in continued proportion, aa A : B : C : D : E, 
the difference between the first and second terms, A rx; B, w to the first A, as 
the difference between the first and last, A oo E, is to the sum ofaU the terms, 
exhept the last, A + B + C + D. 



D.l. 

2 
3 



H. & Def. 10, V. 

12, V. 
Pr. E, 5. 



P. B. V. 



•.•A:B=B:C; B:C = C;DandC:D = 

D :E. 
.\A:B = A4-BH-C + D:BH-C + DH-K 
.-. Conv.A :A(N;B = A-fBH-C + D:Acv»E; 

B being > A and D > C; 
And •/ ( A + B + C + D) — (B + C + D + E) 

= A(x;E, 
.\ A^B : AsstAjn^E : A+ B + C+ D. 
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2. In a series of continued proportienah^ A : B : C : D : E, &c., the 
differences of the successive terms A fxj B, B ro C, C (v* D, &c., are also in con- 
tinued proportion, — AooB: B(>oC: C<^I), and B rv C : C ro D = 
C <v> D : D f>o E. 

Case 1. Let A > B, — the series is continually decreasing ; then A — B : 
B — C = B — C:C-rD, andB — C:C-D = C — 6:D — E. 

•.' A : B = B : C, .\ div, A — B : B = B — C : Cj 
and aitem. A— B:B — C = B:C, 
So, •/ B : C = C : D, .-. B— C : C— D = C : D. 
but B : C = C : D, /. A — B : B — C = B — C 

:C — D. 
SoB--C:C — D=C — D:D — JJ; 
.•.A — B:B — C :C — D:D — E, are continued 

proportionals. 

Case II. If A < B, the series is continually increasing. 
By a like method this case is also proved. 

3- In an infinitely decreasing series of Magnitudes in continued proportion^ 
the first term, A, is a mean proportional between its excess above the second^ B, 
and the sum of the series. 

Let A, B, denote the Ist and 2nd terms, — Z the last term, and S the sum 
of the Series, then, as in the last example bnt one. Use 1, E, V., A— B : A=Z: 
iS— Z. Bat the last term Z may be less than any magnitude or quantity we fix 
ou, however small ; and hence to the values of A— Z and S—Z there will be 
limits namely A and S. 

.-. A-B : A = A : S. 



D. 1. 
2 

3 

4 


H. 1 7, V. 
16, V. 
Sim. 
H. 11, V. 


5 
6 


Sim. 
Rec. 



Prop XX — Theor.. 

If there he three magnitudes, and other three, which, taken two and 
two, have the same ratio ; then if the first be greater than the third, the 
fourth shall be greater than the sixth, and if equal, equal ; and if 
less, less. 

Dem. 8, V. The gr. M a gr. ratio. 

13, v. If 1st : 2nd =: 3rd : 4th, but 3rd : 4th > 5th : 6th, the 1st : 
2nd > 5th : 6th. 
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Cor. 13, V. If Ist : Snd > 3rd : 4th, but 3rd : 4th = 5th : 6th, the 
1st : 2nd > 5th : 6th. 

10, V. The M with gr. ratio the gr. of two Ms. 
7, y. Equal Ms. the same ratio to the same M &c. 

11, V. Ratios the same to the same r. the same to one another. 
Fr. B, y. Invertendo. 9, y. Ms. with the same ratio equal &c. 



E. 1 
2 
3 



Hyp. 1. 
Hyp- 2. 
Cone. 



Let there be three Ms. A, B, C, & three other Ms. D, E, F ; 
letA:B = D:E, &B:C = E:F; 
if A > = or < C, then D > = or < F. 



8 



Fig. I, 



4 4 



2 



Fig. 2. 



8 8 

6. 



4 4 

8 



14 



12 



Fig. 3. 



10 



ABCDEF ABGDEF ABODEF 



Case I. Let A > C, then D > F. Fig. i. 



D. 1 
2 
3 


H. 

8, V. 
H&13,V. 

H&B,V. 
D. 3, Cor. 13, V. 
10, V. 


V A > C,& Bis another M; 

/. A : B > C : B. 

bnt D : E = A:B, /. D : E 

> C: B. 
And •/ B : C = E : F, /. im 
and V D:E> C: B, /. D 
/. D > F. 


A. B. C. 
D. E. F. 


4 
5 
6 


i;.C:B = F:E; 
:E> F:E; 



Case II. Let A = 0, then D = P. Fig. 2. 



D. 1 
2 
3 



H. & 7, V. 

H. 

11,V.B,V.9,V. 



•.'. A = C, .-. A : B = C : B; 
bnt A : B = D : E, & C : B = F 
.-. D : E = F : E, & /. D = F. 



E; 
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Case III. Let A < C, then thm D < F. Fig, 3. 



D. 1 
2 
3 



H. & Case 1. 
Case 1. 
Eec. 



V C>A,andC:B = F:E,&B:A=E:D; 
/. F>D, I.e., D<F. 
Therefore, if there he three magnitudes, &c. 

Q.E.D. 



Arith. Hyp, Let the Magnitndes be represented by nnmbers. Case I. 
by 8, 6, 4, 4, 3. 2 ; Case 2. by 8, 6, 8, 4, 3, 4 ; and Case 3. by 5, 6, 7, 10» 12, 
14. 



Case 1. If f = 

Case 2, If| = 

Case 3. If^r 
6th 14. 



^, and S = -| ; then the 1st, 8 > 3rd, 4, & 5th, 4 > 6th 2 
-|, and -I = -J ; then the 1st, 8=:3rd 8, & 4th 4=6th 4. 
ijo, and^^ = i| ; then the 1st 5 < 3rd, 7, &4th 10 < 



ScH. The Proposition is also ennnciated, with reference to the formula 
annexed, ''If the first mag^itade, A, be to the second B, as the 
third, C, is to the fourth,!) ; and, if the second B, be to the fifth 
E, as the fourth, D, is to the sixtii, F ; then the third, C, shall 
be gieater than, equal to, or less than t^e sixth, F, according as 
the first, A, is greater than, equal to, or less than the fifth 
E."— Hose. 

There are of course three Cases, A > E, A ^ E, and 
A < E, to be proved as in the foregoing proposition from 
Simson's text 



A. 


C. 


B. 


D. 


K 


F. 



Prop. XXI.— Theor. 



If there he three magnitudes and other three which have the same 
ratio taken two and two, hut in a cross order, i. e. in proportione 
perturbata, in disturhed proportion ; then if the first magnitude he 
greater than the third, the fourth shall he greater than the sixth ; and 
if equal, equal; and if less, less, 

Dem. 8, V. 13, V. Pr. B, V. invertendo; Cor. 13, V. 10, V. 7,V. 11, V. 
and 9,V. 



PROP XXI. BOOK V. 



215. 



E. 1 Hyp. 1 



2. 



Cone. 



Let there be two series of Ms, 
A, B, C and D, E, F : 

and let A : B = E : F, and 
B: C = D: E; 

then, if A >, =, or < C, 
D >,=, or < F. 



A. B. C. 

D. B. F. 



12 





Fig. 


I. 








Fig. 


2. 


Fig, 


3. 




10 
1 


8 8 




6 6 6 6 

II 1 1 


7.5 






1 


4 • 4 


4 


















3 1 






3 






























2 















































A B C D E F 



A B C D E F 



A B O D E F 



Case. L Let A > C, then D > F, Fig, 1. 



D. II H. & 8, V. 

H. & 13, V. 
3| H. Pr. B, V. 



4 
5 



D. 2. Cor. 13, V. 
10, V. 



.*. A > C, and B another M, 

/. A : B > C : B; 
but E : F = A: B, /. E : F > C :B; 
& •/ B : C=D : E, .-. inv. C : B =E : D; 
& •/ E : P > C : B, /. E : F > E : D; 
/. F < D, t.6., D > F. 



Case XL Let A ^ C, then D = F. Fig. 2. 



D. 1 
2 
3 
4 



H & 7, V. 
H. D. 3, Case! 
11, V. 
9, V. 



V A = C, /. A: B= C: B; 
bnt A : B = E : F, & C : B = E : D, 
/. E : F = E : D ; 
and /. D = F. 



D. 1 
2 
3 
4 



Case III Let A < C, then D < F. Fig. 3. 
H & D. 3, Case I. 



Case I. 
Bee. 



•/ C > A, /. C : B = E : D, 
andB: A = P: E; 
/. F > D, I. e. D < P. 

Therefore, if there be three magniiudesy ^c, 

Q. E. D. 
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Arith. Hyp. Let the two series of three magnitades each be represented by 
numbers,— Ca« 1. by 8, 6, 4, 6. 4, 3; Case 2. by 4, 6, 4, 3, 2, 3 : and Case 3. 
by 5)6,8,7.5,10,12. 

Case I. If f = f, & S = f ; then if 1st 8 > 3rd 4, the 4th 6 > 

6th, 3. 

Case 2. If | = f & f = |; then if 1st 4 = 3rd 4, the 4th 3 = 6th, 3. 

Case 3. If f = If , & f = ii? ; then if 1st 5 < 3rd 8, the 4th 7.5 
< 6th 8. 

ScH. The following is a variation of Prop. 21, haying reference to the 
annexed formula ; ** If the first magnitude. A, be to the 
second B, as the third C is to the fourth D; and if the 
second, B, be to the fifth, E; as the sixth, F, to the third* 
C; then the sixth, F, shall be greater than, equal to, or 
less than the fourth, D, according as the first, A, is greater 
than, equal to, or less than the fifth E." — Hose. 

Again, there are three Cases, A>E, A=:E, & A<E; and the 
demonstration depends on the same principles as those employed in Simson's 
Text 



A. 


C. 


B. 


D. 


. E. 


F. 







Prop. XXII.— Thbor. 

Ex 8Bquali, or ex aequo, by equality. If there be any number 
of magnitudes and as many others^ which taken two and two in order^ 
have the same ratio ; the first shall have to the last of the first mag- 
nitudes, the same ratio which the first has to the last of the others, 

' If there be any number of magnitudes, and as many others, which taken 
two and two, have tiie same ratio, they shall have the same ratio by equalitj."— 
Euclid. 

Con. Pst. 1, V. Dem. 4, V. In an analogy equims. of Ist and 3rd have 

the same ratio to any equims. of 2nd and 4th. 
20, V. In the two series of 3 Ms, which taken two and two have the 

same ratio, of the 1st > =: or < 3rd, the 4th > = or < 6th. 
Def. 5, y. Criterion of the equality of ratios. 
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Case I. Let there he two series of three Msy A, B, C, and 
D, E, F. 



E. 1 I Hyp. 
2 Cone. 



LetA:B = D:E, <feB:C = E:F; 
then A : C = D : F. 



16- 



12 



8- 



G 8 

.K 6- 
M 4 



-B 
-C 



D 4 H 

E 3 L 

F-2 N- 



8 



C. 1. 

D. 1 
2 

a 

4 
5 



Pst. 1, V. 

H& C. 

4,V 
D. 2. 

20, V. 

C. 

Def. 5, V. 



Of A,D take equims G,H ; of B,E equims K,L ; 

and of C,F, equims. M,N. 
•/ A : B = D : E ; & G,H equims of A,D, 
and K,L, equims of B,E ; 
/. G:K==H:L; &K:M = L:N; 
and *.* G ,K,M are 3 mags.. <& H,L,N, 8 others, 
which taken two and two have the same ratio ; 
/. if G >, = or < M, H >, =, or < N. 
But G,H are equims. of A,D ; M,N equims of C,F; 
.-. A : C == D : F. 



Case II, Let there he two series of four Ms each, A,B,C,D and 
E,F,G,H. 

E 1. Hyp. Let A : B = E : F; B : C = F : G, 

and C : D = G : H; 
2 Cone. then A : D = E : H. 



A. 


12- B. 


6 — 


C. 


18- 


-D. 


36. 


B. 


6 — F. 


3 — 


G 


9.— 


-H. 


18. 


Then A 12 : 


D36 


— 


E6 


:H 18. 



D. 1 



2 

3 



H. 



Case 1, 

H. & Case 1, 

Sinij 

Bee. 



•/ A, B, C, are 3 Ms, and E, F, G, three 
others, which taken two and two haye the 
same ratio; 

.'. A : C = E : G ; 

but C : D = G : H, /. A : D = E : H. 

And in a similar way, whatever be the num- 
ber of Ms. 

Therefore, if there he <my number ^c. 

Q. E. D. 
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Alg, (r Arith. Hyp. Take the two series of quantities, a 12, b6,c 18, and 
a 6, 6 3, c 9. 



Alg. 



Arith, 



By Hyp. 
Multiply. 
We have 

By a 
Mult 
We have 



O h' c c' * 

J- X ^, and ^, X -^; 



a 6 a _ 

-T- 1 or — = -^T--, or -7 ; 
o c c b' & c 



L e. 



a' ft' 
TV 
a : cssa' : &. 



1%, orlf,&i^, or|. 
12 : 18 = 6 : 9. 



I.e. 



Cor. Whatever be the number of Analogies, — for instance, 
three, i. c. A : B = C : D;, B : E = D : F, and E : G = F : H; 
if they are so constituted that the second and fourth terms of each, 
as B & D, form respectively the first and third of the next, as 
B & D ; then A, the first term of the next proportion shall be to 
the second of the last, as the third of the first proportion to the 
fourth of the last. 




\A2 :L9 = C4 



:Mda| 



In other words, — " Jtatios compounded of any number of equal 
ratios in the same order, are equal to one another.'* 

For, by Hyp. •/ A : B = C : D, and B : E = D : F, 

/. A : E = C : F. 
And again, •.• A : E = C : F, and E : G = F : H: 

/. A : G = C : H. 

And so on, whatever be the number of proportions. 



f 



1 
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ScH. The 22nd Prop, may be thus varied ; " If the first Mag. A, be to 
the second B, as the third C, is to the fourth D ; and ii the second Mag. B, 
be to the fifth E^ as the fourth D is to the sixth F ; then the first A shall he to 
the £fth E, as the third C, is to the sixth E."— Hose. 

m 

A similar process of reasoning is to be followed, as in Case 1 and 2, Pr. 32 



G. A. C. 


H. 


K B. D. 


L. 


M. E. E. 


N. 



Use afd App. By combining the principles contained in Props. 18, 17 
and 22, t. e. componendo, and ex aquo, we arrive at the farther truth, that 

ProportUmaU remain proportional miscendo, hy mixing^ or as it is some- 
times named,— by using the sum and difierence. 



E. 



D. 1 
2 
3 

4 
5 



Hyp. 
Cone 



18, V. . 
17, V. 
Pr.B,V. 
D. 1. 
22, V. 



Let A : B = C : D ; 

then AH-B:Afv>B = C + D:CooD; 

adopting A — B, or B — A and C — D or D— C, 

as B < or > A, and C < or > D. 
Comp. A + B:B = C-|-D:D; 

Div. A — B:B = C— D:D; 
Inv. B:A — B = D:C — D; 

hut A -f- B : B = C + D : D ; 

Ex aquo A + B : A— B = C + D : C — D. 



Prop. XXIII.— Theo^. 



Ex asqno pertnrbato. If there he any nurnber of magnitudes^ and 
as many others, which taken two and two in a cross order, have the 
same ratio ; the first shall have to the last of the first magnitudes the 
same ratio which the first has to the last of the others, 

"If there be any number of magnitudes, and as many others, which taken, 
two and two, have the same ratio, and their proportion be disturbed, they shall 
be in the same ratio by equality."— Euclid. 

N. B. This Proposition is usually cited by the words, " ex aqucdi in pro^ 
portione perturbatd, by equality in perturbate proportion; or **ex aquo pertwr^ 
bate, by perturbate equality. 
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Con. Pst. 1, y. Dem. 15, Y. Ms have the same ratio as their eqnims. 

11, y. Ratios the same to the same ratio, the same to one another. 

4,y. Eqnims of the 1st and 3rd have the same ratio to eqnims of 2nd 
and 4th, 

21, y. Two series of S Ms. in each having thesame ratio but in a cross 
order. 

Def. 5, y. Criterion of the equality of ratios. 

Case L Let there he two series of 3 Ms^ each, A,B,C,D,E,F, 
which taken two and two in cross order have the same ratio. 



E. 1 
2 

G. 1 
2 



Hyp. 
Cone. 
Pst. 1, V, 



» 



LetA:B = E:P, &B:C = D:E; 
then A : C = D : F. 
Take of A,B, D any equims. (},H,K ; 
and of C,E,F any eqnims. L,M,N. 



12 



8 



16 



1^ 



8 



6 



LH6 ABC DEF KMN 



8 



D. 1 
2 
3 
4 

5 
6 



7 
8 



C.&15,V. 
Sim. 

H&11,V. 
H. 

4,y. 

D.3. 



21, V. 
C. 1&2. 

Def. 5, V. 



".' G,Hare eqnims. of A,B; /. A : B=G : H, 
•/ M,N are equims of E,F, /. E : F = M : N; 
bnt A : B = E : F, /. G : H = M : N; 
And •/ B : C=D : E, & H,K are eqnims of B,D, 

& L,M equims. of C,E ; 
/. H: L = K: M; 
now G : H = M : N, and G,H,L — K,M,N, 

are two series of 3 Ms. each, and taken in 

cross order two and two, they have the same 

ratio ; 
/. if G >, =,or <L,K>, =or < N; 
but G,K, any equims. of A,D. & L,N any equims. 

of C, F ; 
.-. A : C = D : F. 
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Case II. Next, let there he two series of four Ms, eachy 
A, B, C, D, and E, F, G, H which taken two and two in a cross 
order also have the same ratio ; 



E. 2 

2 



Hyp. 

Cone. 



[And let A : B = G : H; B : C = F : G; 
andC:D= E : F; 
then A : D = E : H. 



A2 


£3 


C4 


D12 


E5 


P15 


G20 


H 30 







A 2 : D12 = E5; H30 



D. 1 



2 
3 



4 
5 



H. 



Case 1. 
H.&Cas«l. 
Sim. 
Rec. 



•/ A,B,C & F,G,H, are two series of 3 Ms each, 
and taken 2 & 2 in a cross order have the same 
ratio. 

.• A : C = F : H ; 

but C : D = E : F,'.-. A : D = E : H. 

And so on, whatever be the no. of Ms, 

Therefore, if there be any number^ &c. Q. E. D. 



Alg. ^ Arith. Hyp, Let o = 8, 6 = 6, c = 4; a' = 6, 6'= 4, c'=3. 



Alg. 



By Hyp. 

Multiply ; 
i. e. 



a _ b' ^. b a' 
V a' 



ah O' a' a a' 

^— or — 

be d b" c ^ V 



Arith. 



-.4 o, 6 '_ 6 

= 3-' ^ r = r 



1. e. 



a ^ c = of : c , 

6 

8X6 4X6 ^^8 6 

- ^ , _^ SSI . or MM • ■ ■ 

6X4 3X4' 4 3' 

8:4 = 6:3. 



lUuatration, If A 12 : B 6 

£ 4 : 1' 12 




C 3 : D 9, 
66:H3, 



then, A 12 : D9 



£4 :HS. 
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ScH. There are difieient ways of announcing Prop. 23. 

1. Ratios, compotmded of any number of equal ratios, but in reverse 
order, are equal to one another ; 

For let there be the two series, A,B,C,D and E,F,G,H ; 
As before, Pr. 23 Case 2, if A : B = G : H, 

B : C = P : G, 

and C : D =s E : F ; 

then, ear (equo perturbato, A : D = E : H. 

2. In any two Series of Magnitudes, A, B, C & D, E, F, which taken two 
and two in a cross order, have the same ratio, if A, the first M, be to B, the 
second, as C the third is to I) the fourth ; and if B, the second, be to E the 
fifth, as F the sixth, to G the third ; then the first A is to the fifth E, as the 
sixth F to the fourth D. 

And if there be any number of Analogies ; for instance three : and if the 
second and third terms of each 
Analogy form respectively the first 
and fourth terms of the next *, then 
the first term, A of the first Ana- 
logy, shall be to the second, G, ot 
the last, as the third term H, of the 
last, is to D the fourth of the first. 

The same conclusion would follow were the number of Analogies four or 
more. 



A 12 : 


B 6 


= C 6 : D 3 


B 6 : 


E 4 


= F 9 : C 6 


E 4 : 


G 2 


= H 18 : F 9 


H 12 : 


G 2 


= H 18 : D 3 

.1 



PR0I». XXIV.— TflfiOR. 

If the first hds to the second the same ratio which the third hai 
to the fourth; and the fifth to the second the same ratio which the 
sixth has to the fourth ; the first and fifth together shall have to the 
second, the same ratio which the third and sixth together have to the 
fourth. 

Dbm. Pr.. B« V. Four Ms being proportionals are proportionals tnvertdj/> 
22, V. Ex aquo. 18, V. Componendo. 

Pr, A, V. If Ist : 2nd = 3rd 4th,— then if Ist > =s or < 2nd, th« 
3rd> = or < 4th. 17, V. DividendQ. 
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E. 1 

2 

D. 1 



3 

4 
5 

6 



Hyp. 
Cone. 

H. & Pr. B, V. 

H.&D. 1. 

22, V. 
18, V. 
H. & 22, V. 

Eec. 



H 



21 



G 



14 



12 



8 



E- 



Let AB : Ca=DE : F, 

and BG : C=EH : F ; 
tlien AB + BO, t.e.,AG 

:C=DE + EH, 

». c. DH : F. 
V BG : C=EH : F, 

mdinv. C: BG = F: 

EH; 
and •/ AB : C=DE : F, 

and C : BG=F : EH; 
.\ ex aq, AB : BG = DE : EH; 
/. comp. AG : BG=DH : HE ; 
butGB: C=HE: F; 

.-. exeeq. AG : C = DH : F. 
•. If the first has to the second, ^c. 

Q. E. D, 



B 16 2 



9 
D F 



Arith. IllusU If A B 6 



BG 8. 



2, 



DE 9. 



EF 12. 



F3. 



Then AB + BG :C =DE.+ EH:F; 
Or, AG U : C2 = DH21 : F3. 



Cor. 1. On the same Hypothesis being made, the first how- 
ever, being greater than the fiMi and the third than the sixth, it 
follows, that "<Ae excess, AG, of the first, AB, above the fifth, BG, 
shall he to the second C, as the excess, DH, of the third D E, above the 
sixth, EH, is the fourth F; or, in other 
words, the difference between the first and 
fifth shall be to the second, as the difference 
between the third and sixth is to the fourth. ^15 



E. 1 



Hyp. 



D. 3, Pr. A. V. 



LetAB: C = DE : 
F, and BG : C = G 
EH : F, AB being 
>BG; 

and .-. AB : BG =x j 
DE:EH,& DE>EH5 



i 



E 10 

6 

•I 

4 
D 



2 
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S\ Cone. 



D. 1 

2 
3 



H. 

17, V. 

H.' & 22, V. 

Kec. 



then AG, t. e. AB— BG : C = DH, 

t. e, DE-EH : R 
•/ AB : BG = DE : EH, AB being > BG 

and DE > EH ; 
/. div, AG: BG = DH; EH; 
^nd V BG: = EH: F; 

.-. ex. €Bq, AG: C = DH : F. 
'. the excess of the firsts ^c. Q. E. D. 



Cor. 2. The Proposition holds true of tiro ranks of magni- 
tudes whateyer be their number, of which each of the first rank has 
to the second magnitude the same ratio that the corresponding one of 
the second rank has to the fourth magnitude ; Or, in any number of 
Proportions, if the second term, B, is the same throughout, and 
also the fourth term, D, the same ; tlien the sum of all the first 
terms, A + E + G, is to the common second term, B, as the sum 
of all the third terms, C + F + H, is to the common fourth 
term, D. 



A4 : 


B2 = 


C6 : 


D3, 




E6 : 


B2 = 


ri2 : 


D3, 




GIO : 


B2 = 


H15 : 


D3. 




A+E-f G 22 


:B2=: 


C+F+H33 ; 


D3. 



E. 1 



2 

D. 1 

2 

3 



Hyp. 



Cone. 
H. 

18, V. 
D. 2, & H. 

18, V. 
Sim. 



I Suppose three proportions so constituted, that 
A:B = C:D; E:B=:P:D, 
and G : B= H : D ; 

then A + E + G:B=C + F + H:D. 

•/ A : B = C : D, and E : B = F : D; 

/. A + E : B = C + F : D. 

And •/ A + E : B = C + F : D, 
and G : B= H : D ; 

.-. A + E + G : B = C + F + H : D. 

In the same way for any number of proportionB* 



I 
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ScH. Prop. 24 may also be expressed,-—** i/'fiijo series of Proportionals have 
the same coTtsequents, B, D, the sum of the first antecedents, A + E, shall be to 
their common consequent, B, as the sum oj the second antecedents, C + ^> ^ 
their common consequent, D. 

Let A : B = C : D, and E : B s=: F : D; 

Then A+E:B = C + F:D. 

•.' E : B = F : D, /. inv. B : E = D : F; 

bnt A : B = C : D, /. «x. «9. A : E =y C : F; 

and ccmp. A-|-E:E=sC-fF:F. 

Again, E : B ss F : D; 

/. ex ofquo A + E : B ass C + 7 : D. 

Cor. 1 . Thns also by dividendo instead of componendo,—" If two propor- 
tions have the same consequents, the difibrence of the first antecedents shall oe to 
their common consequent, as the difference of the second antecedents to their 
common consequent 



£. 1 


Hyp. 


2 


Cone. 


D. 1 


H. 


2 


H. & 22, V. 


3 


18, V. 


4 


H. 


5 


22, V. 



E. 1 I Hyp. 
2 CoDC. 



LetA:B = C:D, andE:B = F:D; 
then A-E : B = C — F : D. 



Cor. 2. And if four magnitudes form a proportion, A 10 : B 5, = C 6 : D3, 
then miscendo, using the sum and difference, as in Uue & App. Pr. 22, Y.. the 
turn of the first and second, A + B, ii to their difference, A oo B, a« the sum of 
tfte third and fourth, C + D to their differenced — D* 



D. 1 


18. V. 


comp. 


A-fB:Bs=:C+D:D: 


2 


17, V. 


div. 


A-B:B = C — D:D; 


3 


B. V. 


inv. 


B : A— B=D :C— D; 


4 


22, V. 


ex teq. 


A + B : A — B=C + D 



C— D. 



Cob. 3. In any number of magnitudes of the same kind forming two 
series, one A, B, C, D, £, F, &c., and the other as many, G, H,I, K, L,M, &c. 
—if the ratios of the first to the second, A : B, or G : H; of the second to the 
third, B : 0) or H : I; of the third to thefourtht C : D, or I : E; and so on, 
be the same in the two series; then^ any two combinations whatever, miscendo, 
^•t., by the sum and difference of the magnitudes of the first series, A + C — 
E, and B — C -h D, shaU he to one another as two similar combinations of the 
(corresponding magnitudes of the second series, G -f- I — L, and H — I -f K. 
See Geom, Plane, Sol. jr Sph, p, 65. 
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Prop. XXV.— Theor. 

If four magnitttdea of the same kind are proportionals, the 
greatest and least of them together are greater than the other two 
together. 

Con. 2 & 3, 1. To draw a line equal to a given at. line, and fixmi a gr. 

line to cut off a part equal to the less. 
Dem. 11, V. Ratios the same to theeamo ratio are the same to one 

another. 
7, y. Equal Ms the same ratio to the same M, and conversely. 
19, V. If a M ; a M s=: a pt : a pt. — the rem : the rem. s= the M : 

theM. 
A, y. If Ist : 2nd = 3rd : 4th, then, if 1st > = or < 2nd, 8rd, > 

= or < 4th. 
Ax. 2. 1. If equals he added to equals, the wholes are equal. 
Ax. 4, 1, If equals be added to unequals the wholes are unequal. 



E. I 
2 



C. 

D. 1 

2 
3 



4 
5 
6 
7 
8 



10 



Hyp. 
14,V.&A,V. 

Cone. 
2 & 3, I. 

H. & C. 

11 & 7, V. 
D. 2. 



19, V. 
H. & A, V. 
C. 

Ax. 2, L 
Add, 

Ax. 4, 1. 

Rec. 



6 



D 9 



H 



3 



Let AB : CD = E : F; 

and let A B be the greatest, b 12 

consequently F the least ; 
then AB + F > CD + E. 
Take in AB, AG = E, 

and in CD, CH = F. 
•/ AB : CD = E : F, 

and AG=E, & CH=-F ; 
.-. AB : CD = AG : CH. 
but •/ the whole AB : the 

whole CD = pt. AG : pt. 

: CH; 
the rem. GB : rem. HD = AB 
but AB > CD, /. GB > HD. 
And •.' AG = E, and CH = F ; 
/. AG + F = CH -h E. 
To the unequal Ms, BG, HD, BG being > 

HD, add AG+F, and CH+E respectively. 
/. BG + AG + F > HD + CH + E, 
t. c, AB + F > CD -h E. 
Therefore, if four magnitudes of the same kind, 

^c. Q. E. D. 



C E F 
CD. 
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Arith, must If AB 12 : CD 9 = E 4 : F 3 ; 
Then A + F, 12 + 3 > CD + E, 9 +4. 

N.B. This Proposition has been inserted as Corollary 2 to Pr. 17, bk. V. 

Cor. If three magnitudes he proportionals, A : B: C, the sum 

of the extremes A+C, will be greater than twice the mean, 2 B, and 

A+C 
therefore half the sum — — - greater than the mean B. 

For the proof see Cor. 3, Pr. 17, bk. V. 

Thus the arithmetical mean between two magnitudes is greater 
than the geometrical mean between them, the case excepted in which 
the magnitudes are equal to one another. 



aUPPLEMENTARY PROPOSITIONS. 

It has been customary from yerj early times, perhaps from the 
days of Euclid himself, to add several Propositions to this Fifth 
Book. The first English Edition, which added Nine, announces 
them in this way, — " Here follow certayne propositions added by 
Campane which are not to be contemned, and are cited even of the 
best learned, namely of Johannes Eegio Montanus, in the Epitome 
which he writeth vpon Ptolome." — Billingsley's Euclid, fol. 150. 

The Supplementary Propositions here giyen are chiefly from 
SiiiBON with some from other sources. * 



Prop. F. — Theor. 

Ilatios which are compounded of the same ratios are the same to 
one another, 

Bbm. 22. V. Ex aquo by equality. 23, V. Ex aquo perturbaio by per- 
tnrbate equality. 
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E. 1 
2 



Hyp. 
Cone. 



D. l! H. 



LetA:B = D:E&B:C = E:P; 

then the ratio compounded of A : B <& B : C, — 
(by Def. A, V.) the ratio A : C,— shall be the 
same with the ratio D : F, which (by Def. A,V.) 
is compounded of D : E & E ; F. 

•/ in the 2 series of Ms, A,B,C, & D,E,F, 

A:B=D:E, &B:0 = E:F; 



A 6. B 4. C. 10. 
D 3. E 2. F. 5. 



A 6 : C 10=:D 3 : F 5 



A 8. 
D 3. 


B 6. 
E 4. 


C8. 
F 3. 


A 8 :C 


: 8=D 


3 : F3 



2 

3 



5 
6 



22, V. 
H. 

23, V. 



Sim. 
Bee. 



/. ex ceq. A : C = D : F. 

Next, •.• A : B = E : F, and B : C = D : E ; 

.'. ex cBq. pert. A : C = I) : F. 
i. e., ratio A : C compd. of A : B & B : C is the 
same with ratio D : P „ D : E & E : P. 

In like manner for any number of ratios. 

Therefore, Ratios which are compounded, &c. 



ScH. Two cases only are demonstmted in the above proposition ; one, of 
ratios compoonded of the same ratios in the same order, as in Pr. 22, V: the 
other of ratios compounded of the same ratios in a reverse order as in 23, V. 
There remaiDS the Case of Ratios compounded in any other order ; which may 
be demonstrated in a similar way. 

" For if K,L,M represent the three ratios in one order, in whatever other 
order they may be arranged, two of them will be found which are contiguous 
in both arriatrgements y eonimencing with which two, the denoonstration' wii] 
differ little from the above." 

Also, " ratios which are compounded of the same four ratios, K,L,M,N in 
whatsoever orders, are the same with one another ; as for instance, in the orders 
K,L,M,N, and M,K,N,L ; — for the latter ratio is the same with the ratio which 
is compounded of the same ratios in the order M,E,L,N, because the ratio 
which is compounded of E,N,L, is the same with that which is compounded of 
K,L,N' ; and for a similar reason, the ratio which is compounded of M,K,L,N, 
is the same with that which is compounded of E,L,M,N." 



" And the same reasoning may be extended to five, six, or any other num- 
ber of ratios." — Geom. Plane, Sol. & Sph. p. 55, 56. 
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Prop. G. — Thboe. 

If several ratios he ike same to several ratios, each to each ; the 
ratio which is compounded of ratios which are the same to the first 
ratios, each lo each, shall be the same to the ratio compounded of 
ratios which arethe same to the other ratios, each to each. 

Deh. Def. A, V. In any number of Ms of the same kind, the Ist has to 
the last the ratio compd. of the ratio which the Ist has to the 2nd, and 
of ihe ratio which the 2nd has to Iftie 3rd) an<) of the ratio which the drd 
has to the 4thy and so on nnto the last maguitade. 

22; V, JSx ceqm bj quality. 



E. 1 



Hyp. 1. 



Cone. 1. 
by Def. A, V. 
3| Hyp. 2. 
Cone. 2, by 
Def. A, V. 

Cone. 3. 



Let A: Bc=E: F, &C:D = GiH- 
alsoAiBssKrL, &C:Df=L:M; 
then, K : M is eompounded of K ; L & L : M ; 
and K : L & L : M the same with A : B & C :D ; 
AgainasE: FletN:0,&asG: HletO : P; 
then ratio N : P is eompd. of ratios, N : O & O : P; 
and N : 0, & O : P are the same with E : F 

and G:H; 
And it is to be shewn that K : M = N : P. 



A 6. 
E3. 


B4. C8. D6. 
F 2, G 4. H 8. 


K 12. L 8. M 6. 
N 18. 12. P 9. 




E 12 : M 6 = 


18 ; P 9. 



D. 1 
2 

S 
4 



H. 1 & 2. 
H. 1 & 2. 

22, V. 
Bee. 



•/ K : L, as ( A : B, as E : F as) N : ; 
and •/ as L : M so is (C : D, and so is G : H, 

and so is) O : P ; 
/. ex cequali, K : M = N : P; 
Therefore, if several ratios he the same, ^c, 

Q. E. D. 



Otherwise 
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E. 1 

2 

3 

4 



6 

D. I 

2 

3 

4 
5 



Hyp. 1. 
Hyp. 2. 

Cone. 1. 
Cone. 2. 



Cone. 
H. 2, 1. 
11, V. 
H. 2 & 3. 

11, V. 
22. V. 



In two scries of Ms, A,B,C,D; and A', B', C, D', 
let A : B = A' : B'; and C : D ssC : D' j 
Also in two other series, K, L, M, and K', JJ, M', 
let K : L = A : B; and L : M = C : D; 
AlsoK' : L' = A' : B', and L' : M' = C : D'; 
Then, (by Def. A, V.) ratio K : M is compd. of E : L 

and of L : M; 
and ratios E : L and L : M are equal to ratios A : B 

and C : D. 
Again, (by !Def. A, V.) ratio E' : M' and of E' : I* 

and of L' : M'; 
and ratios E' : 1/ and L' : M' are equal to ratios A' : B' 

and C : D'; 
It is then to be proved that ratio E : M = ratio E' : M', 
•/ E : L =r A : B, and A : B = A' : B' = E' : L'; 
• K • Ij = E' • li' 
Again, •/ L : M = C : D, and C : D= tr : D', 

and C : D' = L' : M'; 
•/ L : M = L' : M'. 
.*. in series E, L, M, and E', 1/, Tdf, ex o^. E : M = 

E' : M'. 



Prop. H. — Theor. 



If a ratio which is compounded of several ratios he the same to 
a ratio which is compounded of several other ratios ; and if one of 
the first ratios^ or the ratio which is compounded of several of them, 
he the same to one of the last ratios, or to the ratio which is cam- 
pounded of several of them; — then the remaining ratio of the first j or, 
if there he more than one, the ratio compounded of the remaining ratios, 
shall he the same to the remaining ratio of the last, or, if there he more 
than one, to the ratio compounded of these remaining ratios, 

Dbm. Pr. B, V. Invertendo, 22, V. Ejr (Bquo, 



E. 1 



Hyp. 1. 



» 



2. 



Let the first ratios be A : B, B : C, C : D, D : E 

E: F, 
und the other ratios G : H, H : K, E : L, 

L: M; 
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8 
4 



» 



Cone. 



Also let A : F, compd. of the 1st ratios, = 

G : M, compd. of the other ratios ; 
and let A : D, compd. of A : B, B : C, C : D, 

be the same with the ratio G : K, compd. 

of G : H, and H : K, 
then the ratio D : F, compd. of D : E, and E : F 

shall equal K : M, compd. of K : L, 

and L : M. 



A 12 B8. C6. T)4. £3. F 2. 
G18. H12. K6. L6. M3. 

D4:F2 = K6:M3. 



D. 1 



3 



H. Pr. B, V. 
H. & 22, V. 



Rec. 



V A : D = G : K ; /. (inv.) D : A = 

K: G. 
and •.• A : P = G : M; .•. ex aquo, D : F 

= K : M. 
Therefore, if a ratio, which is compounded, ^c. 

Q. E. D. 



Prop. K. — Theor. 



If there he any number of ratios, and any number of other ratios 
such, that the ratio which is compounded of ratios which are the same 
to the first ratios, each to each, is the same to the ratio which is com- 
pounded of ratios which are the same, each to each, to the last ratios ; 
and if one of the first ratios, or ' the ratio which is compounded of 
ratios which are the same to several of the first ratios, each to each, he 
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the same to one of the last rcUios, or to the ratio which is compounded 
of ratios which are the same^ each to each, to several of the last ratios ; 
then, the remaining ratio of the first, or, if there he more than one, the 
ratio which is compounded of ratios which are the same, each to each, 
to the remaining ratios of the first, shall be the same to the remaining 

ratio of the last, or, if there he more than one, to the ratio which is 
compounded of ratios which are the same each to each, to these remain- 
ing ratios. 



Dbm. Def. A, 5. CoQipoTind Batio. 22, Y. Ex aquo. 
11, y. Ratios the same to the same ratio are the same to one another. 
Pr. B, V. Invertendo. 



E, 1 
2 
3 



Hyp. 1. 

„ 2. 
„ 8. 

Cone. 



Hyp. 4. 



Cone. 2. 



7 
8 



Cone. 8. 
Hyp. 5. 

Hyp. 6. 



10 



11 



Hyp. 



Cone. 4. 



Let the first ratios be A : B, C : D, E : F; 

^ the others, G : H, K : L, M : N, O : P, Q: R. 

and let A : B = S : T; C : D = T : V ; and 
E:F = V: X; 

then (Def. A, V.) S : X is compd. of S : T, 
T : V, and V : X, which are the same to 
A : B, C : D, and E : F, each to each. 

Also let G : H = Y : Z, and K : L = Z : a; 
M:N = a:6; 0:P = ft:c, and Q:R 
z=z c : d; 

then, (Def. A, V.) Y : rf is compd. of Y : Z, 
Z : a, a : b, b : c, and c : d; which are the 
same, each to each, to the ratios of G : H, 
K : L, M : N, O : P, and Q : R; 

/. 8 : X = Y : (?. 

Also, let A : B, t. e., S : T =: e : g, compd. of 
e : f, and/ : g, the same as G : H and K : L; 

and let A : Z be compd. of h: k and k : I; which 
are the same to the remaining first ratios, 
namely, to those of C : D and E : F, 

Also let m:p he compd. ofm:n,n:o,&o:p; 
which are the same, each to each, to the 
remaining other ratios, of M : N, : P and 
Q:R. 

then h : I, =i m : p. 
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h, k, I 






4, 14, 10. 






A, B; C,D; E,F. 


S, T, V. X. 




18,9. 6,28. 21,15. 


4, 2, 7. 5. 


G.H; 


K,L; M,N; 0, Pj 


Q, R Y, Z, a, i, c, d. 


9, 6. 


12, 9. 6, 9. 15, 20. 


24, 30. 12, 8, 6, 9, 12, 15. 


«i /, 9, 


Ill, fl, 0, p. 


. hi I ^ m : /?, 

• • 



6, 4, 3, 



8, 12, 16, 20. 



4 : 10 = 8 : 20. 



D. 1 


E. 8 & 5. 


3 


E. 8 (& 5. 


2 


22, V. 


4 


H. 3 & 5. 


5 


11, V. 


6 


Pr. B, V. 


7 


E. 7 & 22, V. 


8 


E. 8 & 3. 


9 


E. 8 & 3. 


10 


22, V. 


11 


Sim. 


12 


Con. U, V. 


13 


Rec. 



•/ e : / ^ G : H = Y : Z ; 

and/ : ^ == K : L = Z : a ; 

.'. ex (Bq. e : g ^sz Y : a. 

And •/ A : B /. S : T = c : ^r ; 

/. S : T = Y : a ; 

and /. mv. T : 8 = a : Y. 

But S : X = Y : rf, /. ea? (B^. T ; X=a : c?. 

Also V A: ifc = C: D = T; V; 

and;fc:Z = E:F = V:X; 

.\ ex aq, h : I =z T : X. 

Bo m : p s:z a : d, and T : X = a : £? ; 

/. A : Z =ss m : p ; 

Therefore, */ there be any number of ratios, ^c. 

Q. E. D. 

ScH, FropositioTvs F, G, H, and K " are annexed to the 5th book," says 
SiMSON iu his Kotes," because they are frequently made use of by both ancient 
and raodem geometers. And in many cases, compound ratios cannot be 
brought into demonstration, without making use of them.'' 

And SiMSON adds, ''Whoeyer desires to see the doctrine of ratios 
deliyered in this 5th book solidly defended, and the argument brought against 
it by And. Tacquet, Alph. Borellns, and others, fi^y refuted, may read 
Br. Barrow's ma&ematical lectures, viz., the 7th. and 8th of the year 1666." 

Fuller informaiion, if desired, may be obtained from Geometry, Plane, 
Solid and Spherical, Bk. IL, pp. 31 — 78. De Mosoan's Study and Difficvl- 
ties of MathewiaHetf — On Proportion, ch. XVI, pp. 79 — 86. ArithTnetic and 
Algebray pp. 33—39. Connection of Number and Magnitude and Proportion 
and Ratio. Penny Cyclopedia, Yol. XIX., p. 49 & 307. 
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Prop. L. — ^Theob. 

A compound Ratio is equal to the product of its component simple 
ratios. 



Dem. Def. A, V. In anj number of magnitudes of tbe same kind, the 
first to the last has the ratio compounded of the ratio of the Ist 
to the 2nd, of the 2nd to the 3i^, of the 8rd to the 4thy uid so 
on to the last magnitude. 

Pr. F, y. Ratios compounded of the same ratios are the same to 
one another. 

7 A, v. The ratio of two lines is the same as that of the numbers 
which express the number of times that aoj third line is contained 
in them respectivelj. 

15, V. Magnitudes have the same ratio to one another which 
their equimultiples have. 



E. 1 



C. 

D. 1 
2 



4 
5 

6 

7 



Hjp. 

Cone. 
Sap. 

Def. A, V. 

C. 

H. 

Pr. F, V. 

Pr.7A,V.&15,V. 

D. 4. 

Cone. 



Let the ratio A : 6 ss the ratios com- 

ponnded of C : D and of E : F ; 
XI- A C B 

then IB = D" ' TF* 

Let ratio C : D = ratio G : H, and 

ratio E : F = ratio H : K. 
•/ O : E is eompd. of G : H and H : K; 
and •/ G : H and H : K = C : D 

andE: F; 
and '.' also the ratio compounded of 

C : D and E : F = A : B ; 
/. the ratio G : K = ratio A : B. 
o , G g mg a m c e 
But Y =i = -ST= m • T= J • 7' 

A . G 

and ratio -^ s= ratio -^ ; 

XI- ^. A C E 

/. the comp. ratio -jgs ^ ^ Y- 

Q. E. D. 
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16 2 8 

Arith, lUuBtratim. Let — be compounded of — and --; 

then l«= I X -?-. 
Takef =:f,and^\ = ^; 

•/ -- is compounded of -?. and A., or of — and -— 
12 ^ 6 12 4 16 

. 8__ 16 

"12"" 64"' 

12 4 3iX 4 3X4 ^ 8 * 

And ^® — -A . • -15- = ^ X 8 

64 "■ 12 • • • 64 4 X 16 * . 



Prop. M. — Theor. 

If there he two fixed magnitudes, A and B, which are the limits 
of two others, P and Q, (thai is, to which P and Q, by increasing 
together, or by diminishing together, may he made to approach more 
nearly than by any the same given difference), and if P he to Q always 
in the same given ratio of C to D; then A shall be to B in the same 
ratio. 

Con. N. B. In the first case, that of commensurable proportion, the 
obyioos principle is assmned, tiiat to two given magnitudes of the same 
kind, and a third there is some magnitude which is a fourth proportional; 
but in the second or other case, that of incommensurable proportion, we 
can onlj approximate to the fourth proportioniU, as we approximate to 
the ratio of the two magnitudes numerically; since, however, such 
approximation may be contained without limit, it is presumed^ that there 
is some magnitude between them, which is to the given third magnitude 
in the same ratio which the second has to the first ; that is, some mag- 
nitude which is a fourth proportional to the three . 

Dem. 11, Y. Ratios that are the same to the same ratio, are the same to 
one another; or Magnitudes A, B and C, D, which have the same ratio 
with the same magnitudes F, <^ have the same ratio with one another. 
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C. 



14, v. If four magnitudes of the Mune kind be proportionals, then if the 
first be greater than- the third, llie second shall be greater than 
the fonrth; if eqnal, equal; and if less, less. 

First Let P and Q, by a oonUnual iihcrease, approach to 
A aad B, respectively, so that P and Q can never 
equal, much less exceed, A and B, but may be made 
to approach A aUd B more nearly than by any the 
same difference. 

As above I Take a magnitude B', such that A : B' = 

C:D 



Sup. If B' z^ B', then B' either < B, or > B. 
1°. Let B he < B, or B = 5—5. 



D. 1 
2 
3 
4 



6 

7 



H. &C. 

11, V. 

14, V. 
D. 3, & H. 

Cone. 

Bemk. 
Cone. 



•/ P : Q, = C : D, and A : B' = C : D; 

/. A : B' = P : Q ; 

But A always > P, .\ B' always > Q. 

Now •/ Q < B' and B' < B by the differ- 
ence 5, 

.*. Q cannot approach B within the differ- 
ence 5; 

,-— but this is contrary to the hypothesis ; 

/. B' cannot be < B. 



2°. LetB he> B; andtaUA' such that A : B ^ A : B. 



D. 1 

2 

4 
5 



7 
8 



14, V. 

H. 

11, V. 

18, V. 
D. 4. 

Cone. 

Bemk. 

Cone. 

D. 7, 1. & D. 8. 



10 Cone. 



Then /. B < B', A is < A, as by the 
difference a; 

And •/ A' : B«:A : B' & P : Q =A : B ; 

/. A' : B' = P : Q. 

but B always > Q, /, A' always > P. 

Wherefore, \' P is always < A, and A' 
< A by a; 

/. P cannot approach A withm the differ- 
ence a, 

but this is contrary to the hypothesis ; 

/. B' cannot be > B ; 

And •/ B' neither < nor > B ; 
I /. B' =x B, f, «., A : B r= : D. 
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Second. Let P and Q approach to A and B respectively 
by a continual decrease. 



D. 1 



2 

3 



Sim. 



Cone. 
Rec. 



Iji the same manner, by substituting " greater " 
for "less," and "less" for "greater," we 
demonstrate, 

that B' also is neither > nor < B ; 

again /. K ±= B, i. e., A : B = C : D. 

Therefore, If there be two fixed magnitudes^ ^c. 

Q. E. D. 



UsB & Appl. The Author of Geometry ^ Planer Sol. and Spher., p. 46, 
says of this Proposition,—" it will be found of very extensive application in 
Greotnetty. By help of it» the lengths of plane cnrres, and the areas bounded 
by them, the curved snrfaces of solids, and the contents they envelope, may in 
many instances be brought into oomparison with little greater difficolty itmn 
right lines, rectilineal areas, and solids bounded by planes." " But the use of 
the proposition is by no means confined to t^ese. It may be regarded as one 
of the first steps to what is called the highef Geometry, and in this view like- 
wise, is well worth the attention of the studeoit" 



I^UOP. N. PROB. 



E. 



To find a common measure of two lines. 

Sol. & Bem. Bef. 1, V. — Note. One magnitude measures another when 
it is contained in that other magnitude an exact number of times. 

And a magnitude which is a measure of two or more magnitudes is named 
the common measure of those Magnitudes. 



1 
2 



H. 1 



2 
3 



Dat. 
Quaes. 

Sup. 1. 



Def. 1, V. 



>j 



Let A B and C D be two lines, or magnitudes; 
to find a line which will be contained exactly 

both in A B and in C D ; 
If C D is contained exactly in A B, then C D 

measures A B; — and then also any aliquot 

part of I) will be the common measure 

bothof OBandAB; or 
'.' m C D=AB, .*. CD is a measure of A B; 
and •/ ?7i CF = CD, /. C F a com. meas. 

of C D and A B, 
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E 



B 17 



I I I 



5 
-D5 



10 



15 



41 Sup. 2 
51 Def. 1, V. 



7 
8 



10 
11 

12 
13 

14 

15 

J6 



Cone. 

Sup. 3. 

Hyp. 

S. 8. 

8.8 
Cone. 

Sup. 4. 



Cone. 



Sim. 



But if m CD = AB — EB, and w E B = C D; 
then n E B also measures A E, a mult, of 

CD, 
and .*. E B will measure A B, and /. is a 

com. measure of A B and C D. 
But if E B does not measure C D, 
let 2 E B = CD — C F, t. e., = D F. 
Then •/ E B measures D F, if C F measures 

E B, C F also will measure D F ; 
and D F is a mult, of E B ; 
.*. C F a measure of C D, and of A E and 

also of A R 
Let 2 C F = E B ; 
then CD = 2 E B+C F = 4C F+CF = 

5CF; 
andAB = 3CD + EB = 15CF + 2CF 

= 17 CF. 
/. C F is contained in C D^ve times, and in 

A B seventeen times ; 
and C F is the com. meas. of C D and A B. 
Thus may be found the com, meas, of any 

other two commensurable lines. 



Cor. 1. " The greatest common measure of the remainder and 
lesser magnitude is also the greatest common measure of the two 
magnitudeSf^^ For 

'.' every com. meas. of A and B is also a com. meas. of 
B and E — the remainder ; 

/. the greatest com. meas. of A and B will be found among 
the com. measures of R and B. 

Now every one of the latter measures both A and B; 

/. the greatest among them is the greatest com. ilieas. of 
A and B. 
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Cor. 2. Any aliquot part or submultiple of a common measure j 
is also a common measure. 

Cor. 3. By repeating the process with the remainder and lesser 
magnitude^ and again with the new remainder (if there be one) and 
the preceding, and so on, the greatest common measure of two* given 
commensurable magnitudes, A and B, may be found. 



Hyp. 

Cor. 1, N, V. 



S. 1 Hyp. Let2B = A— K; 3 R=:B-R2= II-R3 

and 5 R3 =s Rg exactly. 
Then •/ the greatest com. meas. of A & B, 
is also the greatest for B & R; 
3 „ and the greatest for B & B, the greatest for 

B & R^ and so on ; 
41 Hyp. and *.* R3 is contained in itself and also in 

R3 exactly ; 
/. R3 is the greatest common measure of 

R2 & Rjj — 
and .*. also the greatest common measure of 

A&B. 

Cor. 4. Any two commensurable lines are to one another as 
the numbers denoting the number of times that they respectively con- 
tain their common measure ; thus, if the com, meas, ofABbel^F, 
taken 5 times ; and that 0/ C D, the same E F, taken 7 times, then 
the ratio A B : CD =z the ratio 5 : 7. 

ScH. If, on contanning the process, we never arrive at a remainder which, 
exactly measnres the preceiUng remainder, the magnitades are incommensmable. 

Use & Appl. The Process for finding the greatest common measure of 
two numbers is included in this Prop. N, Bk. V: — for, by dividing the greater 
number by the less, and finding the remainder ; — then, by dividing the less by 
the remainder, and finding the second remainder, if there be one ; and by 
dividing the &«t remainder by the second, and finding the third remainder ; 
and so on, until a remainder he found which exactly measures the last preceding 
remainder; this final remainder that exactly measures the last preceding will 
be the greatest common measure. 
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Prop. O. — Thbob. 

Tlie diagonal and side ofu square are ineammenaurable. 

Cox. Pst. 3, 1. A circle may be drawn at any distance from the centre. 

11,1. To draw a perpendicular from a given point 
Dbm. 82, 1. The int. ^8 of every A are together eqnal to two rt. /^s. 

20, 1. Any two sides of a A are together greater than the third side. 

Def. 16, 1. Every point in the 0ce of a circle is at an equal distance 
from the centre. 

Cor. 3, 16, IIL Tangents to a from the same • are equal. 

37, m. If from a point without a circle there be drawn two lines, 
one of which cuts the circle and the other meets it; if the rect- 
angle contained by the whde line which cuts the circle, and the 
part of it without the circle, bo equal to the square of the line 
which meets it, the line which meets it shall touch the circle. 

.5, 1. The ^s at the base of an isosc. A are equal. 

6, 1. If tlie /.s at the base of a triangle, are equal the sides opposite 
are eqnal. 



K. 11 Hyp. 



Concl. 



C. 1 



J). 1 

2 
8 



Pst. 3. 



2 11, I. 



H.&32, I, 



20, I. 
4' D. 3 & 2. 
5! Sim, 



Let A B C be the half of a square ; A C the 

diagonal, and B A, B C two sides eonterm. 

inB. 
Then the side B A, or 

B C, does not me^- 

sure A C ; nor have 

B A and A C any 

common measure. 

From C, the extr. of 

A C, with rad. B 

draw arc B D ; A 

and from D draw D E 

J. AC. 
V Z. B is a rt. /_, and Zs A, C each < a 

rt. Z.; 
.-. A B < A C. 

Again V AB-hBC>AC, or2AB>AC; 
.-. A C > A B, but 5: 2 A B. 
And '.* the same is true of every square ,* 
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6 
7 
8 



9 
10 

11 

12 

13 

14 

15 

16 

17 

18 
19 
20 



Def. 15, I & H 
Cor. 16, III. 



37, III. 



C. 



5, I. & 6, I. 
Remk. 



Sim. 



D. 12-16 

Cone. 

Cone. 



.-. AC — AB = AD, and AD is < AB. 
Also CD = CB = AB, and AD < AB ; 
and •/ ED and EB are tangts. from the 

same • E ; 
/. E D = E B. 
And •.• A D E is a a, and Z. A D E a rt. /.; 

and /_ A = J a rt. /_; 
.'. ZDEA = I art. /., 

and .-. AD = DE = EB. 
Now when A D the first rem., or its equal 

E B is taken from A B, 
then the rem. AE is the diag. of a sq., of 

whieh A D, D E are the sides. 
The same proeess as before will then have to 

be followed out ; 
and when A D as side has been taken from 

A E as diag. ; 
then the rem. lines will again be side and 

diag. 
But •/ a diag. — a side always leaves a 

remainder. 
,\ \n this proeess there ynil ever be a rem. ; 
.•. the proeess will never terminate ; 
and /. A C the diag. of a sq., and C B a side, 

are incommensurable. Q. E. D. 



Prop. P. — Theor. 

1/ four straight lineSj A, B, C, D, be proportionals, (whether 
commensurahUy or incommensurable^^ the rectangle %inder the extremes 
A'D will be equal to the rectangle under the means B. C. 



Book U. pv^ 145. The numerical area of a rectangle is obtained by sup- 
posing the two sides containing the rectangle to be divided into a number 
of linear units of the same kind, as inches, feet, &c., and then multiplying 
the units on one*^side by the units on the other: the product represents 
the area or enclosed space. 
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Cor. 1. Pr. 29, 1. § 4. p. 18. Oeom, Plane, Sol, jr Spher. " If there be two 
St, lines, one of which is contained an exact number of times in one side 
of a rectangle, and the other an exact number of times in the side adjoin- 
ing it; then, the rectangle under those two st. lines shall be contained as 
often in t^e given rectangle, as is denoted bj the product of the two 
numbers which denote how often the lines themselves are oontained in 
the two sides." 

Def. 5, V. Criterion of the Equalily of Ratios, Pr. M, Bk. V. 

First Let A & B &e coTnmensurMe, and /. also C & D. 



C. 1 
2 
3 

D. 1 
2 

3 

4 



Assum. 
Pst. 2, V. 
C. 3 

Sim. 
Ax. 1, I. 



Take any com. ratio whatever, as 7 : 5 ; 

and for com. measures, M and N ; 

let M be contained in A seven time8,in 'BJive times; 

& N be contained in C seven times, in DJive times. 

•/ A = 7 m, and D = 5n, 

/. rect. A • D = 7 X 6 (m.n) 

= 35 771 .n. 
So, rect. B • C = 5 X 7 (w.tw) 

= 35 m.n; 
.•. rect. A • D = rect. B • C 



Second. Let A& B be incommensurable^ and 
.-. C & D. 



C. 1 Pr. M, V. 



D. 1 



Pr. M, V. 



A M B C K D 



3 
4 



Pr. M, V. 
Rec. 



Find st. lines P & Q which 
approach nearer A & C than 
any assigned difference, 

and let P& Q contain like 
parts of B & D, so that 
P . D = Q , B. 

Now^, •/ by taking like parts of B & D, con- 
tinually less and less, P & Q, increase 
towards A & C within any assigned dif- 
ference ; 

/. P.D and Q, B, by increasing together, 
approach more nearly A . D and C . B than 
any assigned difference ; 

.-. rect. A . D = rect. C . B or B.C. 

Therefore, If four st lines, ^c, Q, E. D. 
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Use & Appl. The Theory of Proportion in Arithmetic and Algebra is 
founded on a similar truth; namelj. 

If four magnitudes be proportumcUs, and if A, B, C, D, represent those 

magnitudes numeriaUly, ie., t/*A and B represent the numbers of times, the unit 

of their kind is contained in tne tioo first, and if C and D represent the numbers 

of times, the unit of their kind ut contained in the two last, then the quotient or 

fraction^, shall be equal to^ ; and conversely,*' See Geom. Plane, Sol. and 

Spher. p. 46 & 47. 



t 



EXAMPLES OP REASONING BY PROPORTION. 

K IfA2:B4:C8; 

then A 2 : C8 = A» 4 : B^ 16, by Def. 10, V. 

2° If A2: B4: C8; D16; 

then A 2 : D 16 = A3 8 : B* 64, by Def. 11, V. 

3°. If A6: B^= C8: D12; 

invertendo, B9:A6 = D12:C8; 

4° If A9: B6 = C12: D8; 

altemando, A 9 : C 12 = B 6 : D 8, by 16, V. 

5°. If A 5 : B 4 = C 10 : D 8 ; 

dividendo, A 5 — B4 : B 4 = C 10— D 8 : D 8, by 17, V. 

6° If A 5 : B 3 = C 10 : D 6 ; 

componmdo, A 5 + B 3 : B 3 = C 10 + D 6 : D6,by 18, V. 

7° If A5: B4 = C10 : D8; 

convertmdo^ A5 : A 5— B 4 = C 10 : C 10— D 8. by Pr. E,V. 
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8^ If A 12 B 6 C 18 D 36 

• • a • 

E 6 F3 G9 H18' 

ex aqualt, A 12 : D 36 = E 6 : H 18. by 22, V. 

9^ IfA 12: B6 . ^ C3: D9 




E4:F12^^G6:H8 
ex. aq, perturhato, A 12 : D 9 = E 4 : H 8. by 23, V. 

10°. IfA12:B6 = C6:D3; 

miscendo, A 12 H-B 6 : A 12— B 6 = 6 + D 3 : 

C 6 — D 3. Use and App. 22, V. 

IP. IfA5:B4=C10:D8, 

permutando, A 5 : C 10 = B 4 : D 8, by 16, V. 
invertendo, C 10 : A 5 = D 8 : B 4, by B, V. 
componendoy C10 + A5 : A5 = D8 + B4 : B4,by 18, V. 



REMARKS ON BOOK V. 

To the Notes and Obserrations gathered from yarions sources 
we simply add the commendation of Billikgslet, fol. 126. 

" This fifth booke of EiJclide is of Tery great commoditie 
and Yse in all Geometry, and much diligence ought to be bestowed 
therin. It ought of all other to be throughly and most perfectly 
and readily knowne. For nothyng in the bookes foUowyng can be 
ynderstood without it : the knowledge of them all depende of it. 
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And not onely they and other writinges of Geometry, but all other 
Sciences and also artes : as Musike, Astronomy ^Perspective, Artthme- 
tique, the arte of accomptes and reckoning, with other such like. 
This booke therefore is as it were a chiefe treasure, and a peculiar 
inell much to be accompted of. It entreateth of proportion and 
Analogic, or proportionalitie, which pertayneth not onely vnto lines, 
figures, and bodies in Geometry ; but also vnto soundes & voyces, 
of which Musike entreateth, as witnesseth ^oe/ms and others, which 
write of Musike. Also the whole arte of Astronomy teacheth to 
measure proportions of tymes and mouings. Archimedes and Jordan, 
with other, writing of waightes, affirme, that there is proportion 
betwene waight and waight, and also betwene place and place. Ye 
see therefore how large is the vse of this fift booke. Wherfore 
tlie definitions also thereof are common, although here, of Euclid^ 
they be accommodate and appKed onely to Geometry. The first 
author of this booke was, as it is affirmed of many, one Evdoxus, 
who was Platos scholer, but it was afterwards framed and put in 
order by Euclidey 
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BOOK VI. 



THE THBORT OF PROPORTION APPLIED, FOR COMPARING THE SIDES 
AND AREAS OF PLANE REOTILINBAL FIGURES. 



'^ This sixth Booke is for rse and practise a most speciall 
booke. In it are taught the proportions of one figure to an other 
figure, and of their sides the one to the other, and of the sides of 
one to the sides of an other, likwise of the angles of one to the 
angles of the other. Moreover it teacheth the description of figures 
like to figures geuen and marueilous applications of figures to lines, 
euenlj, or with decrease or excesse, with many other theoremes, not 
onely of the Proportions of right lined figures, but also of sectors 
of circles, with their angles. On the Theoremes and Problemes of 
this Booke depend for the most part the compositions of all 
instrumentes of measuring length, breadth, or deepenes, and also 
the reason of the yse of the same instrumentes, as of the Geometric 
cal square, the Scale of the Astrolabe, the quadrant, the staffe, and 



' 



248 GRADATIONS IN EUCLID. 

sucli others. The vse of which instrumentes, besides all other 
mechanicall instmmentes of raysing up, of mouing, and drawing 
huge things incredible to the ignorant, and infinite other ginnes 
(which likewise haue their groundes out of this Booke) are of 
wonderfuU and ynspeakeable profite, besides the inestimable pleasure 
which is in them.V — Billingslby, fol. 153. 

The Theory of Proportion, exhibited in the fifth book, is in 
the sixth applied to determining the proportions which exist be- 
tween both the sides and the areas of similar plane rectilineal figures. 
The basis of the comparisons instituted is not identity of size, but 
identity of form ; and when this cannot be predicated, or clearly 
inferred, no true Geometrical proportion can be established. The 
sixth book howeyer advances farther than this, and enables us to 
construct a figure, which shall possess the form of a first giyen 
figure and the size of a second. By the second book we may de- 
cribe a square equal to a given rectilineal figure ; — by the sixth we 
may make any right-lined figure which we choose, equal in size to 
a given rectilineal figure. 

We are also empowered, to find Lines and to draw rectilineal 
figures in proportion the one to the other ; and to increase or 
diminish any figure according to a given Ratio. From this book 
we derive the principles of what is termed the Rule of Three, and 
the geometrical form for the solution of a quadratic equation ; it 
extends also to a much wider application the fertile truth, that the 
square of the hypotenuse equals the sum of the squares of the sides 
of a right-angled triangle ; and it supplies the easiest and most 
certain rules by which to conduct Measurements of all kinds. 
These will be seen when we show the Uses of various Propo- 
sitions. 



DEFINITIONS. BOOK VI. 
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In general terms it may be said that tlie sixt book estab- 
lishes ; 1st, the proportion between the sides of similar triangles ; 
and, 2nd, the proportion existing between the areas of similar recti- 
lineal figures : it also lays down the methods, either of finding 
magnitudes proportional to other magnitudes, 8r of describing 
figures similar to 'other figures, or equal to them. 



Definitions. 



I. Similar rectilineal figures are those which have their several 
angles equal, each to each, and the sides about the equal angles 
proportionals : thus the A s ABC, DEF, are similar, if /. A = 
^ D, Z B = Z E, Z C = Z F, and if AB : AC, = DE : DF, 
and AB : BO = DE : EF. 



** This defimtion, like some others to 
be found in the Elements, is excessive. 
To contain no more than is strictly 
necessary (or, indeed, than as yet has 
appeared to bie probable), it should be 
modified as follows:— Two rectilineal ^ 
figures are said to be similar wfien ^ ^ 
the first has aU its sides but one pro- 




€ E 



portional to the sides of the other, and the angles included by those sides 
equal to the angles included by the corresponding sides of the other." 
Geom, Ply Sol. Sf Sph. p. 57. 



According to the definition, for one rectilineal figure to be similar to 
another, the conditions to be fidfilled are equal to twice the number of 
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sides, or raider to &e sum of the 
nnmber of sides and of the number 
of angles. Thns in the pentagons 
ABODE, FGHKL; 1°./. 
A = /. F; 2°. Z. B = Z. G; 
3° Z.C=Z.H; 4°./.D=Z.K; 
and 5°. Z. B = Z. I^ Also 6°. 
EA:AB = LF:FG; 7^ AB 
:BC = FG:GH; 8° BC:CD 
= GH:HK; 9°. CD :DE = 
HK:KL; andlO^DE :EA = KL :LF. 
p. 198. 




See Hosb'8 Euclid, 



11. "Reciprocal figures, viz., triangles and parallelograms, 
are such as have their sides abont two of their angles propor- 
tionals in such a manner, that a side of the first figure is to a side 
of the other, as the remaining side of 
this other is to the remaining side of A 
the first;" thus, AB : C D = D E : 
B F; — ^the analogy beginning in one 
figure and ending in the same. 



B 



FD 



E 



** Figures are reciprocal when the antecedents and the consequents of 
ratios are in each of the figures." Euclid. 

Another way of putting the definition is t^*' The sides <^ two figures, 
ABF, CDE, are reciprocally proportional, when the extremes of the pro- 
portion are sides of one figure, and the means are sides of the other; 
AB.BF = CD.DE. 



>f 



as 



The sides are directly proportional, when in each figure the two sides 
compared are one an extreme and the other a mean: thus, if AB : BF 
= CD : EF, the proportion is direct. 



III. A straight line is said to be cut in extreme and mean 
ratio, when the whole is to the greater segment, as the greater 
segment is to the less ; thus in the line 
AB and its parts, ^ C 

AB : AC = AC:CB. 



A ^ 



B 



For Euclid's definition, Lardnbb substitutes, — ''when the whole line is 
to one segment as that segment to the remaining one." 
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A line thng diyided is also said to be divided nediaUy^ and the ratio of its 
segments is named the medial ratio, — ^Prop. 30, VL is the problem by 
which the segments are made, and is bat another form of Prop. 11, n. ; 
to divide a line so that the rectangle mider the whole line and one seg- 
ment shall equal the square of the other segment. 

lY. The altitude of any figure is the straight line drawn 
from its vertex perpendicular to the base ; thus 
A D is the altitude of the triangle ABC. yiK, 

Whichever side of a figure is assumed as the base, 
tiie altitude is the perpendicular distance from 
the base, or the base produced, to the point or ^ 
line most distant from the base. The altitude of 

the same figure may vary with the change in position of its base. 




SUBSIDIABY DEFINITIONS. 



Dbf. a. a straight line, O C, divided into three parts, is 
said to be harmonically divided, 

when the whole line C O is to d b ^ 

one of its extreme segments 
E, as the other extreme C D 
is to the middle part D E; «. €., C : O E = C D : DE. 

Four St. lines are said to be harmonieals, when tiiey pass through the same 
point, and divide any one st. line harmonically. 

Def. B. "A figure is given in species, when its several angles 
and the ratios of the sides about them are given.^* 

Dbf. C. "A figure is given in magnitude^ when its area, or 
any figure equal to it in area, is given." 

Def. D. "A parallelogram is said to be applied to a straight 
Hne, when it is described upon it as one of 
its sides ; ex. gr, the parallelogram A C is 
applied to the straight line A B. 
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Def. E. '^ But a parallelogram A E, is said to be applied to 
a straight line A B, deficient by a parallelogram, when A D, the 
base of the parallelogram A E, is less than A B, the base of 
parallelogram A C ; and because the / — 7 A E is less than the / — 7 
A C, (described npon A B, with the same Z A, and between the 
same parallels AB, EC,) by the / — 7 DC ; — ^therefore the / — 7 D C 
is called the defect of / 7 A E. 

Def. F. And a parallelogram A G is said to be applied to a 
straight line A B exceeding by a parallelogram, when A F, the base 
of / 7 A G is greater than the base A B of / — 7 A C; and because 
the / 7 A G exceeds the / 7 A C, (described upon A B, with the 
same Z. A, and between the same parallels A F, E G,) by the 
B G ; therelore the / 7 B G is named the excess of CU.A C. 



Propositions. 



Prop. 1. — Theor. 

Triangles and parallelograms of the same altitvde are one to 
another as their bases. 

Con. Fst 1, L A st. L. may be drawn from one • to any other point. 
Pst. 2, L A terminated st L. may be prodnced in a st. L. 
3, L From the gr. of two st. Ls. to cut off a pt. = the less. 

Dem. 38, L Triangles npon eqnal bases and between the same parallels 
are eqnal to one another. 1, Y. 

Def. 5, V. The 1st of fonr Ms is said to have the same ratio to the 2nd 
which the 3rd has to the 4th, when any eqnims. whatsoever of the Ist 
and 3rd being taken, and any eqnims whatsoever of the 2nd and 4th; 
if the m of 1st be < = or > that of the 2nd, the m of the 3rd is also 
< = or > that of the 4th ; 

41, 1. If a /' 7 and a A be npon the same base and between the same 
||8, the / 7 shall be double of the A. 

15, V. Ms have the same ratio to one another which their eqnims. 
have. 

11. V. Katios that are the same to the same ratio, are the same to 
one another. 



28, 1, n a aL line fidliug apon two other Bt. lines makos the est. ^ = 
tbe int. and opp. ^ apon the same side of (he line; or makes the 
li upon the game side together = 2 rt l_i; the two st. lines shall 
be ptunlleL 

33, 1. The sL lines which join the extra, of two eq. and parallel St. lioea 
towatds Ae same parts, aie also = and ||. 

3G, L I 7 b on eq. bases and between the same || s are equal to one 
another. 



Cage I. Triaitglu of the si 



basa. 

E. 11 Hyp, 



e another as their 



Let As ABC & ADE have the same alt. AH; 
I I i.e., let BE I ST; 

2| Cone. I then BC : DE = a ABC : A ADE. 





Pst. 2, 1. 

3,1. 

3,1. 
Pst. 1, 1 


). 1 


C.24H. 
38, 1. 
1, V. 


6 


Eemk. 

Sim. 

38,1. 


7 


D. 4. 



Produce BE indef. to K & L; 

from BK cutoff, BM, MN, NO, each = B ; 

and from EL cut off EP, PQ, each = DE ; 

join AM, AN, AO; AP, AQ. 

Then •/ BC = BM = MN = NO, & KL 11 ST j 
.-. AS ABC, ABM, AMN & ANO are eqnal ; 
.-. the m which CO ie of CB, a ACO is of 

aACB; 
1. e. OC & A ACO are eqnima. of BC & A ABC. 
So, DQ & aADQ are eqnims. of DE & aADE; 
and if OC > = or < DQ, aACO > = 

or < aADQ. 
Now, •/ C0& AACOareeqnimB.ofCB& aAC^ 
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8 
9 



10 



D. 5. 
D. 6. 



I & •/ DQ& A ADQ are eqnims. of DE & A ADE ; 
& •/ A AOC, the m of A ACB > = or < a ADQ, 

the m of A ADE, 
as 00, the w of BO, is > =:or< DQ,thewiof DE; 
Def.5,V.| /. BO : DE = A ABO : A ADE. Q.E.D. 



Otherwise. Let B C contain the sulm, M. 
4 times, and let C D contain it 3 times; and let Be 
= M; then 



D. 1 
2 
3 
4 



38, I. 
15, V. 
H. 
11, V. 



AABC = 4aABc and a 

ACD = 3 A ABe; 
hence A ABC : aACD = 

4:3 B__ 

ButBC :CD = 4 :3; Ml— ^ 

/. A ABC : A ACD = BC : CD. 




Oasb II. Parallelograms of the same alt, are also to one 
another as their bases. 



E. 1| Hyp. 



Oonc. 



0. 

D. 1 

2 
3 

4 
5 

6 
7 



Pst. 1, I. 

C..& 41,1. 

15, V. 

Oase 1. 
D. 8. 
11, V. 
Bee. 



Let CU& FO & GD have the same alt. AH ; 



t. c, let FAG II BHE ; 
then BO : DE : = 

FO : /— 7 GD. 



A G 



Join AB & AE. 




F0 = 2 aABO, B CH DE 
&Z^GD=2aADE; ^^ ^^ 

& */ Ms have the same B. as their eqnims ; 

/. A ABO : A ADE = £Z7 FO : £=7 GD. 

But V BO : DE = A ABO : A ADE ; 

& V A ABO : aADE = /C=7 FO : djGB; 

.'. BO : DE = ZII7 FO : ZII7 GD. 

/. Triangles and parallelograms, ^c. Q. E. D. 



Cor. 1 . From this it is evident that, triangles and paraJMo- 
grams that have equal altitudes are one to another as their bases ; 
and having equal bases are as their altitudes. 
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Cask I. — they are their bases, — See fig. 1. 



C. 1 
2 

D. 1 
2 
3 



Pon. 1. 
2. 



» 



28, I. 
33,1. 
Sim, 1, IV. 



» 



Place the given figures on the same st. line, 

as KL, or BE ; 
& let the triangles be on the same side of the line. 

Then '.• the perps. are equal and parallel ; 

.'. the line joining the vertices vrill be ]| the base. 

/. as in Case I, 1, VI, the A s having the 

same alts, are as their bases ; 
and as in Case II, 1, VI., the / 7 8 having the 

same alts, are also as their bases. 



Case II. — they are as their altitudes. 



D. 1 
2 

4 



38,1 
36,1. 

Sim. 



•/ the As = rt Z.d Asoneq. bases & alts. ; 
& , •/ the / 7 8 = rectangles on eq. bases & alts. ; 
.*. the alt. as the base, and vice versa. 
So, the dem. becomes an instance of Case I, Cor. 1 . 



Cob. 2. Any two triangles, or parallelograms, T, T,' are to one 
another in the ratio compounded of the ratios pf their alts., a, a' and 
of their bases, b, b\ 



C. 
D. 1 



Sup. 

Cor. 1,1, VI 

Cone. 



Take M a a or / 7 with alt. a and base b' 
•.• T : M = ft : ft', and M : T = a : a' ; 

,\ T :T = j * ', > , a R. compounded of 

the Rs of the bases and altitudes. 



CoR. 3. The rectangle under two lines, A i' B, is a mean 
proportional between their squares. 

•/ the square on A & the rect. A*B have the 

same alt. A; 
.-. A* : AB = A : B. 
And •/ the sq. and the rect. have the same 

base B ; 
.-. A • B : B' = A : B. 



D. 1 


H. 


2 


1, VI. 


3 


H. 


4 


1, VI. 
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Cor, 4. Oenersllj', ^' if two triangles or two parallelogrcans be 
<u their bases, they have equal altitudes ; and if they be as their alti- 
tudes they have equal bases" 

ScH. 1, From the principle tbat lectangles of the same altitade are to 
one another as their bases, the first Proposition might be directly iniieiied; 
for / 78 are equal to rectangles on the same base and with the same alt.; and 
AS are one^halfof the Area of the lespectiye / 7 8. 

2. When, as in Casell^a first figare,FC, is to a second GD, as the base BC, 
or alt. AH, &c.,of the first to the base DE, or alt. AH, &c, of the second. — ^tfaev 
vary exactly as the base, or altitade, &c., varies. Propositions of this kind 
constitute a very numerous class, and are distinguished l^ the general name of 
Variants. Under the commercial law of supply and demand, the price of a 
Ci^mmodity varies as these vary, — ^the proportion being inverse ; t. e., as the 
supply increases so the price or estimated value dimuiishes. But under the 
mechanical law of power and work done, as the power increases so the work 
done increases also, the proportion being direct. We use the words as and to 
to avoid the longer and fuller enunciation; thus, the work done in a given 
time by a machine of one degree of power, is to the work done in the same time 
by another machine of a different degree of power, as the power of the first 
machine to the power of the second. 

fl 

3. We shall do well to remember that ** one quantity does not vary as 
another, because it varies with that other. A square and its side or root vaiy 
together, but the square does not vary as the side or root; for instance, if the 
side or root be doubled, the square is not doubled, but quadrupled ; " with a 
side of 2 the square is 4, but with a side of 2 x 2, or 4, the square is 16, or four 
times larger. Fenny Cyclop., vol. xxvii, p. 137. 

Use & App. This Proposition is very firequently referred to for the 
demoustration of other propositions. It may also be employed for dividing a 
rt. lined surface : thus, 

From a Trapezium A B C D, with AD \\ B C, to cut off a third part. 



C. 



D. 1 



2 & 3, 1. 

C. 

H. 

C. 1,&26,I. 

Ax. 2, 1, 
C. & 1, VI. 
Ax. 1, 1. 



TakeCE=AD; andBG=iBE, 

and join AG, A£; 
then A AB G = i of trap. ABCD. 

•/ AD II BE, .-, AS ADF and FOE 

are eq. ang. ; 
and •/ A D = CE, /. A ADF = 

A FOE; 
/. A ABErs trap. ABCD. 

Now A ABG=:iof A ABE; 
.-. A A B G = i of U-ap. ABCD. 




B G C £ 



Q. E. D. 
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Prop. 2. — Theor. 

If a St line he drawn parallel to one of the aides of a triangle, 
it shall cut the other sides, or these produced, proportionally ; and 
conyereely, if the sides, or sides produced, he cut proportionally, the 
St. line which joins the points of section shall he parallel to the re- 
maining side of the triangle. 



Dkm. 37, L As upon the same base and between the same ||s are equal to 
one another. 

7, v. Eq. Ms have the same R to the same M; and conrersely. 

1 , VI. — 1 1 , V. B, V. If 4 Ms are proportionals, thej are proportionals 
also when taken inversely. 

9, v. Ms which have the same B to the same M are eq. to one another; 
and those to which the same M has the same B are eq. to one 
another. 

39, 1. Eq. AS upon the same base and upon the same side of it are 
between the same parallels. 



Case . I. Let DE be || BC, one of the aides of 

A ABC; 
and let DE cnt the other sides, AB, AC, 

in D,E ; 
then BD : DA = CE : EA ; or AD : DB 

= AE : EC. 
Join BE & CD. 



E. 1 


Hyp. 1. 


2 


7> 


3 


Cone. 


C. 


C. 




C D 



E B C B 



9 
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D. 1 

2 
B 
4 

5 
.6 

7 
8 



E. 1 

2 
3 

C. 

D. 1 

2 
8 

4 
5 

6 

7 



H. & C. 

87, L 

Remk. 

7,V. 
C. & H. 

1, VI. 

Sim, 

11, V.BV. 



Hyp. 2. 



Cone. 
Pst. 1, 1. 
H.2, 1,VL 

1, VI. 
11, V. 

9, V. 
C. 

39,1. 
Rec. 



*/ On a com. base DE, and between the || s 

BC, DE, 
/. A BDE =: A CDE. 
But ADE is another a : 
/. aBDE : aADE = aCDE : aADE. 
Now, '.' AS BDE & ADE have the same alt,; 
/. aBDE : aADE = BD : DA. 
So, A CDE : A ADE == CE : EA; 
/. BD : DA = CE : EA, 

& inv, AD : DB =AE : EC. 

Case II. Next, in a ABC let AB, AC, or AB, 

AC produced, be cut in D & E ; 
and so that BD : DA = CE : EAj 
then DE || BC. 
Make the same construction 
•/ BD : DA = CE : EA; & BD : DA 

= aBDE: a ADE; 
& V CE : EA = aCDE : aADJE; 
/. aBDE : aADE = aCDE : aADE ; 
.-. A BDE == A CDE ; 
And these a s are on the same base : 
/. DE II BC. 
*. If a 8t. line be drawn parallel, j-c. Q.E.D. 



Cor. In the same manner it may be shown that, if the aides 
ABf AC, of an angle be cut by any number of parallels BC, DE, 
FG, HI, any two parte of the one will have the same ratio to one 
another, as the corresponding parts of the other , i, e., the sides will 
be similarly divided ; and every pair of corresponding segments in 
each side will be proportional ; BH : HF = CI : IG; FD : DB = 
GE : EC, &c. 

ScH. In the first part of the Proposition the Ennnciotibn is not sufficiently 
exact) and in the other part it is ** stnctly speaking false, inasmuoh as a line 
may cut two sides proportionallv, and yet not be parallel to the third side." 
The Enunciation should be, *M^. If a line be drawn parallel to any side of a 
triangle, it divides the other sides, or those sides produced; so that their seg- 
ments between the parallel and the third side shall haye the same ratio to their 
segments between the parallel and the vertex of the opp. angle; and 2°. if a 
line cut the two sides in this manner^ it will be parallel to the third side.*' 
XiAUDJSfBM'B Euclid, p. 178. 
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2. The Theory of Transversal Lines, that is, of lines drawn across several 
others so as to cat them all either internally or externally, is intimately connected 
with this second Proposition: where, how- 
ever, in the last fignre, the transversal D E, 
catting two of the sides A B, A C, propor- 
tional^, does not cat the thurd side BC, 
except on the idea that the point of external 
section is at an infinite distance, the seg- 
ments being equal. In triangle ABC in the 
margin, the line the a c 6 is the transversfld, 
cattmg A C, AB internally in the points 
6, c, and C B externally in the point a. 
Here and in all similar cases, Ac x B a x 

Cd=Bc X Ca X Aft. 

In the Projection of figares, and in Sarveying, especially, when inacces- 
sible points are required by the aid only of signal poles and a measaring line, 
the theory of Transversals is very osefol; for its leading principles, however, we 
refer to Appendix in. pp. 324 — 332, of Labdnbb's Eaclid. 

3. The ways in which a st. line A B, may be cat in a given ratio, A D : 
D B, belong to the fall consideration of Prop. 2, Bk. VI. Here one point of 

section wiU be D. Take C, 
the point in which A B is 
bisected, and make CE=CD. Q A ECB Ti -- IP 

Thus, BE = AD and AE = t 1 T > i 1 • 

BD; /. BE :EA is the 

given ratio, and E another required point of section. In a given st. line there 

are thus two points of internal section. 

In the same way, ifAF:BF& AG:BGbe each the given ratio, 
F & G are two points of external section, cutting the line A B produced in the 
given ratio. There are, therefore, four points, two internal and two exteiiinl, 
at which a line may be cut in a given ratio. 

4. This Proposition shows, moreover, that parallel lines, as £ D, ed, bcy 
BC, fig. 4, cut diverging hues A B, AC, AD, A E, proportionally. 



UsB & App. 1. The second proposition, bk. VI., is of absolute necessity 
in establishing many of the following propositions. 

2. It is used also for the measurement of the height of an inaccessible 
object B E, which casts an accessible shadow B D. 

Take AD, a staff of known length, and 
setting it upright at D, the extremity of the 
shadow B D, measure the shadow D 0; also mea- 
sure the shadow B D. 
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Now, •/ AD II EB, 

/. CD : DB = AD : EB; 

, ^T, DB-AD 

whence B E = p;— 

v» D 

Or the staff A D may he set along B C the shadow of B E at a point Dr 
where the extremities of the shadows from AD and BE would coincide, as at C; 

then CD :CB = AD : BE;--whenceBE = -^^^^ . 

3. A given line A C, as in fig. 1, may be divided into parts proportional 
to those in another line A B. 



C. 1 



D. 



3,1. 



31,1. 
Cone. 



Cor. 2, VI. 



From A draw a line, on which the parts in A B are set, 
t. e., AH, H F, F D, D B; and join B C. 



Through the • s D, F, H, draw parallels to B C ; 
then A C is divided into parts proportional to 

inAB; 

i.e. CE :EG = BD :Dr, &c. 
The proof as in 2, VL and Qor. 2, VL 



those 



Prop. 3. — Thbor. 

If the angle of a triangle be divided into two equal angles by a 
St. line which also cuts the base ; the segments of the base shall have 
th^ same ratio which the other sides of the triangle have to one another; 
and conversely, if the segments of the base have the same ratio which 
the other sides of the triangle have to one another, the st, line drawn 
from tfie vertex to the point of section^ divides the vertical angle into 
two equal angles. 

Or, <'If an angle of a triangle he cnt into two eqnal parts, and the st line 
cutting the angle cuts also the hase, the segments of the hase shall have the 
same ratio to the other sides of the triangle; and if the segments of the bsse 
have the same ratio to the other sides of t£e triangle, the st line drawn from 
the vertex to the section-point cuts into two equal parts that angle of the 
triangle." Euclid. 



Con. 31, 1. Through a given • to draw a st line D to a given st. line. 
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Dsii. 29, L If a st line iall upon two st. lines, it makes the altr, /_% 
equal, and the ext /. = the int and opp, /_ upon the same side; 
and l^ewise the two int /,s upon the same side = two rt. ^s. 

Ax. 1, I. — 6, L If two /.s of a A he equal, the sides which subtend 
the eq. /.s shall be equal. 

2, VL— 7, v.— 11, v.— 9, v.— 5, 1. The /.s at the base of an isosc. A 
are equal; and if the eq. sides be produced, the Ij&ovl the o^er side 
of the base shall be equal 

E. 1 Hyp. Casb 1. Let the A be ABC, and let AD make 

^BAD= Z.CAD; 
then BD : DC = BA : AC. 



C. 



D. 1 



Cone. 

31,1. 
C. 29, I. 
H. Ax. 1, 1. 
C. 29, I. 



D. 1. 6, L 
C. 2, VL 
6 D. 4, 7, V. 
E. 1 Hyp. 

21 Cone. 

C. 31, L 

D. 1 H. 2, VL 

2 11,V.9,V.^ 

5,L 

3 29, L 

4 Ax. 1, L 

5 Bee. 



Through C draw CE || DA, 

to meet BA prod, in £. 
.-. AC cuts EC II AD, 

.•.ZACE= ZCAD; 
but L CAD = L BAD, 

.\ zBAD= ZACE. 
Again, •/ BE cuts the jls B 

AD, EC, 

/. Z.BAD= ZAEC; 
but zACE = zBAD, /. zACE,= zAEC, 

& AE = AC. 
And •.• AD II EC in a BCE, 

/. BD : DC = BA : AE : 
but AE = AC, /. BD : DC = BA : AC. 




Case IL Let BD : DC 

and join AD ; 
then in aBAC, zBAD 



BA: AC; 
ZCAD. 



Make the same construction as in Case L 
•/ BD : DC = BA : AC ; 

&BD: DC=BA: AE; 
.-. BA : AC = BA : AE ; 

& .-. AC=AE, & ZAEC = zACE; 
but ZAEC = zBAD, & zACE = 

ZCAD; 
/. z BAD = z CAD, 

t. c, z BAC is bis. by A.D. 
> If the aiigle of a triangle ^c, Q.E.D. 
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Prop. A. — Theor. 

If the outward angle of a triangle, made by producing one of 
its sides, be divided into two equal angles, by a st, line, which also 
cuts the base produced ; the segments between the dividing line and 
the extremities of the base, have the same ratio which the other sides of 
the triangle have to one another ; and conversely, if the segments of 
the base produced have the same ratio which the other sides of the 
triangle have ; the st, line drawn from the vertex to the point of 
section, divides the outward angle of the triangle into two equal 
angles. 

Combining Prop. Ill and A into one, the General Enunciation 
might be ; 

"7/* the vertical angle of a triangle and its adjacent exterior 
angle be bisected by lines cutting the base arid the base produced, the 
base will be cut internally and externally in tJie ratio of the two 
sides. 



Con. 31, I. Dem. 29, I. Ax. 1, L— 6, L— -2, VI.— 7, V.— 11, V. 
9, V.--5, 1. 



E. 1 



3 



C. 



D. 1 
2 



Hyp. 1 



>» 



Cone. 
31,1. 

C. & 29, 1. 

H. 2, Ax. 1,1. 



Case I. — Let BA a side of a ABC be 

produced to E; 
and let A D, meeting B D the base produced, 

in D, bisect ext. Z. C A E ; 
thenBD: DC = BA: AC. 
Through C draw C F || A D. 

•/ A C meets the [js A D, F C, 
/. altr. Z A C F == altr. Z C A D; 
But Z CAD = Z DAE, 
/. also Z DAE= Z ACF. 
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D. 3 
4 
5 
6 

E. 1 

2 

C. 

D. 1 



4 
5 



C. & 29, I. 

D. 2^. Ax. 1, I. 
6,1. 

C. 2, VI. 

D. 4, 7, V. 

Hyp. 

Cone. 
31, 1. 

H. & 2, VI. 

11, V. 9, V. 
5,1. 
29,1. 

Ax. 1, I. 
Kec. 



Agam, •.• BE cnts the |ls AD, FC ; 

,-. ext. Z. DAE = int <fe opp Z. CPA ; 
but /_ ACF = z. DAE, 

.-. ZACF = ZCFA, <fe AF = AC. 
And •/ AD I FC, a side of A BCF ; 

.-. BD : DC = B A : AF ; 
but AF = AC, .-. BD : DC = BA: AC. 

Case II. Let BD : DC = B A : AC, 

and join AD ; 
then zCAD= ZDAE. 
The same construction is to be made. 

•.• BD : DC = BA : AC, & BD : DC 

= BA : AF ; 
/. BA : AC = BA : AF. 

& /. AC=AF, & ZAFC=ZACF. 
But /_ AFC = ext, L EAD, 

& L ACF = altr. L CAD, 
/. also L EAD =^ L CAD. 
•. If the outward angle J ^c. Q.E.D. 



CoR. 1. The segments BD, DC, q/* the base produced by the 
external bisector A D, are proportional to the segments B G, G C, of 
the base B C, made by the internal bisector A G. 



D. 1 
2 



3, VJ., A, VI. 
11, V. 



V BG:GC = BA: AC; 

andBD: DC = BA : AC; 
/. BG : GC = BD : DC. 



** Henoe, the bisectors of the internal and external angles cnt the base 
interniallj and externally in the same ratio." 



Cob. 2. The two lines AQ and AD, wMch bisect the vertical 
angle BAC, and its adj. ext. angle C AE, cut the base produced har^ 
nwniocdly ; i. 6., so as to make BD : DC = BG : GC ; — or the base 
BC is a harmonic mean between its greater internal and external 
segments, BG and CD ; i. e., CD : BG = CD^BC : BC^BG. 
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Cor. 3. Also the two sides of -a triangle AB, AC, and the 
lines AG, AD, whiek bisect the vertical and ext, vertical angles are 
harmonicals; for by Def. A, VI., they are four lines passing 
througli the same point A, and dividing a st. line, £D, har- 
monically. 

Cob. 4. If BG, BC and BD, in the same st. line, he in 
harmonical progression^ DC, DG and DB, will also he in harmonical 
progression. 



D. 1 

2 
3 



Def. B, V. 



16, V. B, V. 
Def. B, V. 



Cone. 



*.* BG, BC, and £D are in harmonical 

progression, 
/. BG : BD = GC : CD. 
/. alt. BG : GC = BD : CD, 

and inv. DC : DB = GC : BG. 
.*. DC, DG and DB are st. lines such that 

the 1st DC : the 3rd DB = DC--DG 

: DG-DB. 
.*. DC, DG and DB are in harmonical 

progression. 



Hence, if a st. line B C be divided in G, and prodaced so that D B : D C 
= B G : G G, the whole Une made np of B G + C D, t. e.y B D, is 
divided hannonicallj, in the points G & C; — for D B, D G, and D C, are 
in harmonical progi'ession, and therefore B D, B C, and B G are also in 
harmonical progression, and G and C are the points in which B D is 
harmonically divided. 

SoH. When the given triangle is isosceles, the line which bisects the 
exterior vert, angle iapartiUel to the base; and the point of supposed exteniat 
section of the base is then infinitely distant; or, inasmuch as two parallel lines 
never meet, there is in reality no point of external section. But practically, 
the infinite segments, of which the difierence is the base, may be regarded as 
equal,— for the bisector is infinitely extended in both directions, and me difier- 
ence between the infinite segments bears an infinitely small ratio to the 
segments themselves. On this theory, in the case of an isosceles triangle the 
proportion is preserved between the external segments and the sides. In all 
other cases; 

If the line A G, which bis. /.BAG cuts the base 

BGinG; 
then the st. line B D is divided harmonically in 

• s G, G. 
VBG : GG = BA : AC; 

and BD : I) G = BA : A G; 



E. 1 


Hyp. 


2 


Gone 


D. 1 


3, VI. & A, VL 



2 11, V. 

3 C. 

4 D. 2. 

5 Def. A, VI. 
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/. BD : DC = BG : GC. 
ButBG=BD-DG, andGC= GD-DC, 
.-. BD :DC=:BD-DG:GD — DC. 
*. BD, D G and D C, are in harmonical proportion. 



UsB & App. 1 . The harmonic mean, x, between two nombers, m and n, is 

2 M ft 

~Y — f AQ^ *^ obtained from the hannonic proportion m : nz= m— x : x— n; 

whence m X far— ») = n X (m—x); i.e., mx—mn^mn^nx; 
transposing and collecting mx -^ n x=z 2 m n ; 

dividing by m + «, we hare x = — -7— the harmonic mean. 

2. By combining the Propositions 3 and A, it is proved; 

1°. in optics, — ^that the axis of a pencil of rays, incident on a spherical 
mirror, is divided harmonically by the radiant point, the geometrical focus of 
the reflected rays, and the centre and surface of the reflector; 

2°. in <icou8tic8, — that the lengths of three musical strings, of the same 
thickness, material and texture, and under the same tension, must be in har- 
monical progression, in order to produce a note, its fifth and its octave. 



Prop. 4 — Theor. (Important.) 

The sides about the equal angles of equiangular triangles are 
proportionals ; and those which are opposite to the equal angles are 
homologous sides, t. e., are the antecedents or the consequents of the 
ratios. 

Or, "Equiangular triangles have their sides proportional." 

Coir. 22, 1. To make a A of which the sides = three given st. lines, of 
which any two must be greater than the third. 

32, L The three int. ^s of eveiy A are together = two rt. ^s. 

Dem. Ax. 2, I. — 17, L Any two Z.s of a A are together < two 
rt. Z.8. 
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Ax. 12, 1. If a St line meets two st. lines, so as to make the two int. /_% 
on the same side of it taken together < two rt. / s, these two st. lines 
being continually produced shall at length meet upon diat side on 
which the /.s are < two rt, /j&, 

28, 1. — 34, I. The opp. sides and ^s of / 7 s are = to one another, 
and the diam. bisects them. 

2, VI. — 7. V. — 16, V. altemando. If four Ms of the same kind be 
proportionals, they shall also be proportionals when taken alteraatel;^. 

22, y. ex atquali. If there be any number of Ms, and as many others, 
which taken two and two in oraer, have the same B; the first shall 
have to the last of the first Ma the same R which the first has to the 
last of the othersw 



E. 1 



Hyp. 



2 Cone. 1. 



Cone. 2. 



C. Pon. 22, I. 



D. 1 U.Add. 

2 Ax. 2, I. 

3 17, I. 

4 D. 2. 



Let A 9 ABO, DCE, be eq.. ang. 

t.6., ZABC = A DCE, Z.ACB = 

ZDEC, * .•. (82, I.).ZBAC =CDE; 
Then these as are sim., i.e., by Def, 1, VI. 

the sides about each pair of eq. /_ s. are 

proportionals ; 
AB : BC =« DC : CE ; BC : CA = 

CE : ED, & BA : AC = CD : DE. 
and those sides are homologous which are 

opposite to the eq. /_ s. 

Place A DCE so that its side CE may be 
contiguous to BC & in the same st. line 
with it. 

V Z.BCA=3 zCED,toeaohadd Z.ABC; 

/. zABC + zBCA=zABC+zCED; 

but Z.S ABC + BCA < 2 rt. Z.8 ; 

.\ £a ABC + CED < 2 rt, ^s; 




C E 



PROP. IV.— BOOK VI. 



267 



D. 5 
6 

7 
8 
9 

10 

11 

u 

15 

16 

17 

18 



Ax. 12, I. 
Sup. 

H. 28, 1. 
H. 28, 1. 
Def. A, I. 

34,1. 
D. 8. 2, VI. 

D. 9. 7, V. 

16, V. 
D. 7. 2, VI. 
D. 9. 7, V. 
16, V. 
D. 12 & 15. 



22, V. 



Eec. 



.'. BA, ED meet, if produced. 

Let them meet in the • F. 

then •/ z ABC = DCE, /. BF || CD ; 

& /. z ACB =;= ZDEC, /. AC || FE ; 

.-. FACDisa,C=7, 

and .-. AF = CD and AC = FD ; 
And in aPBE, v AC||FE; 

.-. BA: AF= BC: CE; 
But AF = CD, .-. BA : CD = BC : CE; 
& alt AB : BC = DC : CE. 
Again, •/ CD || BF, & BO: CE = FD: DE; 
but F D = A C, .-. BC : CE =:AC: DE; 
& aU. BC : CA = CE : ED. 
And V AB : BC = DC :CE, 

& BC : CA = C*E : ED ; 
.-. ex CBquali BA : AC = CD : DE. 
*. The sides about the eq. angles, Sfc. Q. E. D. 



Cor. I. If diverging lines BF, BK, BE, cut parallel lines 
AC, PE, the parallel lines will be cut proportionally,!, e., C I : I A 
= EK : KF. 



D. 1 
2 

3 

4 



H. 
4, VL 

11, V. 
16, V. 






•/ A B 1 is similai* to A B K E ; 
/. BI:IK==:CI: E K, 

andBI: IK = lA: KF; 
.-. CI: EK = lA: KF; 
and /. alt. CI:IA = EK:KF. 



CoR. 2. If two par. st. lines, CA, EF, he cut by any number 
of diverging lines, BF, BH, BK, BE, the parallels wHl be similarly 
cut in the • s of section. 

CoR. 3. In a triangle B F E, a line from the vertex, B H, 
bisecting the base E F in H, also bisects the parallel to the base, CA. 

CoR. 4. A parallel to the base of a triangle cuts off a similar 
triangle. 

ScH. 1. In mmilar fignres the homologous sides are those which lie between 
equal angles as A B and CD, and also B C and CE, the Z.s B FE and FB E, 
being equal to the Zs CDE and DCE;— and Zs FBC» BEF, being also eq. to 
Z 8 I) C E and C E D. Homologous terms are the antecedents or consequents 
of a proportion. 
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2. It can be said 011I7 in the case of triangles, that, if their ancles an equal 
their sides about their equal angles are proportionals;— in rectan^es and otiier 
equiangular figures of more than three sides, the corresponding sides are not 
nccessfurilj proportionals; neither does it follow, as in triangles, thai, if their 
sides are proportionals their angles are equal. 



Prop. 5. — Thbor. (Important) 

Conversely. If the sides of two triangles, about each of their 
angles, be proportionals, the triangles shall be equiangular; and the 
equal angles shall be those which are opposite to the homologous sides. 

Or, Triangles whose sides are proportional are equiangular. 

Con. 23, 1. At a given • in a given line to make a recUl. Z. = * 
rectil. /. 

Dem. 32, I— 4, VI.; 11, V.; 9, V.; 8, L— Triangles having the 
three sides of the one equal to the three sides of the other, 
have the /,s equal which are contained by eq. sides. 

4, I. If two As have each two sides and their included ^ eqnal, 
the As are eq. in every respect 



E. 1 
2 



Hyp. 1 



j» 



Cone. 



C. 1 



23,1. 



Let AS ABC, DEP, have AB : BC 

= DE : EF. 
& BC : CA=:EP : FD; 

and ex, mq, BA : 

AC = ED : DF; 
then A A B C is 

eq. ang. with A 

DEF, the eq. Z b 

being opp. the 

homologous sides; 
i,e. Z ABC = 2I 

DEF; Z BCA= Z EFD; 

and Z BAC = Z EDF. 

At . 8 E, F, in EF make z FEG = Z ABC, 
and z EFG = Z BC A ; 




PROP. V. BOOK VI. 
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2 32, I. 



D. 1 

2 
3 

4 

5 

6 

7 

8 

9 
10 



32,1. 

4, VI. 
H. 11, V. 

9, V. and 

Sim. 
D. 4 & C. 



8, I. & 4, 1. 

D, 6. C. 

Ax. 1, I. 
Sim, 

Cone. 
Bee. 



.-. rem. Z EGF = rem. Z. BAC, 
and A GEF, is eq. ang. with A ABC. 

.-. L EGF = z BAC, 

and A GEF eq. ang. with A ABO ; 
/. AB: BC = GE: EF; 
but •/ AB : BC = DE : EF; 

.-. DE : EF = GE : EF ; 
.-. DE = GE ; and so, DF = FG^; 

/. in AS DEF, GEF, the 3 sides = the 3 

sides, 
«. e. DE = GE, EF com. and DF = FG. 
.-. Z. DEF = z GEF, z DFE = Z G 

and z EDF = Z EGF. 
And •/ z DEF = Z GEF, 

and z GEF= z ABC; 
/. Z ABC = Z DEF ; 
So z ACB = z DFE, 

and Z at A ^ Z at D. 
.-. A ABC is eq. ang. to a DEF. 
'.Ifthe sides of two Triangles^ ^c. Q. E. D. 



Z GFE; 



ScH. Propositions 47 and 48 of Bk. I, and 4 and 5 of 6k. VI. establish 
the most important properties in the Elements of Greometry, and may be 
regarded as nniversal principles in every kind of rectilineal Measurement. They 
are the foundation of the application of Algebra to Geometry; and, inasmuch 
as every rectilineal figure may be resolved into triangles, and each triangle by a 
perpendicular from the vertex into two rt. angled triangles, they really include 
the solution of all problems relating to right-lined figures. 

Use & App. ' I. The Theory of Bepresentative Value, by which a small 
picture, executed with care to keep a due proportion between all its parts, 
becomes an accurate index to the human features, or of the wide spread earth 
itself — that Theory finds its sure support on the truth, that Equiangular 
Triangles have their sides Proportional; and if their sides are proportional they 
are equiangular. It is on this Principle that Trigonometry is founded, for the 
sides of a Triangle have the same ratio as the sines of their opposite angles. 
The Triangulation practised in a Survey, ascertains actual distances, but the 
Map, founded on the measurements and calculations, is throughout constructed 
on the principle, that the small, spaces are proportional to the real spaces ; and 
though the lines are not drawn on the map which represent the triangle formed, 
ibr instance, by three hills not in the same st. line— yet the points themselves — 
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0RAOAnc«s or EirCLID, 



the rettkm of Hbe aertad mi^ «e noted dovni, and tinr acuuatj i dqwnds 
on tiie eooditioiiy tluii tfaetnuig^aB paper is in exact ntio to the tunde 
iuOieMd. 

To jstre a genenl idea eilhe Vm ci Ftop, 4, aad of its Confose, we 
hh^ state, tibat H n ibe ofdioaiy pmetioe m mttatmnmg tbe Lei^tiis of 
inaceeanble lines lo eoostrnet or dmir mall trisng^ like to tbe laige ones 
existing, or emeetTed of as exirting: on tlie gromud; and as we have jngt 
stated^ tiie prindple oo nludi tins is done isderired fiom tlie last tiro piopo- 
sitions* On tfaeir troth also d^ends the acemacy of snch L mnun e uls as the 
fiitdt, the Qnadmnt, and tbe Geometrical Sqaare, on wdneh are fixmed 
triandes similar or mniangnlar with those wludi we intend to measme. 
Besi&s to take the Plane of a Place, or the oothnes of a Comitiy, from 
two stations, is bot a eontinned application of the principle, that the sides 
of erjniangnlar triang^ are proportionaL 



IL — ^Tbe DsDUcnovs, for Practical Pmposes, made from this troth majr 
be arranged rad«r ei^ ProU»ns and Pommlas. 

PnOB, h-^Given OC Ar CB, the ob§erved length of die ahadows of two 
perpendicular objects, DC, AB, and the aUUndeofone, DC ; to find the abihtde 
of the other AB. 



•/ GC : CB = DC : AB ; /. AB = 



C35xDC 



GC 




Ex. — A tower AB, casts on tbe lerel groood a shadow of 140 feet ; s pole 
DC; ftanding perpendicularly, a shadow of 6 feet ; the length of DC is 10 feet ; 
rer{uired the height of the tower. 

140 X 10 1400 

Here, 6 : 140 =s 10 : AB ; /. AB s « = 233^ feet. 

6 6 

X.B.--It is said that Thalbs, B. C. 600, taught the Egyptians to mftuure 
the heights of the pyramids by this method. 



PROB.— Bv means of a mirror placed horizontaUy at C, the angle of in- 
cidence, A CBy being always equal to the angle of rtfiection, D CG :— to ascertain 
the height AB of a perpendicular object. 



PROP. V. BOOK VI. 
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The Observer DG, standing upright, notes the 
height of his eye above the horizontal line GB ; 
the distance GC of his feet from the mirror ; and 
also the distance CB, of the mirror from the foot 
of the perpendicular ; two eqniangalar triangles 

are thos formed, DGC & ABC ; again GC : CB = DG : AB ; and 

DG X CB 




.-. AB = 



GC 



Ex. The height of the eye, DG = 5*5 ft ; the distance GC = 6 feet ; 
and CB =ss 96 ft ; required AB. 

96 X 5-5 

Here 6 : 96 = 5 • 5 : AB ; .% AB = = 88 feet. 

6 

Pbob HL— Tb find the height of a perpendidular object, AB, by means of 
two uneqiud rods or poles, CD, EF, placed perpendicularly on the horizontal 
line CB. 




Set CD and EF, so that A may be seen in the same line with E, C, the tops 
of the two poles ; measure EF & CD, FD and DB, i. g., E A & A G • 

kOcXkC 

then Wt ikOtzsikC I GA; t. e. GA = ; and AB = GA -|- EF 

EA 

Ex. By measurementEF =5fk; CDsrl0ft;FD=:EA = 6ft- and 
DB = A G = 24 ft ; required the height BA. 

24 X 5 

Here 6 : 24 = (10-6) : GA ; /. GA =a = 20 ft ; 

6 
& 20 -f 5 = 25 ft = BA. 

Pbob. IV. By means of one pole DE, placed perpendicularly, to aivertain 
the altitude BA of a perpendicular object. 
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Let DE be set apright, where A can be seen in 

a 8t line with its top from C ; measure C£, DE & 

EB; then; CE : EB = DE : AB ; 

EB DE 

whence AB =s 

CE 

Ex. At a distance CE of 10 ft from DE = 7 ft, A can be seen in a line 
with point D ; and the distance from E to B is 21 feet ; what is the altitude 
BA? 

21 X 7 

Here 10 : 21 = 7 : BA ; i. e, BA = = 14 • 7 feet. 

10 

Pros. V. By meaiu of a Geometrical Square to measure the height oj on 
chjeci^ CBy the foot only of which we can reach. 

Let AB represent the horizontal line; p D a parallel to it ; DB the height 
of the instrument aboye AB ; CD the height of the object above p D ; jp the 
edge of the geometrical square along which the top, C» of the object is seen ; 
«r, r»« and pn graduated edges, each of 100 eq. parts, andp the point of suspen- 
sion for the plummet. 



P 

/ 

A -' 




/ 



§ 
t 
t 



D 



B 




X 



D 



B 
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From the place of obserration measure the distance p D, and the height o^ 
the instmment, DB; direct ap towards the object C, so that s, p, and C may be 
points in one st line ; and note the nnmber of parts in sr, or m, cat off bj th^ 
plummet line. 

1°. When the plummet line cuts sr. in o, the triangles pso and C D » are 
eq. ang.; far \' po\\ C B, /^ 8po= /_pCI> and /, s = /_D, both being 
rt. AS; 

sp ' pJ) 
.\ 80 : 8p = pl> '.CD; whence CD = ; and CB = CD + DB. 

80 

2°. When the plummet line cuts rn in o, the As, o np and C Dp, are 
eq. ang.; fox po || CB, /^ op n= /_ C pD, and /_ pon= Z. jP CD; 
,\pn: no =pJ) : D C; 

n • p'D 

whence DC = , andCB= CD + DB. 

pn 

Ex. 1. The distance ;? D = 80 ft; « o = 60 eq. pts., and D B = 6 ffc. ; 
required CB. 

80 X 100 8000 

Here 60 : 100 = 80 : CD; /. CD = = = 133f ft. 

60 60 

And 133§ ft. + 6 = 139§ = CB. 

Ex. 2. The plummet line p o cuts oiF n o = 20 eq. pts. ; DB = 5ft.; and 
;)D = 90 ft.; required CB. 

20X90 

Here 100 : 20 = 90 : DC ; whence DC = = 18 ft.; 

100 
and 18 + 5 = 23 ft. = CB. 

PfiOB. VL By mean8 of a geometrical acniare, 
with an index to point out the extremitie8, whether 
altitude or otherwise, of two objects, one of which is 
in the vertex of a right angle; to measure the 
distance. 

Place the square, each side of which is divided 
into 100 eq. parts, on a line, CB, which is at rt. /j& 
to AB; and along the moveable index CD, observe 
the object A, and note the number of eq. parts cut 
off by the index on the edge of the square, DE or 
CE; then. •/ EC || AB, and ED || CB, /. Z E = 
Z. B, /. ECD = /_ CAB, and /. EDC = /_ ACB; thus the As, ABC and 

EC. CB 
CED are eq. ang., and /. DE : EC = CB : BA; •. BA = 




C. JP 



DE 
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Ex. 1. From the foot, B, of the perp. AB, to C, I meafloie BC, — ^it is 40 
feet; the index CD, cuts off 100 eq. pts., as ED; — ^EC also being 100 eq. pts.; 
required AB. 

100 X 40 

Here 100 : 100 = 40 : BA; '. BA = = 40 feet. 

100 

Ex. 2. The index cnts £D at 60; as before CB = 40 feet, EC or DF = 
100 eq. pts. ; required AB. 

100 X 40 

Here 60 : 100 =z 40 : AB; •. AB = = 66} feet. 

60 

Faob YIL To find, by aid of the cross staff, or theodolite, the distance of 
A from B without approaching A, 

At rt /.B to AB, lay down the line BD ; and in 
BD take a * C, at which place a staff; from D, but on 
the other side of BD, laj down DE perp. to BD, and 
measure along DE, until £, C & A are in one ft Une ; 
then, •/ the /.s at C are equal, /Jy = /.B, and /.E 
=/_A ; /. the AS ABC, CDEare equiangular ; 

CBDE 

.-. CD : CB = DE : AB ; t. e. AB = 

CD • 

Ex. The measurement of BC = 200 links ; that of CD = 60 links, and 
of DE = 50 ; how many links are there between the * s B and A ? 




Here 60 : 200 = 50 : BA ; t.. e., BA 



200 X 50 10000 



60 



60 



» 166| links 



Pbob. VHL — By means of a line, DE, of which the length is known, to 
find the length of its parallel, AB, one end of which, B, only can be approached. 

Set out the line BE, and on it ascertain the 

point C, where a line joining A and D would 

cross BE; measure BC, CE; 

' '.• the AS ACB and DCE are eq. ang., 

/. CE : CB = DE : AB; 

CB.DE 
t. e., AB = : . 

CE 

Ex.* The parallel DE measures 800 links; the side EC, 900 links, and 
CB, 1800 links; required the links in AB. 




PROP. VI. — BOOK VI. 
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1800X800 

Here 900 : 1800 = 800 : AB; .-. AB = = 1600 links. 

900 

Obs. An instniment in common use, — the Proportional Compassesy is an 
example of the last Problem; in this instrument, the common centre C, about 
which the tegs turn, is changed at pleasure, yet so as to preserve any given 
proportion ^tween EC and CB, and consequently between ED and AB. 
These compasses give great facility in enlarging or diminishing a plan or map; 
and with sufficient accuracy for many purposes, — ^the principle being perfect, 
but the application liable to fail for want of the requisite care. 

The Pentagraph and Eidograph are also instruments, of which the princi- 
ple is, that the arms move parallel to each other, and consequently that the 
triangles formed are always similar, being exemplifications of Euclid's Prop. 4, 
Bk. VL For accuracy and precision the Eidograph is far superior to the 
Pentagraph. See B&adley's Pract. Geom. p. 59. 



Prop. 6. — Theor. 

If two triangles have one angle of the one equal to the one angle 
of the other, and the sides about the equal angles proportionals, the 
triangles shall be equiangular, and shall have those angles equal which 
are opposite to the homologous sides. 

Con. 23, L— 32, 1, Dem. 4, VI. 11, V. 9, V. 4, 1. Ax. 1, 1. 32, 1. 



E. 1 Hyp. 1 



„ 2 



3 Cone. 



Let A 8 ABC, DEF 

have Z_ B AC = /_ 

EDF, 
and BA : AC = 

ED : DF ; 
then AS ABC, DEF 

are eq. ang. ; 
I. e., Z. B = Z. E, 

and zlACB Z.DFE. 
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D. I 

21 

3 

4 

5 

6 

7 

8 
9 



23, I. 



32, I. 

C, 4, VI. 

H. 2. 

II, V. 9, V. 

C. 

4,1. 

C. 2. Ax. 1, 1. 

H. 1. 32, I. 

Cone. 
Rcc. 



At • s D, F in DF make zFDG = /I BAG, 

or ZEDF; & ZDFG; = zACB; 
/.rem. ZB = rem. ZG. 

•/ A DGF is eq. ang. with a ABC ; 

/. BA: AC == GD: DF; 
but BA : AC = ED : DF ; 
/. ED: DF = GD : DF; & /. ED = DG. 
And V DF com., ED =GD, & zEDF = 

ZGDF; 
.-. EF = FG, A EDF = aGDF, zDFG= 

ZDFE, & ZG= ZE; 
but zDFG = zACB, 

/. Z ACB = DFE ; 
& V ZBAC = zEDF, 

/. rem. Z B = rem. Z E. 
/. A ABC is equiangular to A DEF ; 
•. If two triangles have one angle ^c. 

Q.E.D. 



CoR. 1. — It may be added, that the sides also about each pair of 
equal angles shall he proportionM^ i. e., by 4, VI, AB : BC = DE : 
EF ; & BC : CA = EF : FD. 

Cor. 2. If through any points, h, c, d, &c., of a straight line 
NM, parallels J B, c C, c? D &c., he drawn, which are proportional to 
the distances A h, b c, c d &Q.,from any point A on the 1st line, then 
their extremities B. C, D &c., will he on the rt. line DA passing 
through A. 



jn 



IUl 




J M. 



V A&:6B = Ac:cC;&zA6B = AcC; 
.'. A Aft Bis similar to aAcC; & /. ZBA^= Z_CAc; 
and •/ A h coincides with Ac; /. AB & AC, being on the 
same side of NM, also coincide. 
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N. B. — The equation of a rt. line in Analytical Greometry depends on this 
principle. See Lasdn£r's Euelid, p. 184. 



Use & App. 1. Since all rectilineal 
figures may be divided into triangles, if 
any two rectilineal figures, A B C I) E F 
ahcdef, thus divided have all their 
angles but two eqoal in order, /. B =: 

/_ e, and the corresponding sides about 
the equal angles proportionals ; then their 
remaining angles shall be equal each to 
each, Z.A = Z.a, A^ = Z./,and 
their remaining sides AF, a/, in the same 
ratio with any other two corresponding 
sides A 6, ao. Thus the one figure 
shall be similar to the other by Def. 
1,VI. 




E. 1 
D. 1 
2 
3 
4 
5 

6 
7 
8 
9 
10 

11 



Pst. 1, L 
H. 

6, VI. 
H. & D. 2. 
Ax. 3, 1. 
D. 2. & H. 

22, V. 

6,VL 
Sim. 
Cone. 
H. 

22, V. 16, V. 



Join AC, AD, AE; oc, ad, ae. 

'/ AS ABC, aic, have Z.B = Z.6, & AB : BC =:a5 : he; 

,\ Z. ACB = /_ acb, and AC : CB = ac : c b; 

and V Z BCD = /_hcdy and /_A.QB z= /^ach; 

.'. Z ACD = Z o.cd. 

Also V AC : CB = ac : c6; and CB : CD = 

cb : cd; 
,', ear. <Bquo, AC : CD z^ ac*. cd; 
.'. AS ACD and a c rf are similar, 
^d thus As ADE, AEF, are sim. to As a (ie, a ef; 
.'. Z F = Z/ » *°^ Zs at A = Z 8 at a. 
Also •/ AF : AE = afi a e; and AE : AD = ae : ad; 
and AD : AC := ad : ac, and AC : AB =z ac :ab: 
/, ex. aq. AF : AB = af : a 6; 
and aU.AEiaf =A B : a6. 



2. Similar rectilineal figures may also be divided into the same number 
of simOar triangles; and their homologous or corresponding sides, arc to on« 
another in the same ratio, each to each. 
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Prop. 7. — Theor. 

If two triangles have one angle of the one equal to one angle of 
the other, and the sides about two other angles proportionals ; then, if 
each of the remaining angles he either less, or not less, than a rt. 
angle, or if one of them be a rt. angle ; the triangles sJiall be equi- 
angular, and shall have those angles equal about which the sides are 
proportionals. 

Or, " If two triangles have one angle eqnal to one angle, and the sides 
aboat the other angle proportional, and the remaining angles either both less, 
or both not less than a right angle, the triangles will be equiangular, and will 
have those angles eqnal about which the sides are proportionaL" — ^Euclid. 

Dem. 23,1. 32,1. 4, VI. 11, V. 9, V. 5,1. 13 1. The /.s which 
one St. line makes with anotJier upon one side of it, are either 
rt. /_8, or together, equal to two rt. ^s 

17, 1. Any two /.s pf a A are together less than two rt. /.s. 



E. 1 



Hyp. 1 



„ 2 



Cone. 1 



>) 



Let A s ABC, DEF have Z A = Z D, and 

AB : BC = 

DE : EF ; 
and let the 3rd /.s 

ACB, DFE, be < 

or "4^ [a rt. /., or 

one be a rt. Z ; 
then z. s ABC, ACB, 

of the one = respectively Z. s DEF and EFD, 

of the other, 
and AB : BO = DE : EF, and^ BC : CA = 

EF ; FD. 




Case I. Let each of the rem. Z.s C and F be < a rt. Z ; 
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D. 1 
2 
3 



6 

7 



8 

9 

10 



11 
12 



Cone. 

Sup. 28, I. 

H. C. D. 1, 
32, I 
4, VL 

H. 11, V. 

D. 4, 9, V. 

5,1. 
H. 13. I. 



D. 2. 
H. 

Cone. 

32,1. 
Cone. 



then AS ABC and DEF, are eq. ang. 

ZABC = L DEF, and Z. C = Z F. 
If L ABC i=. L DEF, let L ABC > 
ZDEF; and make/. ABG = L DEF. 
And •/ Z A = z D, z ABG = ZDEF, 

and L AGB = L BFE ; 
.-. A ABG is eq. ang. to a DEF; 

and /. AB: BG = DE : EF; 
but as DE : EF so AB : BC, 

.-. AB : BC = AB : B G; 
and •/ AB : BC = AB : BG, 

/. BC = BG ; 
and /. L BGC = L BCG. 
But L BCG <rt. Z, 

.-. ZBGC < rt. Z, 

and .'. adj. Z AGB > rt. Z. 
Now ZAGB = ZF, /. ZF > rt. z ; 
but Z F < rt. Z ; — which is absurd. 



but Z F < rt. Z ; — which is absurd. 
/. Z ABCnot:jfc DEF, «.e. z ABC = i 

and Z A = L^\ 
.*. rem. z C = rem. Z F. 
.-. A ABC is eq. ang. to a DEF. 



ZDEF, 



Case II. Let z s C ^ F be each < a rt. Z ; 



D. 1 



Cone. 



D. 1—5 Case I 



3 
4 



H. 

17,1. 

Cone. 



then A ABC, 

is eq. ang. 

to A DEF. 
As before BC 

= BG, 

/. Z C = 

ZBGC; 
but Z C < 

rt. z, 




/. z'BGC<rt. z; 
/. two ^s of A BGC, are < 2rt. /^s; which 

is impossible ; 
and /. A ABC is eq. ang. to A DEF, as 

in Case 1. 
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Cash III. Let one of the /_^^ 0, F, namely /^C, be a rt. /_ ; 



D. 1 



3 
4 

5 

6 



Cone. 



Sup. 23, I. 



Case 1. 5, I. 

H. Ax. 1, I. 
17,1. 

Cone. 
Eec. 




Then also a ABC 

is eq. ang. to 
A DEF. 
If not, at B in 

AB,make^ABG, B 

= i_ DEF; 
then BG = BC, 
and /. z_ BCG = i_ BGC ; 
but /^ BCG is a rt; /^ , /. ^ BGC is a rt. /^ ; 
/, two /^s of A BGC are < 2 rt. /^s; 

which is an impossibility ; 
/. A ABC is eq. to ang. A DEF. 
•. If two triangles have one angle, ^c. 

Q. E. D. 



ScH. When two angles are boih greater, or both less than right angles 
they are both said to be o/* the same affection ; and in ennnciating this Prop, 
instead of '' both greater or both less than right angles/' it is not nnusnal to say, 
'* botii of the same affection." 



Use and App. — ^In Book L Propositions 4, 8 and 26 contain the criteria 
of the equality of two triangles ; and in Book YI. Propositions 4, 5, 6 and 7 
may be classed together as giving the conditions on which we declare the nmi- 
latity of two triangles. Equality in triangles is absolute, not in area only ; — 
but the similarity is Ukeness of shape, not identity of size. 



The criteria of similarity are ; 

1°, — The equality of the three angles, 4, VL ; 

2°. — ^The identity of the ratios of the respective tides, 5, VI. ; 

3°. — The equality of two angles, one in each triangle, — and the identity 
of the ratios of the containing sides, 6, YL ; 

4°. — The identity of the ratios of two sides in each triangle, — the equality 
of an angle in each opposite one pair of homologous sides; — and each of the 
remaining angles opposite the other pair of homologous sides less than a right 
angle, or one of them a right angle. 
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Universally, if triangles folfil any one of these four conditions of similarity, 
the sides about the equal angles are proportional. 



Pkop. 8. — Thbor. ^(Important.) 

In a rt, angled triangle, if a perpendicular be drawn from the 
right angle to the base; the triangles on each side of it are similar to 
the whole triangle and to one another, 

Dbm. Ax. 11,1. All rt. /.s are equal to one another. 32,1. 4, VI. 
Def. 1,VI. 



E. 1 
2 



Hyp. I. 



>> 



D. 1 
2 

3 

4 



Cone. 



Ax. 11,1. 
32,1. 
4, VI. 

Def. I, VI. 

Sim, 

D. 2 & 4. 

Rec. 



Let A ABO have 
BAG a rt. Z. ; 

& from A let AD be 
_L BC the hypote- 



nuse; 




then A s ABD, ADC, are 

sim. to A ABC, 

and to each other. 
•.• Z. B AC = Z ADB, & Z. B com. ; 

/. rem, /.ACB = rem. ZBAD 
.•. A ABC is eq. ang. to A ABD, and the side& 

propls.; 
/. A ABC is similar to A ABD. 
So, A ADC is eq. ang. and sim. to a ABC ; 
and /. A ABD is eq. ang. & sim. to a ACD, 

which is eq. ang. and sim. to A ABC. 
Therefore, in a rt, angled triangle, ^c, 

Q. E. D. 
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Cor. 1. Th£ perpendicular y KJy, from the vertex of the rt. Z 
BAG to the opposite aide BO, is a mean proportional between the 
segments BD, DC of this side; and also each of the sides, BA, AG, 
including the rU ^i is a mean proportional between the opposite side 
BC, and the segment of it, BD, or DC adjacent to that side, 
BA or AC. 



D. 1 



H. 

Def. 1, VI. 
Obs. Def. 10, V. 

H. 4, VI. 



H. 4, VI. 



•.• A ADB is sim. to A ADC, 

/. BD: DA= DA.: DC; 
i. e, DA is a mean proportional between 

BD and DC. 
Also, •/ A ABC is sim. to a DBA, 

.-. BC : BA = BA : BD ; 

t. e, A B is a mean proportional between 

BC and BD. 
And •/ A ABC is sim. to A ACD, 
.-. BC : CA = C^ : CD ; 

t. e, AC is a mean proportional between 

BC and CD. 



CoR. 2. The segments BD, CD, of the hypotenuse, made by 
the perp, AD, are to one another as the squares on the sides of the 
rt. L r BA2 : AC^. 

•/ by D. 2 & 3 of Cor. 1. 8, VI. BD. BC : CD . BC = BA« 

: AC2; 
if we divide the Ist & 2nd terms of the analogy by BC, 

then BD : CD = BA« : CA» 



Cor. 3. The squares on the sides about the rt, /_ and on the 
hypotenuse are to each other as the segments of the hypotenuse, made 
by the perp, AD, and the hypotenuse itself 

•/ BD.BC : CD.BC : BC.BC = AB^ : CA^ : B C^ ; 
/. on dividing the three terms by BC, 
BD : CD : BC = AB^ : CA^ : BC«. 
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N. B. — Several other subsidiary CoToM&ries might be added, — ^but the most 
important dedactions have been given, and we subjoin onlj ; 

Cor. 4. If the base of a triangle, BC, the two sides, AB, 
AC, and the perpendicular AD, be four proportionals, the triangle 
must be inght angled. 



D. 1 


Hyp. 


2 


j> 


3 


" 


4 


7, VI. 




Cone. 



•/ in A ABC, and in one of the component 

A s ABD, two sides are proportionals ; 
and the Z. s opp. one pair of homologous sides 

are equal ; 
and also •/ of the /_b opp. the other pair of 

homol. sides one is a rt. Z_ ; 
,\ the whole A ABC is sim. to the component 

A ABD; 
and .*. also A ABC is rt. angled. 



ScH. 1. The 8th Proposition, and the deductions that may be made from 
it are particular cases of a more general principle; namely. 



If from the vertex, B, ©/"a A ABC, two lines BD, BE. be draum to the 
base, AC, making the angles at the base, BDA. and BEG, or their supplements 
each equal to the vertical angle ABC ; then the As BDA, BEC, formed by 
those lines, and by the segment DA or EC which each cuts off, shall be similar to 
the whole triangle and to one another. 



E. 1 

2 

D. 1 



Hyp. 
Cone. 
Bemk. 



Let ABC be a Af and from vertex B, let there be drawn 
BD, BE, making /. BDA = /. BEC = /_ ABC; 

then A BED is isosc ; and A BDA is eq. ang. to A BEC 
which is eq. ang. to A ABC. 

When /. ABC > rt /_, /.sBDA and BEC are ext ^s. 
at the base of the isosc. A BDE; 




AE.DCAD E C 
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2 

3 

4 
5 

6 

7 



Bemk. 2. 
3. 



if 
it 

ft 



4. 
5. 

6. 



Cone. 



bat when /. ABC < rt. /., then those /.s are internal. 

As the obtuse /, ABC decreases, the base D£ diminishes 
and the sides BD, BE approach; 

when Z_ ABC becomes a rt. /., BD and BE coincide; 

and after /_ ABC becomes < a rt /., BD and BE diange 
sides. 

In the general proposition, this isosc. A DBE, is what 
the perpendicular is, when the given A is rt. angled. 

.'. the sides of this A DBE, and the triangles under 
them, and the sides of the given A ABC, possess many 
of the properties already proved in the case of a 
rt. Z_d A ; for instance, as in Cor. 1, Pr. 8, VI. ; / 



1. AC : AB = AB : AD, where AB is a,mean proportional. 

2. AC : CB = CB : CE, where CB is a mean proportional. 

3. AC : AB = BC : BE, 

4. AD : BD = BD : CE, where BD is a mean proportional. 

or since BD = BE ; AD : BE = BE : CE, where BE is a 
mean propl. 

5. •/ AD : BD = AB : BC, /. the segments AD and EC are in 

the dupUcate ratio of the sides AB and BC. 

2. ** Hence in a right-angled triangle the segments of the hypotenuse by 
the perpendicular, are in the duplicate ratio of the sides." Labdneb's Euclid, 
pp. 187, 188. 

Use & App. 1. The first Corollary of Pr. 8, bk. VI. supplies the princi- 
ple on which a very clear and brief demonstration may be given of Prop. 47, 
bk. I. 




•/ BC X BD = BA», 

and BC X CD = CA^; 

.-. Add, BC . BD + BC . CD 
= BA» + CA«. 

Or, BC X (BD + CD) =BA« + CA»; 
t. e. BC X BC, or BC« = BA> + CA». 

2. Also according to this Proposition, and by aid of a square, inaccessible 
distances, as DB, may be measured. 
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At D raise the perp. DA, and measure it; 

And at A place a sqnare, so that by looking along one of its sides Ab, the 
point B may he seen in the same st line with Ab; 




And along the other side Ac, the point C may be seen ; and measure DC; 

DA2 
Then, '.• CD : DA = DA : DB; .-. DB = 



CD 
9 



Ex. Suppose AD = 3, and CD = 2*25; then DB = 



2.25 



= 4. 



3. In a circle any chords as BA, is a mean proportional between the 
diameter BC, and that segment of the diameter B D, which is drawn from one 
extremity of the chord, B, and cut off by a perpendicular, AD, let fall from A 
the other extremity of the chord. 



D. 1 
2 



31, in. & c. 

4,VL 
8, VI. 



•.• AS BAC and ADB have each a rt. /., and /_ B 
conmion'; 

/. the A BAC is eq. ang. to A ADB, 
and /, BC : BA = BA : BD; 
i. e, the chord BA is a mean propL to BC & BD. 
And *.* As BAC, BDA and ADC are similar, the seg- 
ments of the hypotenuse are in the duplicate ratio of 
the sides. 



Prop. 9. — Prob. 

From a given st. line to cut off any part required, i. e., any 
measure or snbmultiple. 



Con.— 3, 1. 31, L 
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E. 



D. 



Dbm. — 2, VI. 18, V. Componendo. If Ms, taken separately, be propls, 
they shall also be propls when taken jointly ; t. e, if first : 2nd := 3id : 
4th ; then 1st + 2nd : 2nd = 3rd + 4th : 4th. 

D, V— If 1st : 2nd = 3rd : 4th, if 1st a iw or pt of the 2nd, the 3rd is 
the same m or pt of the 4th. 

Def. 1, V. — ^A less M is a p^ of a greater when the less measures the 
greater. 



1 
2 



C. 1 



3 
4 
1 
2 
3 
4 
5 
6 



Dat. 
Quaes. 

Pst. 1, I. 

3,1. 



31,1. 
Sol. 
C. 3. 
2, VI. 
18, V. 
C. D, V. 
Def. 1,V. 
Eecap. 




Let AB be a given st. line ; 
to cut oflf from it any pt, 

required. 
From. A draw AC making any 

Z. with AB ; 
in AC take any . D, and make 

AC the same m of AD 

that AB is of AE the pt 

to be cut off. 
join BC, and draw ED || BC ; 
then AE is the submultiple required ; 
•/ ED tl BC one of the sides of a ABC ; 
/. CD: DA = BE: EA; 
and compon.j CA : AD = BA : AE ; 
but CA is a w of AD ; /. BA the same m of AE ; 
.-. AE the same pt of AB, that AD is of AC. 
' • From a given st. line, ^e, Q. E. F. 



ScH. Prop. 10, Bk. I. by which a rt. line may be bisected, and its bisec- 
tions also bisected, is a particular case of this Problem. 

Use & App. A simple extension of the Problem enables ns; 
Ist., to divide a yiven line, AL, into any number of equal parts. 

liCt it be required to divide AL, into four eq. pts. 

Draw AX, making any /. with AL; 
from A on AX set off four eq. spaces, 
1. 6. AB = BC = CD = DE i 



E. 1 


Dat. & Quaes. 


C. 1 

2 


Pst. 1, L 
3, I. 



E...-X. 



a 



« 



A^ f^ 



7'< 



'wi 



a 



^h 
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i 31, L Join EL, and throngfa D, C, B draw {|b to EL and cat- 
ting AL; 
( Sol. then AL k divided into foor eq. pta. in b, c, d, L. 

1 9, YL '.' Ab is tbe Mue pi. of AL that AB is of A E{ 

I. e. tbe 4Ch parti 
i Sim. and ■/ Aft, = Sc = cd = rf L; 

1 Cone. ,'. AL ia divided into fbor eq. parts. 



;. 1 Sch. 1. 9, VI I Dirido BC into four eq. pta. in D, E, F, and join AP ; 
2 31, 1. and through D, E, P draw DO, EH, FK each || AP; 

3Pbi. 1,L then join AD, AE, AF, and PG, PH, PK; 

* SoL and the as BPG. GPH, HPK, KPC, eacli = J aABC; 

I I i. e. by lioM frcwnp, a ABC ie divided into 4 eq. pta 



I 37, L •/ A DPG = A GAD, botli being on GD and between 

the same IIbGD.AP; 
il Add. Ai. a, L to each add A BGD, .-. A BFG = a ADB, 

Next, ■,■ BD = DB = EF = PC and the altitude com. 
.-. AB ABD, ADE, AEF, AFC, are equal; 

and each is i A ABGi 
but A BPG = A ADB, .-. BPG = i A ABC. 
So A GPA = A DP A. and A HPA = a APE. 
take A HPA from A GPA, and A APE horn A DFA, 

iUi. A GPH = rem. A AED = i A ABC. 
Now fig. PHAK = APH + APK; 

A APH = A APE and A APE = A APPi 
fig. PHAK = A APE + A APF = i A ABC. 

1 D. S, 8, 10, Now fig. ABPK = J of A ABC; 

2 Ax. 3, L ,-. rem. figKPCa!ao = iof A ABCi 

3 Cone ■. A ABC ifl divided into 4 eq. pts. by lines from • P. 

Given the ntli part of a line AB, lojiiid the (it + 1) th pail. 
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E. 1 
2 

C. 1 



Dat. 

Quaes. 

46, 1. Pst. 1, 1. 



AB 

Given AC = , or AB = n . AC; 

n 
AB 

to find . 

n-fl 
On AB desc. a sq. ABEF, and join AF, EC catting in G ; 



2 

3 

D. 1 
2 
3 



31, L 

Sol. 

C. 

4, VI. 
Cone. 



E K 



P 



i v 


/ 




/ 


i \ 


y 


•: \ 


y^ 


C • 


j/^ 


1 ' 


■^ 


1/ 





A HC U B 

through G draw HGK || AE, cutting AB, EF, in H & K; 

AB 

then AH, or EK = ; or (n-^- 1) AH = AB. 

n+1 
•/ AS AHG, FKG, are eq. ang.; and As AGC & EGF; 
.'. AH : FK,*or BH, = AG : GF = AC : EF, or AB. 
and /, BH = n. AH; and AB = (n+1) AH; 
AB 

•••^ = — • Q.E.F. 



Prop. 10. — Prob. 

I'd divide a given st. line similarly, i. e., proportionally, to a 
given divided st, line ; or to divide a given st, line into parts that 
shall have the same ratios to one another which the parts of the 
divided given st. line have. 

Or, " To divide a given undivided line similarlj to a g^ven divided line." 
Euclid. 



Con. Pst. 1, 1. 31, I. 1, 1. 
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B K 



DtM. 34, 1. The opp. sides and ^s of / — 7 8 are eq. to one another, and 
the diam. bis. them. 2, VL 7, V. 6, VI. 28, I 

Given AB to be divided ; 
& AC a line divided at 

the • s D, E ; 
to divide AB similftrly to 

AC. 
Let AB and AC form an /_ 

at A ; & join BC ; 
through D,E, draw DF,EG, 

each I BC ; 
and also through D, DHK || AB ; 
then AB is div. in P,G, as AC is in D,E. 
•/ FH, HB are / — 7 s ; 

/. DH = FG, and HK = GB ; 
and •/ HE || KC, a side of A DKC ; 
/. CE:ED= KH: HD; 
but KH = BG, & HD =±: GF ; 

/. CE : ED = BG :GF. 
Again, •/ FD || GE in A AGE,; 

/. ED : DA = GF : FA ; 
and •/ CE : ED = BG : GF, 

and ED ; DA = GF : FA; 
/. AB is divided in the same proportion as 

AC. Q. E. F. 



E. 1 

2 


Dat. 1. 

^ 9 


3 


> Quaes. 


C. 1 


Pon, Pst. 1, 1. 


2 


31,1. 


3 
D. 1 


Sol. 

C. 2. 34, I. 


2 
3 
4 


C. 2. 

2, VI. 
C. 7, V. 


5 


D. 2. 2, VI. 


6 


D. 4 & 5. 


7 


D. 4 & 4. 


Or, 


C. 1 


1,1. 


2 


3,1. 


3 


Pst. 1, I. 


4 


Sol. 


D. 1 


C. 2. 6, IV. 



On AC desc an eq. lat. 

aAHC; 
and from HA, HC, cut 

HK, HL, each = AB; 

& join KL ; 
from H draw lines to D,E, 

the divisions of AC ; 
then KL = AB is div. in 
. F,G, similarly to AC. 
•/ HK =t= HL, & HA == AC, 

/. A HKL is eq. an. to A HAC ; 








B 
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2 

3 



0.1. 

Sim, 28, 1. 
Cone. 



but AC = HA, /. KL = KH 
So z HKL = /_ HAC ; /. KL 
and •/ KL = AB 

.*• AB is diy. similorlj to AC. 



= AB. 
AC; 



Q. E. F. 



Use and App.— By aid of this proposition seyeral Qflefal Problems maj 

be solved. 

Frob. 1. To divide a given sL line,AB, internaUjft or exUrnaUy, in a 
given ratio, cm o/M. : N, 



C. II Pst 1, 1. 

2 3, I. 

3 31, L 

Sol. 



Prom A draw AX at anj ^ with AB; 

take AC =s M, and CD » N; snd join DB; 

Throngh C draw CE |] DB, and meeting AB, or AB 

produced, 
Then AB is divided in the ratio M : N. 



D. 



1 C.S. 

2 2, VI 

3 Cone 




B B A. 



B E 



•/ in AS AEO and ABD, CE || DB; 
/. AE : EB = AQ t CD = M : N; 
.'. AB is divided in E in the given ratio. 



N. B. A line cannot be cat externally in a ratio of equality. 

Pbob. 2. To find a harmonical mean between two given at, lines, AB 
and AC. 



C. 1 

2 
3 



D. 1 



Pon, 

Prob. 1. 
SoL 



I 



2, VI. 

Def. A. VL 
ConcL 



Place the lines so as to form one st. line, AC being 

set off on AB. 
divide BC in D in the ratio AB : AC; 
then AD is. the harmonic^ mean, i 

A C V B 



•/ AB : AC == BD : DC; 

.*. AB, AD and AC ar&ia hazm. progression ; 
.*, AD is a haimonical mean between AB aad ACr 
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PftOB. 3. To find a third harmonical progresstonai to two given st lines, 
AB and AC. 



C. 1 
2 
3 



D. 1 
2 



Pon, 
Prob, 1. 
SoL 



2, VI.& 

16, V. 
Def. A,VL 
Concl. 



Set o£F A B on AC, and produce AC; 

divide AC produced, in D, in the ratio AB : BC; 

then AD is the harm, progressional required. 



B C 



D 



V AD :CD=AB : BC; 

andalt AD : AB = CD : BC, 
/, AB, AC and AD, are in harm, progression, 
and AD is the third harm, progress, to AB, AC. 



Prob. 4. — To construct a triangle of which one side AB, the angle AD B 
opposite to it, and the ratio of the other sides are given. 



0. 


1 


33, m. 




2 


i,in. 




3 


10^ VI. 




4 


Pst 1. 2, 1. 




5 


Sol. 


D. 


1 


c. 2. 3, m. 

4,1. 




2 

3 

4 


28, m, 

27, iU. 
3, VI, 
Cone 



On AB desc. a in which the /. = tihe given /_ ; 

draw a diam. EC, At rt. /.s to fiT 

AB: 
divide AJB so that AF : FB = 

ratio of the sides; 
join CF, and produce CF to D 

in the ©ce; 
join AD, DB ; and ADB is the 

A required. 
V 2^8 at G rt- /_%', .-. AG = 

GB, 

and chord AC =» CB. 
Now arc AC = arc CB; /. /^ ADC = Z.CDB, 

and CD bisects Z ADB; 
/. AD : DB = AF : FB, which is the ^ven ratio; 
/. A ADB is on AB, its vert, ^i = a given /_, 

and its sides, DA : DB =. a given ratio. 




Pkob. 5. Through a given ' A, to draw a line, which, on being produced t 
would pass through the points of intersection of two given lines, HI, KL, without 
their being produced to meet. 



C. 1, Pst 1, L 



2 31, 1. 10, V. 



3 



Sol. 



Through A draw any line BC, cutting HI in B, 

& ifii in C ; 
draw DE || BC, and divide DE so that EF : FD = 

CA : AB; 
then AF is the line required. 
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-:»^a 



D. 1 


Sup. 


2 


c. 


3 


18, V. 


4 


Cone. 




For should HI, KL, hare met in G, and GF cat BC 

in A'; 
then •.• DF : FE = BA' : A'C; 

/. BA' : A'C = BA : AC; 
and camp. BC : A'C = BC : AC; 

,*. A' coincides with A; 
and a]F is the line required. 

N.B. This operation is irequentlj called for; and the Centrolinead is an 
instrument, invented by Mr. P. Nicholson, senior, for the purpose of drawing 
lines tending to the inaccessible point where two given lines, if produced, would 
meet. Another instrument for the same purpose is the invention of Mr. John 
Farj. Bbadlet's PrcLct. Geom, p. 42. There is, however, a simpler instra- 
ment used hj draughtsmen, consisting of three rulers stiffly moveable about a 
common joint; but it is less convenient in form, and less accurate in its results, 
though depending on the same principle. 



Prop. 11. — Prob. 



To find a third proportional to two given St. lines. 
CoK. Pst. 2, L 31, 1. Dem. 2, VI, 7, V. 



E. 3 
2 

C. 1 



Data. 
Quaes. 

Pon. 
Pst. 2, 1. 

3, I. 
81,1. 

Sol. 



Given the two lines AB 

and AC ; 
to find a third proportional 

to them. 

Place AB and AC to form 
an Z. BAC, and pro- 
. duce AB and AC ; 

take BD = AC, join BC, 
and draw DE || BC; 

then CE is a third proportional ; 
t. e., AB : AC : CE. 
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D. 1 

2 
3 



C. 2, 

2, VI. 
C. 2, 7,V. 
Rec. 



•/ BC II DE, a side of a ADE ; 

/. AB; BD = AC: CE; 
but BD = AC ; /. AB : AC = AC : CE. 
*. to the giyen lines AB, AC, a 3rd prop. CE, 

has been found. Q. E. F. 



ScH. 1. There are varions constractions by means of which this Problem 
maj be solved: we select one which in practice requires the use of the com- 
passes alone;— the giyen lines being AB and CD. 



C. 1 



3 

4 

D. 1 

2 



Pst. 3,L 



Pst I, I. 

SoL 

Con. 

8, 1. 5, 1. 
4,L 



D. 2. 31, m. 

28, L 
C. 1. 29, 1. 

4, VI. 
C. 7,V. 
Cone. 



From A with AB desc. 
0BEF; and from 

BwithDC,0EFG; 
from £ on arc EFG, set 

off CD three times 

toG; 
join EF, AF, BF, BG, 

and GF; 
the chord FG is the 

third proportional. 
•/ AE, EB = AF, FB, 

and AB com.; 
/. /_ EBA = /_ FBA; 

also Z. BEF = /. 

BFE, and /.« at H 

rt. /."S; 

and •.• /_8 at H are rt /.s, and Z. EFG is a rt /_ ; 

/. AB II FG. 

and '.• As ABE, BFG, are isosc. ; and /.BFG = /_ ABF; 

/. A ABF is eq. ang. to A BFG; 

/. AB : BF = BF : FG; 

bat BF =r DC, /. AB : CD =» CD : FG; 

.*. FG is the third proportional. 




Use and App. — 1. Bj repeating the same construction we solve the Problem, 
to continue a atriea of ratios in progression, AB : BC being the given antecedent 
and consequent. 



3,1. 31, L 



C. 1 
2 
3 

D. I2,'VI.7,V. 



9t n 

»f n 



Take A 6 == BC, and draw C c || B 6 ; 

CD = 6c „ D rf II C c ; 

DE = erf „ E e II D rf, &c 

It is evident AB : BC : CD : DE, EF, &c. 






294 



ORADATIOKS IN EUCLID. 




A B C I> BP 

BC-BC 

Arithmetically. Since CD = « , the third proportional to two 

AB 
given numbers is found by dividing the square of the consequent by the antece- 

6X6 
dent ; thus, the 3rd proportional of 9 : 6 = =s 4; t. e., 9 : 6 = 6 : 4. 



2. From Labdnes'b Notes on Prop. 11, Bk. VI. we take several most 
USEFUL Theobems allied to the last Problem. 

Theos. I. " If a series of magnitudes A, B, C, D, be in continued pro- 
portion^ their successive differences, a, b, c, d, are also in continued proportimt 
and in the same ratio. 



D. 1 


H. 


2 


E. V. 


3 


16, V. 


4 


Sim. 


5 


D. 3, 4. 


6 


Proced. 



•.• A : B : C; 

,\ conv. A : a = B : &. 

and alt. A : "B ==i a : b. 

So, •/ B : C = 6 : c; 

.', a : 6 : c. 

And a : b : c : df &c. 



Arith, 2:6: 18; 

2 : 4 =s 6 : 12. 

2 : 6 = 4 : 12. 
So, 6 : 18 =: 12 : 36; 

4 : 12 : 36. 
and 4 : 12 : 36 : 108 &c 



Theob. n. — If a series in continued proportion, A : B : C i JJ f^., he cm 
increasing one, there is no limit to the increase of its terms. 



E. 

D. 1 
2 
3 



Hyp. 
t 



Hyp. 



Iieta=B— A; 6 = Cc-B; €=D — C&c.; 

and L be the last term. 
'.* no magn. so great th^t we cannot obtain a greater, 
.*. let M. be a magn. however great we ptease. 
Find what multiple of a, M is; 

and continue the series to a gr. number of terms than — ; 

,', L> Abya-|-6 +C'\'d8cc. +( the no. of terms = — ) 

But ',' a : b : c : d &c. is an increasing series ; 
.*. each surcessive term > a ; 
/, their sum + A > M. 



N.B.— The different steps tof this demonstration rest rather on truths that 
may be implied from Euclid's Elements, than on those expressly taught and 
proved ; they are, however, so plain that, perhaps, a formal proof is notreqnirei 
The same remark should be extended to the TlMOiems 3 and 4 which follow. 
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1 ^ 

Thbob. nL If a series in continued proportion, A : B : C : D, ^c, be a 
decreasing one, there is no limit to the diminution of its terms. 



C. 1| 

2 
3 

4 
5 
6 
7 

8 



D. 1 H. 



Use 11, VI. 



2 22, V. 16, V. 

3 C. 6. 14, V. 

4 Proced, 



Contmue the series nntil a tenn be found less than m, an^ 

assi^ed magnitude however small; 
let m : r= B : A; , 

and let the ratio, m : /, be continued in a series; 
•/ B < A, ,", m < I, and the series m : / increases; 
and .*« a term may 1)e found, a > A, 
Let tiie series be continued until a > A, 
and let the series A : B : C &c., be continued the same 

no. of terms; 
then its last term M will be < m, the assigned magnitude. 

For, V A : B : C : D : L : M, 

8t a '. h I c '. d : I : m; 

/. ex. (Bquo. A : M = a : m ; and a/f . A : a = M : »i; 
but A < a, /. M < m. 
And so on by continuing a like process. 



Theob. rV. ** If a series of magnitudes, decreasing in continued propor- 
tioH, be continued, or imagined to be continued, to an infinite number of terms ; 
the sum of all the terms, or the sum of the series, wiU be a finite and determinate 
magnitude. 



C. 1 

2 
3 

4 
5 



Usell, VL 

Pst 1, L 
31,1 

31, I 

Cone. 



On the line AZ let the decreasing series be set, AB : BC 

: CD : DE, &c, 
and draw a line ZM, making an /_ with AZ; 
at A, B, C, D, E &c raise parallels cutting MZ in the * s 

M, N, O, P, Q; 
draw through • N, NL B AZ, and cutting AM; 
the Sum of the series S = AZ. 




B ODE 

Sup. If AZ :^ S, S is either gr. or less than AZ.^ 
Casb. I. S is not gr. than AZ. 



SS 



D. 1 

2* 
3 



H. 

4, VI. 
14, V. 



For each parallel DP, EQ is less than DZ, EZ, fiwm which 
it is to be taken to determine the * for the next parallel; 
and AM : AZ = DP : DZ == EQ : EZ; 
and •/ AM < AZ ; /. EQ < EZ. 
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Cabs IL Though the series is imlimited, Sis wot lest thoM AZ. 
Sup. If fi were < AZ, lets = AY. 



Now '.' the parallels AM, BN, CO, &c,, continiullj 

decrease proportionally; 
and *.* AZ, BZ, CZ &c. are in proportion to Hiem; 
.*. AZ, BZ, CZ &C., are in decreasing^ continued proportion. 
Continue this series through a determinate number of tomifl; 

at last a term will be found < YZ. 
Thus the sum of the.corresponding parallels must be greater 

than AY; i, c, AM + BST + CO + &c. are > AY. 
Hence the Sum of a Umited no. of terms is > AY, the sum 

of an unlimited number; 
.*• a part is > the whole, which is absurd; 
.*. AZ ^ S the sum of an infinite number of terms: 
norisAZ<S, /. AZ = S. 



D. 1 


H. 


2 


4, VI. 


3 


Use 11, VL 


4 




5 




6 

7 
8 


Ax. 

Cone. 
Casel. 



3. CiSRTAiN Pboblbms also may be deduced from the foregoing principles. 

Pbob. L On the last Theorem, Theor. IV. Gbsoobt's Problem, as it is 
named, is to be solved; — from the two first terms in a series AB : BC, 
to obtain S, the sum of the series. 



C. 1 
2 

D. 1 
2 

3 

4 



31, I. 

Sol 

2 VT. 
CUselljVI 

Cone. 
Bemk. 



Draw NL || AZ, and meeting AM the parallel to BN &e. 
then AZ s= S, die sum of the series. 

For ML : LN = MA : AZ; 

but LN = MA == AB; BC = BN; & ML = BiA-LA, 

or AB-NB, or AB-BC; 
,.-. AB-BC : AB : AZ; 

t. e.f S the sum of the series is a third proportional to the 
difference of the 1st &; 2nd terms, and the 1st tenn. 



FBoa IL Bj anticipating Propositions 13 & 16, bk. VL, it follows, that 
of the three quantities, the first and second terms, AB, BC, ^ S the sum of the 
series, if any two be giifen the remaining one may be found. 



lo. Givoi AB, BC:— then AZ == 

64 



AB« 
AB-BC; 



•8 8 and 4: then ~ =s 16 

8-4 
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2«. Given AZ & AB; then AB — EC =4^ = BC. 

AZ 

as 16 and 8; then 8-4 = ^1=4. 

16 




C DB Y Z 



3*». Giren AZ & AB-BC; then AB — VAZ . (AB-BC); 
as 16 & 8— 4; then ^^16 X 4= ^6*= S = AB; 
and BC = 8—4 = 4. 

4°. Giren AZ and BC; then AB : AZ =: BC : BZ; 
.-.16, VI. AB.BZ = AZ.BC; 

Thns, AZ divided at B, so that rect. AB . BZ = rect. AZ . BC will give 
the solatdon. 

Let AZ, Cor 14, II., be so divided; and the first term of the series will be 
either segmant, AB, or ZB, the Problem having two solutions; for 



C. 1 



D. 1 

2 
3 



Pst 1, 2, 1. 



2, VL 

16, V. 
Cone. 



Join AN, and produce it to meet the perp. from Z, in 

the . X. 
Then BZ = ZX. 

•/ AB : BN = AZ : ZX; and AB : AZ = BN : BZ, 

t. «., BC : BZ; 
and •/ BZ = ZX; /. alt. AB : BN = AZ : BZ. 

'. ZA = S, the sum of the series, of which the first term 
is BZ, and the second term, BN, or its equal BC. 
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Prop. 12. — Prob. 



To find a fourth proportional to three given at lines. 
Con. 3, L 31, L Dbm. 2, VL 7. V. 



E. 1 Data 
Quaes. 

C. 1 Pst. 1, I. 



3,1. 



3 31, I. 

4 Sol. 



D. 1 C. 3, 2, VI. 
C. 2. 



Cone. 



Let E, F, 6, be the three given st. lines; 
to find a fonrth proportional. 



cr 



H 



B- 
F 



i 



: D 



From a com. • A draw 

AB, AD, forming/. 

BAD; 
on AB make AG = E, 

CB=F; and on AD, 

AH=G; joinCH: 

and draw BD || CH ; 
then HD is the 4th 

proportional to 

E, F, G. 
•/ CH II BD, a side of a ABD ; 

/. AC: CB = AH: HD; 
but AC = E, CB = F and AH = G, 

/. E : F = G : HD; 
•. to E, F, G, a 4th proportional HD, is found. 

Q. E. F. 



ScB.— Among several other constmctions for the Solntion of this Problem 
there is one, for which the compasses alone are sufficient. 

From any cen. O, with A , 

& B, desc. two 08 ; 

& from D, a . in the outer 
0, 8etoffDB=C; 

fix)m D,E, with DO cut 
the inner in G, F ; 

then FG is the 4th pro- 
portional required* 

•/ DF = EG ; OE = 
OD, & OG = OF ; 

/. AODF has its sides = 
the sides of aOEG ; 



C. 1 


Pst. 3, 1. 


2 


>» 


3 




4 


Sol. 


D. 1 


C. 3, 1. 


2 


D. 1. 
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3 

4 
5 
6 

7 
8 



8, L 
AddfOrSub. 
Ax.3, L 
C. 

JM. 1,VI- 

4, VI. 
Cone. 



/. aODF = A OEG, and Z. DOF = /. EOG; 
In ^8 DOF EOG add or take away com. ^DOG ; 
in this case, /_ EOD = /.GOF. 
And '.* AS GOF, DOE are isosc 

& ZJDEO = Z.GFO; 
/• AGOF is eq. ang. to aDOE ; 
/, EO :OG=ED :FG; 
/. FG is a 4tii prop, to A, B, C. Q. E. F. 



Use and App. 1— The Sector is an instnunent invented by Guntee 
who lired between A.D. 1581 and 1626 ; it conwsts of two equal 

legs, or rather mlers, taming like a Carpenter's 

rale, on a pivot at the centre. The Scales on it 

OB, OA, converging to the pivot are those 

which properly belong to the Sector, thongh 

in the vacant spaces, it is usual to insert various 

other scales. 




This instmment has not inaptfy been termed, " a large number of pairs 
of compasses packed up into one." For explanation we mSl take one pair of 
these compasses or scales, OA, and that which corresponds to it, OB; on each 
is laid down a scale of chords, OA = OB =: 90° ; OP = OQ being radii, or 
chords of 60° ; and if OF be 4 inches, or 8 inches, and the proper divisions 
inserted, we have a scale of chords, with a radius of 4, or 8 inches, laid down. 

2.— Bt aid of a pais of Compasses and the Sector, the following 
Problems, among others, may be solved. 

Frob. "L-^ToJind a fourth proportional to three given lines KS, LA, M ^ 

m 

Take OD, 00 each = E 3, and open the instmment till DO = L 4 : then 
take OQ, OP, each = M 6, and the distance QP = the 4th proportional 
= 8. 

For •.• DC II QP, a side of aOQP ; .-. OD 3 : DC 4 = OQ 6 : QP 8. 



Prob. n. — To find a chord, say of 40°, to a radius, as of 5 inches, from 
a Sector the rod, of the chord of which OP = 4 inches. 



800 GRADATIONS IN EUOLID. 

From a scale of inches take 5 in the compasses, and open the Sector 8o 
that QP = 5 inches ; fix now one leg of the compasses at C, the extremity of 
OC = 40°, and the other leg at D, of OD = 40"" ; the distance DC will giTO 
the chord of 40°. when the radios is 5 instead of 4 inchds^ 

For, hj simibir As, OP 4 : FQ 5 = OC 40° : DC 50°, when the rad. ii 
5 inches. 

Pkob. m.— To divide aaiven line Z, = 120, into two parts, x and y, which 
shall be to ea^ih other, as two lines, or numbers OD = 3, and OQ ^ 5. 

Take OE, OF each = (OD 3 + OQ 5) = 8 ; open the sector so that EF 
= L = 120 ; then DC = :r, and Qi? = y. 

For, on drawing QG || OF, 

•/ OD = QB, Z.EQG = Z_DOC, & ^QEG = Z.ODC, 
/. aODC = aQEG, DC = EG, & QP = GF. 
Now DC : QP = 3 : 5 ; /. EG : GF = 3 : 6. 

120 V 120 . 

Henoe the parts will be a: = 3 ( ) = 45 ; & y = 5 ( ) = 75. 

3+5 ^3+5 

3.— Yabious other Links are marked on the Sbctos, and for their 
nse depend on the same principles as those which affect the Line of Chords 
and Line of Numbers. 

1.— .^1 Line of Sines, marked S, of which the rad. = 90°. 

2.— Two Lines of Tangents, one marked from 0° to 45°, the radins being 
the sine of 90° ;— the other, on a smaller scale, marked from 45° to 75°, the 
rad. being the tangent of 45°, or distance to the beginning of the scale. 

3. — A Line of Secants, the rad. being the secant of 0° extending to about 
75° 

4. — A Line of Polygons, marked POL. showing the length of the sides of 
regular polygons inscribed in circles. 

5. — A Line of equal parts, by which a fourth proportional to three given 
numbers may be found ; the line being divided into 100 parts, — that number is 
the limit of the accurate use of this line. 

6. — ^A line of chords, marked C, the radins being the chord of 60°. The 
extent of this line is from to 60° ; — and if a chord for a g^reater arc than 60° 
be required, — a circle, with a rad. equal to the chord of 60°, must be drawn, in 
which the chord of 60° must be set off ; and then from the point where the 
chord of 60° cuts the circle, must also be set off the amount of the given 
arc above the 60°; — ^the distance in the circle from the extremities of the bud 
of the two arcs wiU be the chord required. 
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Similar Lines to these, with some additional, are marked on Gunteb's 
Scale ; — ^bnt as this Scale is sometimes of two feet in length, and sometimes of 
one, it will be found that the Magnitudes, though proportional to the corres- 
ponding lines on the six inch Sector are not identical Besides the Lines of 
Numbers, Sine Rhumbs. Tangent Rhumbs, &c., on Gunter's Scale, are Logarith- 
mic Lines, the uses of which depends on the principle that the logarithms of the 
terms of equal ratios are equidifferent. For an expknation, of the Logarithmic 
lines on Gunter's Scale, iJieir Construction and Use, the Student may consult 
Keith's Plane and Spherical Trigonometry ^ pp. 18 — 24. The General Bule 
giTen is this ; " the extent of the compasses from the first term to the second, 
will reaeh, in the same direction, from the third to the fourth term. Or, the 
extent of the compasses from the first term to the third, will reach, in the 
tame direction, from the second to the fourth." 

4. — ^An Example or two will show use op the Sector. 

Ex. 1. In a rt l_d, A ADC, as in fig. to 13, VI, to find the side DC op- 
posite Z_A, when Z.-4 = 40° and AC = 4 inches. 

Take 4 inches in the compasses, and open the Sector, until 90° and 90° on 
the two identical lines of Sines are 4 inches apart ; then the distance from 40° 
on one of those lines of Sines to 40° on the other will equal the side DC. 

Ex. 2. Given in a A two /.*, of 59° and 38° respectively, and the side 
opposite to /_ 59° equal to 76 equal parts ; — required the length of the side 
opposite to Z.38°. 

Sine88°x76 

The analogy is, — Sine 59° : Sine 38° : : 76 : ar ; i.e., x=. , 

Sine 69° 

Open the Sector until the counterpart lines of sines, 59° and 59°, are 
as far apart as the distance from to Sine 38° ; then the distance from 76 to 
76, on llie corresponding lines of equal parts, will show the value oix. 



Ex. 3. To inscribe a regular polygon of 10 sides in a circle of which the 
radius is 3 inches. 

Open the Sector until 6 and 6, on the counterpart lines of Polygons, are 
3 inches apart, then the distance from 10 to 10, on the same counterpart lines, 
will equal the length of one side. ' 

5.~ The Sector may also be applied, to extract the Square and Cube Roots, 
and to double the Cube ; to measure Triangles, — to find the Areas of Figures, 
and the Contents of Solids,— and to increase or diminish any Figure according 
to any given Proportion. 

NB. It must however be remembered, that no great accuracy is to be obtained 
from, the small Sectors in common use.; and they are the less to be trusted in 
proportion to the greater opening of the sides or legs. It is only by considera- 
ble practice that a person can become expert and exact in the me of this in- 
strument. 



302 



ORADATIOHS IK EUCLID. 



Prop. 13.— Prob. 



To find a mean proportional between two given st. Hues. 



CoK. PBt 3, 1, 11, L Dbm. 31, m. CJoR. 8, VL 



E. 1 
2 

C. 1 

2 
3 

D. 1 

2\ 
3 



Data 

Qases. 

Pat. 3, I. 

11, L 
Sol. 
31,IILC.2. 

Cor. 8, VI. 

Cone. 



. JD 



r 



E BC 



Let the given st. Knes be AB 

and AC; 
to find a mean proportional 

between them. 
Place AB, BC, in a st. line AC; 

& on AC descr. a semicircle ADC ; 
from B draw BD ± AB and join AD, DC; 
then BD is a mean proportional to AB & AC. 
/ Z. ADC is art. Z.,&inthert. z'dAABC, 

BD is _L the base ; 
/. DB a mean propl. to the segments of AC, 

namely, AB, BC ; 
.". between AB, BC, a mean proportional DB, 
is found. Q, E. F. 



ScH. There are other constmctions by the aid of which a mean propor- 
tional between two given lines can be obtained, — but none simpler or easier than 
the above For numerical calculations however the following formnla may be 
used: LetAC=:2r; AB =. x ; BC=2r — x; and BD = y 

then x:y:2 r—x ;or , y» = 2rjr-a:*,&y = >/2r* — *», 
or y = ^/ AB • BC. 



Ex. Find a mean proportional to 9 and 4* 

/4 X 9 5= v' 36 = 6 the mean propl ; ». e., 9 : 6 = 6 : 4. 

TTflS5 and Apfl. l.^Any rectangular parallelogram may be reduced to w 
eM^rsgu^r^h this Uposit^ ;-fcr if aS & BC represent Ae t^ 
X? ^en tC squire on D^ = AB • BC ;-the demonstration of wbch kA- 
lows frwn 3?rop 17, VI. 

n. Combming Propositions 11 and 13, we are able, when, of ^^"^ 
in continued proportion, any two are given, to find the unknown /tM 5 »« v^ 
and AppL U, Vt Problem IL 



PROP. XIII. — BOOK VI. 
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m. Given one of three terms and the sum of the other two\ to find the 
two unknoum terms. 



1°. Given the mean BD, and the sum AC = AB + BC. 



C. 1 
2 

3 

4 

D. 1 
2 



Pst. 1, 1. 
11,1. 
31,1. 

12, L 

Sol. 



C. 4, VI. 

Oono. 



On AC desc a semi. 0; and 
at C draw CG,=BD_LAC; 

Through G draw GF |J AC, 
catting the arc in * s F, D; 

and from D drop DB i. AC; 

then the other two terms are 
AB and BC. 




£ £ 



'.' AS ABD and DBC are sunilar, 

V AB :BD = BD : BC; 
Thus BD being the mean, AB & BC are the extremes. 

Q.E.F. 



2°. Given AB, one extreme, and the sum of the two terms, BD ^ BC + 
CD; required the mean, and the other extreme. 



C. 1 
2 
3 
4 
5 
6 
7 



2,1. 
23, L 

S3, m. 

3,L 
23,1, 
23,1, 
Sol. 



D. 1 

2 
3 



C. 

Sch. 1. 
8,VL 
Cone, 



Set the sum of the three terms, AB 4- BD, in one st line AD; 

at the extremity A draw an /_, DAH :=ext /_ of an eq. lat. A ; 

and on AD desc. a seg. of a with /.=:/. DAH; 

then set on AD the given extreme AB; 

at B make /_ ABE = /_ DAH;v 

prod. BE, and at Emake ^ FEC = /_ DAH; 

BC is the mean, and CD the other extreme. 




'.* EBC is an eq. lat. A, and BC = BE; 
/. AB : BC = BC : CD. 

'. BC is the mean, and CD tiie other extreme. 



Q. E. F. 
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lY. When three Unet sre in continned propo rti on, ifume be given, and the 
difference of the other two, thoee other two may he foand. 

1°. Given the mean BD, and AC tiie diffioenoe of the extremes. 



C. 1133,IIL 



17, m. 



8 



5 
6 



D. 1 



Psts 1& 
3,L 

Psts. 2 & 
3,L 



23, L 

Sol 

C. 



2 32, m. 

3 C.&D.2 

4 Def. 1 VI 
6 4, VI. 

6 Cone 



On AC descr. any seg. of 

a ©ADC; 
To the at A draw a 

tang. AH = given 

mean; 
join H and cen. of the 0, 

and with OH desc. 

concentric HBG ; 
produce AC to B; 

and from B with rod. 

= AH cut the inner 

circle in D; 
join DA and DC; 
thenAB andBC are the 

two terms required ; 
•/ BD touches the ACD 

in D, and DC cuts it in C; 
/. z. BDC = L I>AC. 

In AS ADB, DCB we have /.BDC = Z.DAC, and /B com. 
.*. AS ADB, DCB, are eq. ang., and their sides proportional; 
/. AB : DB = DB : BC. 
/. AB and BC are the other two terms. 




2°. Given one extreme, BC, and the difference between the mean and the 
otJter extreme, AB— BD; to find both the mean and that other extreme. 



D. 1 
2 



3 

4 



Theo.LUse 
11,111. 
16, VL 



Bemk. 
D3. & H. 

Use 3, 
10, II. 

Bemk. 



Use 1, 
I 10, n. 



*.* the differences of successive terms are as the tenns them- 
selves, 
.*, the rect. under one extr. and the dif. of the mean and the 

other extr. z= the rect. under the mean and the diflerence 

between it and the given extreme. 
I. e., BC. (AB-DB; = DB. (DB-BC). 
Since the Area of this rect. and the difference of the sides are 

given; 
.*. <£e sides themselves may be found. 



For s/( difference \ 2 , Sum . 

\ A / "T' tne area zsz « 

Libdneb'b Euclid, p. 79. 
and ^? +^ -— ^ =: the greater, or the less magnitudes. 



V. To find two St. lines to eoniain a rectangle equal to a given rectangle 
AB . BC, and to have a given ratio one to the other. 
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a 1 



D. 1 
2 
3 

4 

5 
6 



Poiu 

12, VI. 

13, VI. 

31,1. 

Sol. 

C. 2, 3. 
?,VI. 

20, VI. 
C. 3. 
1,VL 
9, V. 

SoL 



A 






\ 



-.'\ 



Place AB and BC so as 
to be conterm. at 

prod. BC to D so that 

AB is to BD in the 

given ratio; 
join AD, and take BE 

a mean propl., 
' i. c, BC : BE = 

BE : BD, 
and through E draw EF 

II DA, meeting AB 

inF; 
the lines BE, BF, are the st. lines required. 






'•S. 



••-.. 



Bi 






C £ 



Now the lines are evidently in the given ratio j 
and •.• EF H DA, /. AB : BD = FB : BE; 
and /. also BF : BA = BE : BD; 
/. BF.BE : BA.BD = BE» : BD», 

t. e. BC : BD; 
butAB.BC : AB.BD = BC : BD, 
/. EB.BF = AB.BC. 
*. BE and BF are the two required fines. 



Q. E. F. 



VX We aro also able by the 13th Prop, to find any number of means re- 
presented by a power of 2,miniis I ; i. e. 4 — 1 or 3, 8 — 1 or 7, 16—1 or 15 &c. 
For having obtained one mean between two magnitudes, we may by the same 
process determine a mean between it and each of its extremes, and thus we 
shall have three means. And again between each successive pair of the series 
thus found inserting means, and pursuing the same method, we obtain seven 
means, fifieen, thirty one, &c. 



Addekda to Prop. 13, VI. 

I. — The Problem, to obtain two mean proportionals between two given st. 
linest on which depends " the duplication of the cube" in Solid Geometry 
cannot be determined by the rule and compasses, the only instruments allowed by 
Euclid ; and consequently it has never received a strictly Geometrical Solution. 
Various mechanical contrivances have been invented to attain the solution • ^ 
Plato's Method of a ruler inserted perpendicularly on the side of a square 
and moveable along that side ; Philo's of Byzantium, of a graduated ruler 
revolving on a point ; the Trammel of AfolloniuS; or of Nicomedes who lived 



306 



OBADATIOKS IK EUCLID. 



abont two centimes before the birth of Christ ; and the Method of Dss Cibtbs, 
consisting of a collection of mlers, two of which move round a pivot^ each of the 
two haying a groove on the inner edge, in which other rolen are free to moTe 
perpendicularlj to the grooye. For a description of these Methods reference 
may be made to Labdneb's Euclid pp 196-199 Ck>OLET's Supplement to Euclid 
pp 92, 93 ; or Galbraith's Manual pp. 1 1 1, 112. There are seyeral solutions in the 
third Bk. of the Mathematical Collections of Pappus, who flourished A.D. 
379 — 395 ; and ten diflerent solutions occur in a Commentary bj EuToavs 
of Ascalon, who liyed AD., 560, on the Sphere and Cylinder of Akobxmxder. 

I 

1°. Plato's Method q/* a perpendicular moveable along the side of a 
Square. 



C. 1 
2 
3 

4 
5 

6 

7 

D. 1 

2 
3 




9^0 



Take two st. rulers AB, BC, fitted 

at a rt ^ ABC ; 
and a third ruler moying along 

AB at rt. Z.S to AB ; 
place the given extremes FG and 

GH at a rt /. FGH ; 
and so that FG produced cuts the a f— 

rt ^ABC in the vertex B ; >— 

while HG produced cuts BA 

inD, 

and the perp. DB meets the . s D & F ; 
then GB and GD are the two mean proportionals to FG & GH. 

C. •/ HBD & FDB are rt. /Id AS of which the altitudes 

are GB, GD ; 
8. VL /, HG : GB : GD, and BG : GD : GF. 

Cone. * • GB & GD are mean proportionals to the extremes 

HG & GF. 



2®. Philo's Method of a graduated ruler FG revolving round, B, the 
vertex of a rt angle. 



C. 1 
2 
3 

4 

D. 1 

2 
3 



11,1. 

31,L4,IV. 
Pst. 2, L 

Gone. 
C. 

36, m. 

Ax. 1. 



Place the given extremes, 

AB3C, at art /_ atB; 
complete the rect. ABCD, and 

about it descr. a ABCD ; 
produce DA & DC ; and move 

FG about the . B, 
until QF = BG; V 

then AF & CG are the two means 

to AB & BC. 
•/ BG = QF, & QG = BF ; /. rect. QG . GB « 

rect QF . BF ; 

but QG . GB « DG . GC ; & QF . BF «DF . FA J 
/. DG . GC « DF . FA ; 




QB 



ADDEMDA. PB. XIII.— BOOK T*. 

4 16, Vl .-. DG : DF = AF : GC ; 

5 C. bat '.' Ab GDF, BAF & GCB an eqaian^Iar, 

6 2, VL .*. DG ! BF = AB : AF, & DQ : DF == GC : CB i 

7 ind .-, BA : AF = AF ! GC i 

md AF : GC — GC : CB. 

8 CoDC .-. AF & CG an the two means to AB b CB. 

3°. Hethod of De8 Castes, toith aeeOectum of ndert. 



Take two at nlois AB, BC anited bj a pivot at B ; 
in each there ia a groove, in which mlers move 
petpeadionlarlj to AB & BC ; 
BO that perp. Bd, on opening the rulers, poshes ibrwaid E e, 
EepnahesF/ftc 
inp. Lei tma meant be required. 

Move T)d from B, until BD = the leas eitrcioe ; 
close AB upon GB that the perpendinUar may movB np to D, 
and fix D J in the positioii where BD =^ the less extreme ; 
Now open AB & CB, until BO = the greater extreme, 
Di^ daring the procesB, pnsbiiig E e firau B, & E e pushing 
F/icj 
Bol then the two means are BF & BE. 
C, I ■.' AB BDE & BFG are eqaiangalar ■, 
I, VI. .-. BD : BF = BF : FE J 4 BP : FE = FE : BQ ; 
3 CoQcl -.'BFA BE are the two means to BD & BG 

In a nmilar waj three means BE, BF, BG will be found to BD & fil, bj 

opening the mlers AB, CB, ontil BU ^ the greater estreme. 

For,/burmeanpTop(HtionalB open the rulers until BI = the greater eitreine; 
and so on for a gitaier Dnmber of means, 

GeneraBjf, if an ema number of means be reqaiied, the extremes will be 
OQ difierent rnkrs ; if an vdd number, on the same ruler. 

N.B, — Theadrantageof the Hethodof Dxs Cibtbb is more apparent than 
real. " It would appear that any number of mean proportionals may be found ; 
but the necessary uljnstments are ahnost as deficient in practical lacilit; as in 
geonebical Intimacy."— Coomt. 
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n. The Trisection of a rectilineal angle, ABC, is another pnzzle forFkne 
Geometiy. The Solntion of tiiis Problem, though of no more trouble bj aid of 
the Higher Analysis than the finding of the cube root, is impossible by the 
circle and right line. Nicomedes, ^own as the discoverer of the conchoid 
curre, efiected the Solution bj the Trammel which he invented, and by which 
the Duplication of the Cube and the Trisection of an angle are both accom- 
plished. 

1°. The Tbahmal of Nicomedes, a T square with a moveable ruler HO. 




C. 1 
2 

3 

4 



6 

7 
8 
9 

10 



Take a T square with a groove CD, in the cross ruler ABj 

and a fixed pin, I, in the stem, FE; 
Let this fixed pin be inserted in the groove of the moveable 

ruler HG; 
and HG also have a fixed pin K, inserted in CD. 
From H, in HG, there issues a sliding stem HP; 
Its length HP = that part of the line to be intercepted bj the 

sides of the angle. 
Let the fixed pin J be now placed on the given point ; 
and the groove CD on one side of the given angle ; 
let HG be moved so that the pin E go along one side of the angle; 
and let the motion be continued until the * P shall come 

on the other side of the angle; 
then the line joining P & I, t. e., PI, is the required line. 



2°. — ^By this instnmient to Trisect a given angle ABC. 



C. 



1 12, L 31, 1 

2 Trammel. 

3 10, L 

4 Sol. 1. 
51 Sol. 2. 



From A draw AC J_ BC, and AD || BC ; 

inflect BD so that FD = 2 BA ; 

bisect FD in £, and join A£ ; 

then Z.DBC = i Z. ABC ; 

bisect Z.ABD byBG, & Z_ABC is trisected. 
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E 



4 
5 
6 
7 



D. 1 C. L 39, 1. 
2 5, L 32, 1. 
3|29,L 

C. 2. 5, 1. 

D. 2 & 3. 
D. 5. C. 6. 



Cone. 



V /.FADisart. /. ; and AE= ED = EF; 

/. /lEAD = ZADE ; & ext. ^AEB = 2 ^ADB ; 

bat Z.ADB = Z.^BC ; .*. Z.AEB = 2 /.DBC ; 

and AE = AB J /. /.AEB = /.ABE, 

.-. Z. ABE = 2 Z.BBC ; & /. ZlFBC= i ZABC. 

And •/ Z. ABD = % /.ABC, and is bisected ; 

.-. /:CBF = /YBG = /:GBA ; 

/, /I ABC is trisected by the lines BF, BG. Q, E. F. 



3°. — Or, by Coolet's Tentative Method, to trisect a given l_BAC. 



C. 1 
2 
3 



Fst 2, 1. 
Pst. 3,1 
Superp, 



9 

D. 1 

2 

3 

4 
5 

6 
7 
8 



Sim. 



C. Sch. 321. 
13, L 

D. 2. 
20,111. 



26,111. 

Cone. 




Produce the side, as A C 

beyond A, the vertex ; 
from A descr. a semi 

EBC; 
on the . A place the vertex 

of an eq. lat. A) made 

of card or board ; 
and let the A move round 

the . A on a pin. 
At M, the middle * of AG, a side of the A, or of the part 

between A & the circumference, fix a fine thread ; 
and attach the thread to F ; 

So, fix a thread at G; and keep it extended through C. 
Kow, if the eq. lat A move round A till the intersection 

in D of the two threads falls on the line AB, 
then AF will cut oS\ of /.CAB. 

•.• fig. AGF, is an eq. lat. A and /.GAF = j of 2 rt. /.s; 
/. l_QcAF = J of the /.s BAG, GAF, FAC ; 
/. Z.GAF = i of Z.S EAG + FAC. ' 
But ^EAG at centre = 2 Z ACG at 0ce. 
& •/ Z.ACG = Z.FAB, .-. /lEAG = 2 Z.FAB, 

t. e., /IFAB =i Z.EAG ; 
Now •/ ^FAB = i /IFAC : .'. arc BF = ^ arc, FC ; 
.\ arc BF = i arcBC, & Z.BAF = i /.BAG ; 
/. /IBAC is trisected by AF and AH. Q. E. F. 



N.B. — Either of these methods solves the Problem, and may be adopted in 
practice when the Trisection of an angle is reqmred. 
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Prop. 14. — ^Theor. 



Equal ParallelogramSf which have one angle of the one equal to 
one angle of the other ^ have their sides about the equal angles recipro- 
cally proportional; and conyerselj, parallelograms thai have one 
angle of the one equal to one angle of the other ^ and the sides about 
the equal angles reciprocally proportional^ are equal to one another. 

** When / T b are eq. ang. the sides which are abont the eq. /.s, are ifcip' 
rocally proportional ; and when the / 7 s are eq. ang., and the sidra, which 
are abont the eq. ^s, are reciprocallj proportional, wofie / 7 8 are equal"— 
Euclid. 

Coir. 14, 1 If at a ' in a st line, two other st. lines, npon the opp. sides of 
it, make the adj. /_b together eq. to two rt. ^s, these two st lines 
shall be in one and the same st. line. 
31, 1. To draw a st line through a given * J to a giren st line. 

Deu. Def. 2, VL Beciprocal As and /~~7 s hare their sides about two of 
their /.s proportionals, so that a side of the 1st fig : a side of the 
other : : the rem. side of the other : the rem. side of the 1st 

7, V. Eq. Ms have the same ratio to the same M ; and the same 
has the same ratio to eq. Ms. 

1) VL AS and / — 7 s of the same alt are to one another as their 
bases. 

11, V. Ratios that are the same to the same ratio, are the same to 
one another. 

9, y. Ms which have the same ratio to the same M are eq. to one 
another : and those to which the same M has the same ratio are 
eq. to one another. 



E. 1 
2 



C. 1 



H. Case I. 

Cone. 
Def. 2. VI. 



App, 

14,1. 
81,1. 



Let z=7 AB = dJ BC, & Z.BBP =z EBG 
then DB, BF and GB,BE are reciprocally 
proportionals. 



». c.« 



DB : BE = 



GB : BF. 



Apply dJ AB to 
BC so that DB, EB 
form one st. line ; 

and FB, BG also one st. 
line: 

and complete the / 7 FE. 



r:^ 






:^B 
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an 



D. 1 
2 
3 


H. &C. 
7. V. 

1,V. 


4 
5 


11, V. 
Gone. 


E. 1 
2 


H. Case IL 
Cone. 


D. 1 


H. & 1, VI. 


2 
3 


I, VI. 

II, V. 


4 
5 


9,V. 
Rec. 



••• ZII7 AB = dJ BC, & EF is another 
/• ZZI7 AB : ZZIZ FE = ZZU BC : £=7 FE ; 
but ZII7S AB : FE = bases DB : BE, 

and / — 7 8 BC : FE = bases GB : BF ; 
.-. sides DB : BE = sides GB : BF ; 
/. the sides of £Z78 AB, BC, about the eq. Z s 

are redprocally 'proportionals. 
Let sides DB : BE = GB : BF ; 
then /—/ AB = r=7 BC. 



EF; 
EF; 
BC : 



•/ DB : BE = GB : BF ; 

and DB : BE = d7 AB : 
and •/ GB : BF = ZZI7 BC : 
AB : CI7 FE = 
FE; 
AB == rz? BC. 



Therefore, Equal paraUelograms, ^c, Q.E.D. 



ScH. 1. There is a third case, not introduced in the proposition, and de- 
pending for its proof on Prop. 16, hk^ VI ; — it is, " When two I I s have eg. 
areas and their sides are reciprocally propl., they will he eg. ang.*^ It will be 
snfficient to prove that one Z ^^ ^® ^^^ ^ 6<1* ^ ^'^ corresponding /. in the 
other / 7 ; for from the proof it follows, that each separate /_ in the one is 
eq. to each corresponding /^mihQ other. 

2. Inasmuch as As = the halves of their eqniangolar /~^ s. — ^what is 
proved respecting eq. /~""7 s might be proved respecting eq; AQ. (Ax. 5, 1); 
and the following Proposition, the 15th, form a corollary of the 14th ; for if 
ADBF=: a EBG, and /_ DBF, = /lEBG, then also DB : BE = GB : BF. 
The parallelogram and triangle are united into one Theorem, Prop. 1, VI, 
and might also be united here. 



Prop. 15. — Theor. 



Equal angles which have one angle of the one equal to one angle 
of the other ^ have their sides about the equal angles reciprocally pro- 
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portional: and conversely, triangles which have one angle in the one 
equal to one angle in the other^ and the sides about the equal angler 
reciprocally proportional^ are equal to one another. 



Con. 14, Pgt. 1, 1. Dbm. 7, V. 1, VI. 11, V. Def. 2, VI. 9, V. 



E. 1 
2 



C. 1 



D. 1 
2 

3 

4 
5 



Hyp. 
Concl. 

Def. 2, VI. 

Appl. 

14, 1. 
Pst. 1, I. 

H. &C. 

7,V. 

I, VI. 

II, V. 
Cone. 



Case I.— Let a ABC = a ADE, 
and ZBAC = Z DAE; 

then CA, AB, EA, AD 
are reciprocally propor- 
tional. 

i. «., CA : AD = EA : 
AB. 

Place CA & AD in one 
St. line CD ; 

'. EA, AB also in one 
St. Une EB ^ join DB. 

•/ A ABC=: A ADE, & fig. ABD is another a ; 
/, A ABC : A ABD = A AED : a ABD. 
but A ABO : A ABD = bases C A : AD, 
and A AED : A ABD = bases EA : AB ; 
/, CA : AD = EA : AB. 
/, the sides about the eq. Z s are reciprocally 
proportional. 




E. 1 
2 
C. 

D. 1 
2 

3 
4 



Hyp. 
Cone. 
14,1. 

H. 
1, VI. 

11,1. 

D. 3. 9, V. 

Rec. 



Case IL— Let CA : AD = EA : AB ; 

then A ABC = A ADE. 

Make the same construction as in Case I. 

•/ CA : AD = EA : AB ; 

and •/ CA : AD = A ABC : A ABD, 

and EA : AB = A ADE : a ABD ; 
.-. A ABC : A ABD = a ADE : a ABD; 
and V AABDiscom., /. aABC= a ADE. 
Therefore, equal triangles which have one angky 

^c. Q. E. D. 
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Or, for Case II. 



C. 1 

2 

D. 1 
2 
3 



Appl, 

31, 
H. 

1,VL 

9, V. 
41, L 



Place as before, CA, AE 

in one st. line, and DA, 

AB in another, 
and complete the i — 7 s 

AF, AG, AH. 
•.• BA : AD = EA : 

AC, 
/. B A : AD = on AG : ZZI? AH ; 

and EA : AC = ^=7 AF : ZZ7 AH ; 
AG = ZZ^ AF, 




and A ABC = A ADE. 



N. B, Case I, may be proved on the same construction. 

ScHOL. 1. As a criterion for the equality of triangles this Proposition may 
be classed with Props. 4, 8, & 26, bk. L 

2. When in each triangle the equal angle, included by the reciprocal sides 
has the same supplement, the sides are also reciprocally proportional. 

Use & App. To construct an isosceles triangle equal to a given scalene trir 
angle ABC, and with the same vertical angle B A C. 



C. 1 
2 

3 

4 

D. 1 
2 
3 

4 



3,1 
Pst. 3, 1. 

11,1. 
3,L 

Sol. 

Cor.8,VI. 

C. 3, 
Def.25,1. 

D. 1, 2. 

15, VL 



Produce BA, and make AD =» AC; 
on BD desc. a DEB; and draw 

AEJ_BD; 
in AB prod., take AJF = AE, and in AC, 

AG = AE; 
join GF; then A AGF is the isosc. 

A required. 
•/ BA : AE = AE : AD, 

.-. BA : AE==sAE: AC; 
but AF, AG, each = AE; 

.*. AGF is an isosc. A 
and /. BA : AG = AF : AC. 

I. e.y the sides about the vert, /.are recip. props. 
,\ the isosc. A AGF = the scalene A ABC. 




Q. E. F. 
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Prop. 16. — Thkob. {Very Important.) 

If four 8t. lines be proportiontUSy the rectangle contained by the 
extremes is equal to the rectangle contained by the means ; and oon- 
versely, if the rectangle contained by the extremes be equal to the 
rectangle contained by the means, the four st. lines are proportionals. 

Ck)N. 11, L 3, L 31, 1.* 

Dbx. 7, V. 14, VI. Def. 1, 11. A rect. is contained bj any two of its 
conterminoiu aides. Ax. 1, L 



E. 1 

2 

C. 1 



D. 1 



3 

4 

5 
6 



Hyp. 
Cone. 
11,1. 

3, I. 31, 1. 



C. 1 & 2. 



7,V. 



14, VI. 
0.2, 
Def. 1, 11. 



Cone. 



HT 



Case I.— Let AB : CD = E : F; 
then [in AB . P = CZD CD . E. 
From A, C, draw AG ± 

AB, and CH J_ CD, g_ 

make AG = F, CH = E, y« 

and complete IZZIS BG, 

DH. 
•/ AB : CD = E : F, 

and •/ E = CH and P 

= AG. 
.-. AB:CD = CH: AG; i 

t. e., sides abont the eq. 

Z. s are reeip. propl. ; 

/. cm BG = cm DH; 
but •.• AG = F, 

.'. cm BG is contained by AB and P ; 
and •.• CH = E, 

.'. I I DH is contained by CD and E ; 
/. cm AB. F = cm CD . E. 



8 



.6 



8 

BcLaJD 



E. 1 
2 
C. 
D. 1 



Hyp. 
Cone. 
Sim, 
H. & C. 

Def. 1, II. 



Case II.— Let cm AB . P =cm CD . E 
then AB : CD = E : P. 
Using the same construction ; 
V AB.F = CD.E, 

and •/ AG = F and CH = E ; 
/. CZJ BG is contained by AB . F, 

and nzj DH by CD.E; 



3 

4 

5 
6 
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Ax. 1. /. d] BG = CZI DH. 

and V Z. A = 2l C, /. AB: CD = CH: AG, 

t. e.y they are reciprocally proportional; 
but CH = B, and AG = F; 

.-. AB : CD = E : F. 
*. If four St, lines be proportionals ^c. Q. E. D. 



G. 14, VL 
C. 7, V. 
Rec. 



Alg, (f AridL Hyp, Leta4:63=c8:(/6. 

a hd bed. J , 

(X6 X rf) — J-^-^-' *•*•' «^=^5 

conversely, '.' ad^bc, 
t .V od _^ be . ^ a ^ c 



Arith. 



• 3 "6"' 

(X 3 X 6) i^^^ = 1X3X6^ .^^ 4X6 = 3X8; 

3 6 

conversely •.•4X6 = 3X8. 

r.^ , V 6^ ^X 6 3X8 . 4 _ 8 

CoR. Rectangles which have their sides about the right angles 
reciprocally proportional are equal; and if the rectangles are 
equal, the sides about the right angles are reciprocally proportional. 

ScH. I. Dbfikitioh. Two ratios A : B and a : 5 are said to 
be reciprocally proportionals, when the antecedent is to the conse- 
quent in the one as the consequent to the antecedent in the other ; 
as A : B = & : a. 

n. As a necessaiy consequence, the 16th Prop., Bk. VI. may be deduced 
from the principles resting on lliis definition;— 1°. That a ratio compounded of 
reciprocal ratios is a ratio of equality; and 2^ That if a ratio of equality be 
compounded of two ratios they must be reciprocals. 

1°. A ratio compounded of reciprocai ratios, as, A : B and a : b, is a 
ratio of equality. 



31€ 



CK1P4TI03B or KIXUD. 



D. 1 

2 



• A. It &.«. .A:BI 

•*• A : ^ = A : A; 



A:B 
B:A^ 



A : A 



9.B. The 



A :B 



1 



c : <^ Iftepr «»< Ae nrymrajk. 



Baid«:&. 



D, rc 



I 



JjtLe id^h 



^i 



4; Cone. 



bofta : xismntioaf eqnalitj; lc x^4 
,\b ixis tbetihe lec^- of a : 6; aad c : ^ : 



flienc^ of a :6. 



3^. 7%esideMafeqmaineittMglaar€/omrprapartiomais, 



D, 1 CSor 2, V As and / 7 s are in m nlio oompconded of tibe bases 
l^YL andaltHndow 

2 Theor. 2 /. if tiie As and / 7 5 are equal, those bases and atbL sre 

SdL n. nap. pioplsL, 
df Theor. 2 and also those As or /~"7 s are equal, 

I 8ch.IL 
4i Bemk. 'Sow, V the means are sides of one, and the extremes the sides 
; of the other; 

5( .\ those sides <ifthe eg. / 7 s are propls.; 

61 and '•* the sides are piopls. 

7j Cone. .*. the I I mider the means = I I mider the extremes; 
dl6, YL and ,', the aides of those eg. I I s are prpportianal&. 



" Thus the sixteenth Proposition," says Labdbek, p. 203, ** follows imme- 
diately from the first." 



>» 



m. Bj the principle, that if four st lines are proportiona], the rectangle 
of the extremes is equal to the rectangle of the means, we convert the eqmality of 
the two ratios, or the proportion of the four lines, into the equality of two rect- 
angles. In nomerical proportion the expression, the product of the. extremet 
equals the product of the means, points oat a yeiy similar, if not an identical 
process; and the phrase, ** prodnct of two lines," is sometimes nsed instead of 
" rectangle under two lines." The word product howcTer, supposes the four 
magnitMes which are proportionals to be commensurablci and reallj denotes 
the result by multiplication of the numbers which stand for the magnitudes: 
but in general, it may be demonstrated both of commensurable and of incommen- 
surable magnitudes, that, if four st lines, A, B,C, D 6e proportionals, A : B :: 
C :J>,the rectangles under the extremes A.D = the rectangle under the sieoRi, 
B.C. 
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IV. The doctrine of Limits, howeyer, is needftil for the full demonstra- 
tion of thk Proposition, when incommensurable magnitudes are introduced. 
Briefly stated, hj a limit we mean a fixed magnitude to which another and 
a variable magnitude may approach as nearly as we please ; and yet the 
rariable magnitude is never able to attain an exact equality with the fixed 
magnitude. Thus, the circle is the limit of an inscribed polygon ; the polygon 
may approach in area, as near as we choose, to the area of the circle, but never 
actually attains that area. Take any fixed quantity. A, and a variable quantity 
P ; — ^in order that A may be named the limit of P, the two conditions have to 
be fulfilled — 1st, that P never attains equaUty to A ; — and 2nd, that P shall be 
capable of being made as nearly as we please on an equality with A. Again, 

" Two fixed magnitudes, A and B, are the limits of two others, P and Q, 
when P and Q by increasing together, or by diminishing together, may be made 
to approach more nearly to A and B respectively, than by any the same given 
difierence, but can never become equal to, much less pass A -and B." — Geom. 
Plane, Sol jp Spher, p. 248. 

V. For the proper elucidation of this subject two leading Theorems are 
needed, given as M, Y. p. 235 ; and P. V. p. 241 . 



TflEOS. L If there be two fixed magnitudes A and B which are the limits 
of tws others, P and Q, and ifP he to Q always in the same given ratio of C to 
b ; then A shall be to E in the same ratio. 



E. 1 

2 
3 

4 
5 



Hyp. 1. 

» 2. 
Hyp. 3. 



Casb 1. Let P and Q, approach A and "B by a continual 

increase. 
Let P and Q never =: A and B, much less exceed A and B, 
but P & Q approach A and B more nearly than by any given 

difference. 
Let now a M, B' be taken, so that A : B' ^ C : D; 
if B' ^ B, B' > or < B. 



Sup. 1**. Let B^ be <, B,by any difference, as bj 



D. 1 
2 
3 

4 
5 



H. 11, V. 

H. 

D. 2, & Sup. 1° 



.•.P:Q = C:D,&A:B' = C:D;.-.A:B' = P:Q; 
but A always > P, /. B' always > Q. 
•.", •/ Q always < B', and B' < B by 6 ; 

.*. Q cannot approach B within the difierence b ; 
but this is against the Hyp, ; /, B' <^ B. 



Sup. 2°. LetB* > B} andtakeA' so that A' : B = A.B'. 
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D .1 
2 

3 

4 
5 
6 
7 

E. 

D. 1 



H. 14, V. 
Snp.2\ail,V. 

H. 



Cone. 

H. 

Sim, 

Bee. 



*.' B < B' .*. A' < A, as br some differenoe a. 
And V A' : B = A : B' & P : Q= A :B'; 

.•.A':B = P:Q; 
bat B always > Q ; .*. A' always > P ; 
.., •.' P always < A', & A' < A by a ; 
.*. P cannot approach A within the differenee a; 
but this is contrary to the Hyp. ; .*, B' ^ B ; 
.*. B' cannot but = B, i. e. A : B = C : D 

Casb n. Let P & Q approach A & B respectiYely by 

a continual decrease. 
In this case the same demonstration may be given, 

taking care to snbstitate the word '* greater*' for 

" less" and " less" for " greater." 
Therefore; if there be twofixedmagnitduesy jpc. Q. E. D. 



Theob. IL If four st lineSf A B CD, be proportionals, (whether com- 
mensurable or otherwise) the rectangle under the extremes will be equal to the 
rectangle under the means. 



E. 1 



Case I. Let A and B be commensurable, & .'. also C & D. 
Hyp. Let their com. B. be 7 : 5, and their com. meas. M and N; 



3 

D. 1 

2 
3 



Pst. 2, V. 



E. 2,3. 

E. 2, 3. 
Ax. 1. L 



i. e, let M be contained 7 times 
in A, and 5 times in B, 

and N be contained 7 times in C, 
and 5 tunes in D; 

V A=7M, andD = 5N; 
.". A.D = 7 X 5 times M.N; 

and •/ B = 5 M, and C = 7 N; 
.-. B . C = 5 X 7 times N. M; 
.-. A.D = B.C. 






a 

I 

C IT P 



D. 1 
2 

3 

4 
5 

6 



Case H. Let A & B be incommensurable, and .*, also C and D. 

H. VA:B = C:D; 

Pr M,V. and P, Q may approach nearer A, C than any assigned 
difierence, 
P and Q also containing like parts of B and D; 
/, P.D=Q.B. 
Pr. M, V. Aiid '.* there may be taken like parts of B, D oontinnally le« 
and less; 
and *.* P and Q increase towards A and D within any asoffitd 
difoence; 
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The(»r.L 
Bee. 



and aHao *.* P . D and Q . B, bj increasing together, approach 

nearer to A . D and C . I) than anj assign^ difference; 
/. A . D = C . B, or B . C. 
Theretora, if four st lines be proportionals, ffc. Q. E. D. 



Use & App. L The Theory of Limits maj be applied to establish Prop. 
1, VL, both for bases that fire commensnrable, and for those which are incom- 
mensurable; thns, 

The Rectangles AC and EG, having the same alt AD = EH, are to each 
other as their btues, AB and EF. 



Case I. Let AB, EF be commensurable, t. e., exact multiples of Ab = E/. 

Let AB = 5 Aft, and EF = 3 E/; 

and from each . of the divisions of the bases erect perpendicu- 
lars, making 5 eq. f^~l s on AB, and 3 eq. ! I s on EF. 
•/ CZJ AC = 5 Dft, 
& dJ EG = 3 H/; 



C. 1 
2 


Sup. 
11, L 


D. 1 


C. 2. 


2 




3 


C. 1. 


4 




5 


Sim, 



EG 



D 



/. dZI AC : 

= 5:3* 
and *.* AB = 5 A5 and 

EF = 3 E/; 
.'. CID AC : [ZZ] EG 

= AB :EF. 
In like manner, whatever may be the ratio. 



A 



i 




, \ 


p H^ 


(l 




!! 


1 
1 
■ 
• 

■ 
1 

1 
• 




— '• ! 




jt 


* 


B HJ ] 


P 



Case II. Let the bases, AB, EF, be incommensurable, i. e., not exact 
multiples of Ab and E/. v 



! { 



Ksr- 



MA 



i C 



9S 



r-^<3 



J' V 



C. 1 
2 

D. 1 
2 



Sup. 
C. 1 &2 



Sch.4. 
16, VL 



Let AB, EF form one st line, AF = 8 Aft: 

and let e be the • in the division nearest to B or E. 

'.* AF and Ae are commensurable, AF =; 8 A& & Ae = 5 Aft; 

.•. A6ftD : AFGD = Ae : AF; 



or. 



AEHD 
AFGD 



EeftH AE 



Ee 



AFGD 



A F "^ AF* 



But E e ft H and E e may be reduced as small as we please, while 

AFGD and AF remain unchanged; 
/. by the theory of limits, AEHD : AFGD = AE : AF. 
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IL The Rectangles AC and AF are to each other as the product of their 
bases by their altitudes ; i. e., as AB . AD : AE . AI. 



C. 
D, 1 



3 

4 



Pst 2, L 
LastTh. 



X the 
eqoat. 



Sup. 
Bk.n. 
p. 145. 



Produce the line IF to cut BC in H. 
ABHI _ AB ABCD _AD 
AEFI ■" AE ABHI"" AI' 

ABHIxABCD ABxAD 






and 



AEEI X ABHI AExAI 
ABCD AB . AD 






A . » 



r 

B 



or 



' AEFI ~ AE.AI* 



Let AI = AE = unity; then Q AEFI is a unit of surface. 

/. Units of surface in CHI AC = AB . AD; 

t. e. = the linear units in AB X the linear units in AD. 



N. B. In this sense the Area of a 
cular. 



= product of base and perpendi- 



And *.* a A = i / 7 on the same base and of the same altitude; 
.*. Area of a A = ^ the product of the base and perpendicular. 

in. Among other Theorems the following is easily deducible; 

llie red. contained by AB, AC, any two sides of a A, ABC, is equal to 
the rect. contained by AF, its alt, or perp. to the third side, BC, from the opp. 
/_ BAC, and by the diam. AD, of the circumscribing BACD. 



D. 1 


1 31. ni. 1 


&H. 


2 


21, m. 


3 


Cor. 33, 




32,1. 


4 


4, VI. 




16, VI. 


5 


Rec 



•/ Z. ABD is a rt /. and also Z_ AFC; 

and /_ ADB = /_ ACF; 

.*. As ADB and ACF are equi- 
angular; 

and /. AB : AD = AF : AC; 
and AB . AC = AD . AF. 

Therefore, the rect. contained by 

any two sides, &c. Q. E. D. 



--A 
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Prop. 17.— Theor. 



Cor. to Prop. 16. If three st lines he proportionals y the rec- 
tangle contained hy the extremes is equal to the square of the mean ; 
and conversely, if the rectangle contained hy the extremes he equal to 
the square of the meaUy the three st, lines are proportionals. 



Con. 3, 1. Dbm. 7, V. 16, VI. 



E. 1 

2 

C. 

^. 1 

2 
3 



El. 
2 



Hyp. 

Cone. 

3,1. 

H & 7, V. 

16, VI. 
C. Cone. 



Hyp. 
Cone. 



Casb I. Let A : £ 

= B: C; 
then A . C = B . B, 

orB». 
Take D ^ B 



9 



4 4 



JUb 



Bf d 



D 



D. 1 H. 

2 16, V. 

3 C. Cone. 

4 Sec. 



•/ A : B = B : C, 

& B = D; /. a:B=D: C; 

& /. CZ] A. C = 1 — i B . D. 
but •/ B = D /. cn] B . D = B^ 
& /. £ZII A . C = B». 

Case II. And if CID A . C = B» 
then A : B = B : C. 

/. A.C=B«,&B» = B.D; .•.A.C=B.D: 
& .-. A : B = D : C; 
but B = D; /. A: B= B : C. 
Therefore, If three st, lines be proportionals ^c. 

Q. E. D. 



Alg. Sf Arith. Hyp, 
Aig. 

X(bXc) 



Letfl2:64 = i4:c8. 

If ^- = A. 

^ b c' 

abc bbc 

—r- — — , 1. e. ac = &2; 
be* * 



Conyersely, '/ <ic = 6*; 



ac h^ , a b 
•• Z^ ^ be' 'b'^'c 
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Arith. 



X (4 X 8) 

Conv. 
-r (4 X 8) 



If -^ = 



2 

4" 8 

2 X 4 X 8 _ 4X4X8 
'4 8 

•.•2 X 8, = 4 X 4; 
. 2X8 _ 4X4. : p 2 __ 4 
4X8 4X8 4 8 



; le., 2X8 = 4X4, 



^gE & App. L The Demonstration of Proportion in Arithmetic, OQmmonly 
named " The Bute of Three,'* depends on the last fonr Props, viz., 14, 15, 16 
& 17, bk. VL; and A*om that demonstration we deduce the Knle far finding a 
fourOi Proportional, D, to three given terms, A 8, B 6, and C 4. 



E. 
D. 1 



Hyp. 
16, VI. 



Suppose the 4th propl. D to be found. 

B.C 
VA.I>=B.C; .-. D = 



Deduction, U 

2. 

3, 

4, 



n 



» 




>y 



B.C_ 6 X 4_ 


24 


A 8 


8 


B.C__6 X 4_ 
D. 3 


24 
3 


A.D _8 X 3_ 
B 6 


24 
6 


A,D_8 X 3_ 


24 

* 



= 3 = D. 



3 
8 
4 
6 



A. 
B. 



n. The Properties of Equiangular triangles established in Prop. 4 and 5, 
and those of Proportionals in Prop. 16 & 17, lead to a very clear demonstration 
of 47, I; that in a rt. /_ d A ABC, the square of the hypotenuse AC, equal* 
the sum of the squares of the other two sides, AB & BC. 



c. 




12,1. 


D. 


1 


8, VL 




2 


4, VI. 




3 


17, VL 




4 


Ax. 2,L 



From the rert. of the rt. /_ B, draw BD _L AC 

'.• A ADB is eq. ang. to A ABC which is eq. aner. to 

A BDC. 
/. AC : AB = AB : AD, B 

and AC : BC = BC : DC; 
.-. AB2= ACAD; 

and BC^ = AC . DC. ^..^ D 

+ equals; .'. AB^ + BC» = AC . AD A 

+ AC.DC. 




J 
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D. 5 
6 

7 



c. i,n. 

Cone. 
Rec. 



Now '.• side AC is com. 

/. AB* + BC2= AC . (AD -f DC); 
but AD + DC = AC; 

.-. AB* -h BC« = AC . AC = AC«. 
•. In art. /_d triangle, §*c. 



Q. KD. 



Thus the most important properties of Plane Geometry are reduced to 
the single property; that "in similar triangles the sides about the equal angles 
are proportional. 

nX Some of the deductions, made in connection with this demonstration, 
may be stated in other words, yet still in accordance with Prop. 16 & 17 ; thus, 
instead of the inference, " t/* a perp. be drawn from the rt. ^ to the hypotenuse 
the square of either side is equal to the rect. under the hypotenuse and seg. adj. 
to that side, we say, ** either side, as AB, is a mean proportional between the 
whole hypotenuse AC, and the seg. AD adj. to that side." 

Also, instead of ** the square of the perp. BD, on the hyp. AC, will equal the 
rect, under the segs. of the hyp. AD . DC" we declare, — " the perp. BD, is 
a mean propL between the segs. of the hyp. AD & DC." 

And in place of the deduction, " i» every A if a perp. BD be drawn from 
the vertex B, to the base AC, fig. 1, or Imse 
produced AD, fig. 2, the difference of the 
squares of the sides BA, BC, shall be equal 
to the difference of the squares of the segs of 
hose, AD, CD, or of the base produced," we 
snbstitate, " the base is to the sum of the 
sides as the difference of the sides is to the 
difierence of the segments of the base, or sum of the segments of the base 
produced. 

rV. As instances in which the use of I*rops. 16 & 17 very considerably 
shortens the demonstrations of other propositions, let us take ; 

Ex. 1. If from a point A, there be drawn two st. lines one AC, a tangent 
to a circle, the other, AB, a secant, then the tang, will be a 
mean propl, between the whole secant AB, and its ext. seg^ 
ment, AF. 




D. 1 
2 



H.&d6, 

m 

17, VL 



•/ AC touches and AB cuts the 0, 

.'. AC» = AB . AF ; 
/. B A : AC = AC : AF ; t. e., the tang, 
is a mean propL to AB & AF. 
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Ex. 2. If from a. ^ tiere &e ^^mnni jmerof jIL Inet AB^ AG aOtiMg ike 
eireUy them lie whole teeamtB, AB, AG, wtO. he erne toamAer mwfrmij as ikar 
external eegmemU^ AF, AD, 

D. ]{ 36, HL ( V AC*= BA . AF & also = GA. AD ; 
2fAjLl,L /.BA.AF=«GA. AD; 
31 16, VL & /. BA : GA = AD : AF. 

N.B, For additioiial Ezamples of die Use and Api^katioii of Fropod- 
tions 16 & 17, tbe long loies may be oonsiilted gireii in Ic&SDjns's Emdid 
pp. 204—808. 



Prop. 18. — ^Prob. (Important.) 

Upon a given 8t, line to describe a rectilineal ^figure similar, and 
similarly situatedj to a given rectilineal Jigure. 

Can, 23, I. At a giren . in a giren st line to make a lectL /, equal to a 
given recti /.. 

32, L If a side of a A be prod, tbeezt A =s two int. & qpp. /_9 ; 

and the three int /_b of erery A together = two rt. /_b. 
Cor. 3, 32, L In as if two /_s in each be eq. the third /_b also eq. 

Dbm. 4, YL 22, y. If there be anj no. of Ms, and as many others, which 
taken two and two in order have the same B ; the first shall haye 
to the last of the first Ms, the same R, which the first has to the 
last of the others. Def. 1, YL Ax. 2, 3, L 
Def. 12, y, Homologons sides. 

Case I. Giren AB and 

A CDF; 
on AB to desc. a a sim. to 

A CDF, & AB homo- 

gous to CD. 
At A make Z.A = Z.C, 

&atB, ZB, = Z.D; 
then rem. Z G = rem. /_ F, 

& A ABG is eq. ang. to a DF 
•.• A ABG is eq. ang. to A CDF, 

.'. those A 8 aresimilar ; 
.-. BA: AG = CD: CF; 

& AB, CD are homolog. sides. 
Hence on the giyen line AB &c. 



E. 


1 


Dat. 




2 


Qnaes. 


C. 


1 


23, 1. 




2 


Cor. 3, 32, 1. 


D. 


1 


C. 2, 4, y I. 




2 


Def. 12, V. 




3 


Hence 
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E. 1 



C. 1 



D. 1 
2 
3 

4 
6 



6 
7 
8 
9 
10 



Dat. 



Qnses. 



Pst. 1. 
23,1. 
23, L Ax. 3. 

32,1. 

32,1. 
Ax. 3. 

C. 2 & 3. 
Ax. 2. 

Sim. 

Cor. 3,32, 1. 

D. 3.4,VI. 

C. 4. 
4, VI. 
22, V. 

Sim, 4, VI 
Rec. 



ir Def. 1, VI. 




Case II. Given AB & 
recti fig. CDEF of four 
sides ; 
on AB to desc. a recti fig. 
similar, and similarly 
situated to fig. CDEF. ^ 
Join DF; at A make Z A 

= Z.C, and at B, ZABG = Z.CDF; 
then rem. Z. AGB = rem /_ CFD ; 

and A FCD is eq. ang. to a GAB. 
Again at G, make Z BGH = z DFE ; 

&atB, zGBH= zFDE; 
then rem. Z H = rem. Z E, 

& A GBH is eq. ang. to a FDE. 
V ZAGB = ZCFD,& ZBGH = z DFE; 
/. the whole Z AGH = the whole Z CFE. 
Thus zABH = ZCDE, zA = zC, 

& ZH = zE: 
/. recti, fig. ABHGis eq.ang. to recti, fig. CDEF. 
Also /. A GAB is eq. ang. to A FCD, 

.-, BA: AG=DC: CF; 
& '.• A BGH is eq. ang. to A DFE ; 
/. AG : GB=CF : FD; & GB : GH=:FD : FE; 
/. ex aq, AG : GH = CF : FE. 
So AB:BH= CD : DE, &GH: HB =FE:ED. 
Now, *.• recti, ^g. on AB. ifl eq. ang. with the 
recti, fig. on CD, and their sides propor- 
tional ; 
/. figures, ABHG & CDEF are similar. 



E. 1 

2 



Dat. 
QuaBS. 



Case III.— Given AB and recti, fig. CDKE F 

of five sides ; 
on AB to desc. a recti, fig. similar, and similarly 
situated to fig. CDKEF. 
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C. 1 

2 
3 



Pst. 1, I, 
& Case II. 
23,1. 

32, I. Ax. 3 



D. 1 
2 
3 

4 
5 

6 

7 

8 

9 
10 

11 



C.Def.l.Vl 

C. 2. 

Sim, 

C. Def. 1,VI 

4, VI. 
22, V. 
Sim. 
C. 2, 4, VI. 



Join DE, and on AB desc. recti, ^g, ABHG sim' 

■ and similarly situated with fig. CDEF; 
at B made Z. HBL = EDK, and at H, 

/.BHL = Z DEK; 
then rem. /. L = rem. Z. K. 



•/ fig. AH is sim. to fig. CE, 

/. z GHB = Z FED ; 
and •/ Z BHL = Z DEK, 

.-. whole Z GHL = whole Z FEK. 
So Z ABL = Z CDK; 

/. pent. GL is eq. ang. with pent. FK. 
And •/ fig. AH is sim. to fig. CE ; 

.-. GH: HB = FE: ED; 
butHB: HL = ED:EK; 

.-. ex. (Bq. GH : HL = FE : EK 
So AB : BL = CD : DK. 
And •/ A BLH is eq. ang. with A DKE ; 
/. BL : LH = DK : KE. 
D. 3. •/ pent. GL is eq. ang. with pent. FK, and 

their sides proportional. 
Cone. /. pent. GL is similar to pent. FK. 

Sim. By a like process a hexagon &c., may be 

described on AB. 
Rec. Therefore, Upon a given st. line, ^e. Q. E. F. 

ScH. I. A more simple way for making a rectil. fig., as 
ADKEF, similar to a rectil. Jig., ABLHC, would be ; 

C. 1 3,1. Method I. On AB or AB produced set AD : 

9 Pst. 1, From the centre of similarity A, divide fig. ABLHQ into As, 
in. by indefinite lines AK, AE; 

31, L make DK || BL, KE || LH, 

andEFllHC; 
Sol. then fig. ADKEF is similar to fig. 

ABLHC. 
C. 3. •/ the respective lines are parallel; 
2», L .". /.s at D = /^s at B; /.s at K 
:= /_8 at L, &c. and /.s at A 
com. 
i. e.y the respective As are eq. ang. ; 

3 4, VL .", the sides about the eq. ^s are 
propl. 

4 /. AK : AL = DK : BL, 
I and AK ; AL =: KE : LH; 



3 

4 

D. 1 
2 
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Sim. 
Cone 



.'. DK : BL = KE : LH. 
So KE : LH = EF : HC, and so on; 

/. the sides about the eq. /.s are proportional and the figures 
similar. Q. E. F. 



Method 2. On AB to place a fig. similar to the recti, fig. CDEEF. 



C 



3 

4 



5 
D. 1 



3 

4 
5 
6 




31, 1. At a convenient distance from CD place AB |] CD; 
Pst. 1, 1, join AC and BD, if AB ; > CD, 
AC and BD will meet on 
being produced; 
let &em. meet in the . P; 
Psts. 1, join PF, PE, PK, and produce 

2, L them indef ; 

31, L through . A draw AG || CF, 
through. G, GHIJFE, 
and through . H, HL j] EE; 
and join BL; 
Cone. then fig. AL on AB is aim. to 

fig. CK on CD. 
C. 1, 4. •.* the respective lines CF, AG, 
FE and GH, EE and HL, 
&c. are parallel ; 
29, 1. /. the 2l8 about the resp. points C & A, F & G, B & H &c. are 

equal; 
4, VI. & .*. the resp, As are equiangular and similar ; 

/. CD : DP = AB : BP : & DP : DE = BP : BL ; 
22, V. .-. ex aq. CD : DE = AB : BL. 
Sim, So the sides about the other eq. /_b are proportional. 
Cone 1 /. fig. AL on AB is similar to fig CE on CD. Q.E.D. 

N.B. — Should AB = CD the demonstration must be derived trom 32, 1. 

n. To construct a reed. Jig., as in the last diagram, similar to a given 
reed. Jig". AX on AB, and having its perimeter equal to a given st. line CQ. 



C. 1 

2 
3 

4 
5 

D. 1 
2 
3 



Pst.2,L3,L 
12, VI. 
3,L 

18, VI. 
Cone. 

C. 2 

C. 1, & H. 

Cone. 



Prod. AB until AR = the perimeter of the given fig. AL 

to AR, CQ & AB take a 4th propL CD ; 

set the 4th propl CD on CQ ; 

and on CD desc. a recti fig. CE sim. to fig. AL ; 

then the perimeter of fig. CE = the st. line CQ. 

Now per. AR : per. CQ = AB : CD ; 
but per. of fig. AL = AR, and per. of fig. CE = CQ ; 
.*, a fig. has been drawn, similar to AL 
& with perimeter = CQ. 



in. '^ As many figures of the same species with different areas can be 
constructed on the same right line as the figure of the proposed species has sides 
of difierent lengths.*' 
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IV. AnticipatiDg the next two propositions, and nsing the same con- 
struction as in the last figure but one, we may also proye, that Similar triangles 
and pdygons are to one another as the squares of their homologous sides. 



For, 



Area AEF _ AW 
AreaAHC AH« 



Ag» _ AD« « 
AL2 - aW *^- 



/. Area AEF : AD» = Area AHC : AB«. 



Tn liVo ,«o««^^ -^^^ AKE_ area ALH 

In mte manner, r-r^o — = 

AD^ 



Afia 



and 



area ADK _ area ABL 



AD2 



AB« 



Adding equals. Area ADKEF : AD* = area ABLHC : AB«; 

/. Area ADKEF : area ABLHC = AD* : AB» 

Use & App. Nearly all the practical methods of taking a Phn of anr 
building or place, or of drawing a Map of a field, of an estate, or of a whole 
country, are dependent on this Proposition. The lines made use of in the Plan 
or Map are proportionals to the existing lines in a building, estate, or country, 
and Representatives of the same values. 
The object of the Surveyor is to lay 

down a figure, as ABHIK, exactly like p -o 

in shape to the Prototype, or original, — 

as CDEFG, possessing similar angles 
and proportional sides; and this he ac- 
complishes by actual measurements or 
calculations of the sides and angles, and 
then by reducing the lengths of the 
lines in his drawing or plan in exact 
proportion to the original Features or 
Outlines. The very same angles are 
given in the Map that exist in the field or the country that is snrveyed ; thus 
the figure ABHIE is a reduced copy of the fig. CDEFG, preserving the /.s at 
A, B, &c., equal to those at C, D, &c., — but giving the lines AB, BH, &c. in 
proportion only to the lines CD, DE, &c. 

Whenever we have to make a Design, or a Model, we nse this Proposition 
either actually or virtually, so that its application extends to all the Piroblems 
of Geodoesia, or the Art of Measuring and representing surfaces, — ^to Plans, 
Maps, and Geometrical Drawings of every kind. 




Prop. 19. — Thbor. {Very important) 



Similar triangles are to one another in the duplicate ratio of thevr 
homologous sides ; i. e., as the squares of their like sides. 
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Con. 11, VI. Dem. Def. 12, V.--16, V. If four Ms of of the same kind 
be propls., they shall also be propls. when taJ^en altematelj. 

11, V. 15, VL Def. 10, V. When three Ms are propls. the 1st is 
said to have to the 3rd the duplicate B. of that which it has to the 
2nd. 1, VL 



E. 



Hyp. I. 
„ 2. 

Def. 12, V. 
Gone. 



Let aABC be sim. to aDEF, & zB = Z.E; 
& let AB : BO = DE : EF, 
the side BC being homol. to EF ; 
then A ABC : A DEF = BO : EF«. 




C. 1 



D. 1 

2 

3 
4 
5 
6 

7 
8 
9 

10 



11, VI. 



H.2.16,V. 

C. 11, V. 
Sc.l,16,VL 

15, VI. 
C. 

Def. 10, V. 
1, VI. 

D. 6, 7. 
D. 4. 

Rec. 



Take BG a 3rd propl. to BC & EF, 
ue., BC : EF = EF : BG ; and join GA. 

•/ AB : BC = DE : EF ; 

.'. altem, AB : DE = BC : EF ; 
but BC: EF = EF: BG; /. AB: DE= EF: BG; 
/. the sides about the eq. /. s. are recip. propl., 
.-. A ABG = A DEF. 
And •/ BC : EF = EF : BG ; 
.-. BC : BG has the duplicate R of BC : EF ; 
but BC : EF or BG = a ABC : a ABG ; 
.-. A ABC : A ABG = BC^ : EF^ ; 
but A ABG== A DEF; 

/. A ABC : A DEF = BC* : EF«. 
Therefore, Similar triangles are S;c. Q. E. D. 



Cob. If three st. lines are proportionals, as the first is to the 
third, so is any triangle upon the first to a similar and similarly 
described triangle upon the second. 

SoH I. The duplicate ratio of two st. lines is the same with the ratio ol 
their squares ; thus similar triangles are to one another as the squares of their 
homologous sides. 
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IL This Proposition might he deduced as a paiticalar case of Prop. 1, 
VI, by the 2nd Cor. '* that triangles are to one another in the ratio compounded 
of the ratios of their hases and altitudes ;" for, when triangles are similar, their 
flltitndesare in the proportion of their hases, and hj Def. 12, V. this componnd 
ratio is the duplicate ratio of their hases. 

Use and Afpl. L The 19th Prop, supplies a general method of reasoning 
concerning all similar geometrical figures ; for we declare from it tJiat the areas 
of similar triangles are to one another as the squares for the corresponding sides. 

Let AS ABC, AEF be similar ; 

& AD _L BC; and AD produced, or 

AG,_LEF ; 
& AS ADB, ACrE equiangular, 
then Area of A ABC : Area of A AEF 

= BC : EF«, or AB» : AE»; 
•/ AD : AG = BC : EF ; 

& BC : EF = BC : EF ; 
on multiplying these equals together. 
AD . BC : AG. EF = BC : EF«. 
But AD . BC = Area of/ — 7 on BC with alt AD; 



E. 


1 


Hyp. 1. 




2 


„ 2 




3 


Cor. 3,32,1. 






D. 


1 
2 


4,VL 




3 


Use 2, 
16, VI. 




4 
5 

6 

7 


Use 2, 
16, VI. 

Sch. 1. 

19, VI. 
Sim. 




and AG . EF = Area of / — 7 on EF „ AG. 

And Area of As = i Area of / — 7 8 on the same base and 

altitude, 
/. Area of A ABC : Area of A AEF = BC : EF. 

Thus are the Areas as the squares of any other pair of cor- 
responding sides; 
for Area of A ABC : Area of A AEF = AB« : AE». 

Ex. 1. From a given A AEF to cut offa part ABC = i of aAEF in 
aiea, by a line BC || EF. 

Since, Area A AEF : Area aABC = EF» : BC ; or 1 : i = EF» : BC, 
...BC = 5^, or BC = ^- 

Ex. 2. If the Area of a triangle be 86000 sq. feet, of which the base w 
900 foet, what will be the area of a similar triangle of which the base is 450 
feet. 

Take x as representatiye of the unknown area ; 

•/ 86000 : r =r 900» : 450'; /, 810000 ar ss 7290000000; 
and X = 7290000000 -H 810000 = 9000 sq. feet 

Ex. 3. The base EF, of a triangle is 3240 Unks, and its peroendiralar 
840 links; required the distance, from the base, of the parallel line, BC, whicQ 
•hall divide the triangle into two equal parts. 
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Here, Area of A AEF = ^^^^X^^^ -, 2721600 sq. Unks; 

and Area of A ABC = ' ' = 1360800 „ „ 

Now AG-AD = DG distance of parallels BC & EF; 

To find AD; Area A AEF : Area A ABC = AG^ : AD«, 

rrx. AT^2 1360800X8402 „,„«^^ 
Then AD« = 2721600 = ^^^800; 



/. AD = ^^352800 = 593 . 978 links. 

And 840— 593.978 = 246.022 = DG, distance of parallel BC from 
EF. 

n. When in similar triangles, any side of the one, as AE, is double that 
of the other, the area of the one triangle is four times that of the other; for 
the Areas are as the squares of the sides; and 2^ : 1' = 4 : 1. 



Prop. 20. — Theor. 

Similar Polygons may he divided into the same number of similar 
triangles^ having the same ratio to one another that the polygons have, 
and the polygons have to one another the duplicate ratio of that which 
their homologous sides have. 

Similar polygons are divisible into similar triangles equal in number and 
homologous to tide whole polygons ; and the polygon has to the polygon the 
duplicate ratio which the homologous side has to the homologous side." — 
Euclid. 

Con, Pst. 1. 1. Dem. Def. 1, VI. 6, VI. 4, VI. 32, 1. Ax. 3, 1. 22, V. 

11 V. 12, V. If any number of Ms be propls, as one of the antece- 
dents is to its consequent, so shall aU the antecedents taken together 
be to all the consequents. 19, VI. 



E. 1 



Hyp. 1. 



>> 



2. 



Cone. 1. 



Let pol. AD be similar to pol. FI, 

and the /.s at A, B, C, D, E respectively = Zs 

atF,G, H,I,L; 
and let the sides AB, BC, CD. DE, EA be 

respectively homol. to the sides FG, GH, HI, 

IL, LF; 
then pols. AD and FI, are divisible into a s of 

which each contains the same number of sim, 

as; 



832 



GRADATIOKS IN EUCLID. 



41 „ 2. 



)» 



3. 



of these sim. a s each has to each the same ratio 

as the pol. AD to the pol. FI. 
and pol. AD : pol FI has the daplicate ratio 

of the R, AB : FG. 




C. 



Pst. 1, 1. 



Join E with the l_ . s B, C ; 
and L with the l_ . s G,H. 



Case I. The pols. AD & FI are divisible into Z.8, &c. 



D. 1 



3 

4 



6 

7 

8 
9 

10 
11 
12 
13 



H.l,Def.l,VL 

H. 1, 2. 

6, VI. 4, VI. 

Hyp. 

Def. 1, VI. 
32, 1. Ax. 3. 
D. 3. 4, VI. 

Def. 1, VI. 

22, V. 
D9. I 

6, VI. 4, VI. 
Sim, 
Cone. 



".• pol. AD is sim. to pol FI /. z.BAE= 
ZGFL, & BA : AE = GF : FL; 

And V AS ABE, FGL have Z A = zF, 

and their sides proportionals ; 

/. A ABE is eq. ang. & sim. to A FGL, 

/. ZABE= ZlFGL. 

And •.• pol. AD is sim. to pol. FI, 

/. whole L ABC = whole L FGH ; 

& .-. rem. L EBC = rem. L LGH. 

And V A ABE is sim to A FGL, 
/. EB : BA = LG : GF ; 

Also V of sim. pols. /. AB:BC=FG:GH; 

/. ex, <Bq. EB : BC = LG ; GH. 

And •/ the sides about eq. /_ s are propls, 

/. A EBC is eq. ang. & sim to A LGH. 

So A ECD is eq. ang. and sim to A LHI. 

/. Sim. pols. AD, FI are divided into the 
same number of sim. A s. 



Case IL Also A ABE : a FGL 

A EBC: A LGH 
A ECD: AlHL 



= pol. AD : pol. FI. 
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Case III. And pel. AD : pol. FI has the duplicate K of 
AB : FG. 



D. 1 

2 
3 



5 
6 

7 
8 



CaseLl9,VI 

Sim. 
11, V. 
CaseL19,VI 

Sitn, 

11, V. 
D. 3. 



10 
11 
12 



12, V. 



19, VI. 
Rec. 



/. A ABE is sim. to aFGL, 

.\ A ABE : aFGL == BE^ ; GL* 

So A BEC : A GLH = = BE« : GL^. 

/. A ABE : A FGL == a BEG : A GLH. 

Again '.• a EBC is sim. to a LGH, 
• A EBC : A LGH = EC* : LH^; 
A LHI = EC2 : LH», 
A LGH = A EOD : A LHI; 
A LGH = A ABE : a FGL, 
FGL = EBC : LGH = ECD 

all the 



So A ECD 
.'. A EBC 
but A EBC 
/. AS ABE 






: LHI; 

antec. : conseq. = all the antecs. 
conseqs. 

t. e, A ABE : a FGL = pol. AD : pol. FI. 
But A ABE : A FGL = AB^ : FG^ 
:. pol. AD : pol. FI = AB2 : FG^. 
Wherefore, Similar Polygons ^c, 

Q. E. D. 



CoR. I. Similar figures of four sides, or of any number of sides , 
as already proved of triangles 19, VI. ; are to one another in the 
duplicate ratio of their homologous sides. 



CoE. II. If three lines be proportionals, then, as was proved 
for triangles. Cor. 19, VI., the first shall be to the third as any 
polygon on the first is to the similar, and similarly described polygon 
on the second. 



a 

D. 1 
2 
3 
4 



11, VL 

Def, 10. V. 
Cor. 1,20, VL 
11, V. 
Bee. 



To AB, FG two homol. sides take M, a third 

proportional. 
Then AB : M has the dupl. R of AB : FG ; 
but pol. AD : pol. FI = AB^ : FG^; 
/. AB : M = fig. on AB : fig. on FG. 
1 '. If three lines be proportionals, ^c. Q.E.D. 
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Cor. III. Because all squares are similar figures, the ratio of 
any two squares to one another is the same with the duplicate ratio of 
the sides ; and hence also, any two similar rectilineal figures are to 
one another as the squares of the homologous sides, 

CoR. IV. In similar figures, their perimetert are to one another 
as the ratio of the homologous sides. 

V AB,BC &c. : FG,GH &c. = AB : FG =BC : GH ; 

/. AB + BC + CD&c. : FG 4- GH + HI&c. == AB: FG. 

«. e., Perim. of fig. AD ; perim. of fig. FI = AB : FG. 

Cor. V. The homologous diagonals being sides of similar 
triangles are also homologous sides ; and therGfoie, perimeters of simi- 
lar figures are as their homologous diagonals. 

Cor. VI. A Circle and its inscribed Polygon of an infinite 
number of sides do not differ from each other in any degree howeyer 
small, but that a smaller difference might be assigned; and 
practically, they may be considered of identical values. As there- 
fore it has been predicated of similar polygons, 20, VI, that **they 
are to each other as the squares of their corresponding sides," 
whether diagonals or sides ; — so it may be predicated of all drclesy 
that being similar figures, they are to each other as the squares of 
their respective diameters, radii, and circumferences. 

Cor. VII. If on the three sides, AB, AC, GB,ofa rt. ^ d triangle 
ACB, similar figures he described as semicircles, AcC^B, AdC 
and C/B ; the figure on the hypotenuse, AB, will he equal to the sum 
of the similar figures on the two other sides^ AC, CB. 



D. 1 



2 
3 



Cor. 6, 
20, VI. 



47,1. 



/ Semicircles, or any sim. 

fig., on the three sides, 

are as the squares on 

those three sides ; 

& vAB2 = AC2 + CB2, 
•, Semicircle on AB := "^ 

Semic. on AC + Semic. on CB. 
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Hippocrates, of Chios, a Pythagorean philosopher, who lived about 460 
B.C., is said to have made this application of the nniversal principle, which 
trnder different forms appears in 47, I., and 31, VI., that "if three similar 
figures be described upon the sides of a rt. angled triangle, the contents of that 
which is described upon the hypotenuse will be equal to the sum of the contents of 
the figures described upon the sides" 

Hence, was deduced, 

Cor. VIII. That the Lanes Ae Cd, Cg B/, formed by 
describing semicircles, as Ae C^ B, A c? C & C/B, on the sides of 
a rt. /. d triangle, are equal in area to the right angled triangle ACB. 



D. 1 

2 

3 
4 

5 
6 



Cor. 7. 20,1 Semic. on AB = semic. on AC+ semic. on CB; 

VI. 
Sum» from semic. on CB take away the shaded seg* 

ments A e C & C ^B ; 
The remainder is the rt. Z, d A ACB ; 
Sum, From semicircles on AB, CB take away the 

same segments ; 
The remainders are the two lunes AeCc?, BgCf; 
Ax. 4, VI. .\ the Lunes AeCd + BgCf = A ACB. 



N. B. This is the first known instance in which a curvilinear space was 
reduced to an equivalent rectilinear space. 

ScH. 1. Further elucidation of Prop. 20, will be found inLABDNER'9 
lluclid, pp. 210 — 214, and in pp. 127^ 134 of this work. 

2. In circles, which are all similar, when the segments are similar, the 
radii and the chords become homologous sides. 

Use & Apf. I. By this proposition, a rt. lined figure may be increased 
or diminished in any ratio 

Thus, to make a pentagon five times the size of the pent, on DC, (in last 
figure but one.) ; 

Take a side AE = 2; and bet ween AE and 5 times AE, i. €., 10, find the 
mean proportional;— it is v^2x 10 = ^20 = 4.472136; 

A sim. fig. on a side of 4.472136 will be fire times the pent, on A£. 



336 GRADATIONj^V EUCLID. 

II. When the homologous sides ai^oiown the Proportion qf one fgure to 
another will be obtained hj finding a third proportional to anj two corresponding 
sides. 

in. The increase or diminution of Circles is effected in the same way. 

Thus one circle is on a diam. of 1,— another is to be constructed 4 times 
larger; required the diam. of the second circle. 

The mean propL to 1 & 4 is ^lx^= s/ 4 = 2. 
.*, the diam. is 2 for the required circle. 

Or, Given the diameters 1 & 2, required the magnitude of the second 
circle when compared with the first. 

2 V 2 4 

Here, T . ■ = --- = 4, — the second circle is four times larger than the 

first. 

rV. In two similar figures, if, of the areas and corresponding sides, any 
three be given, the fourth may readily he found. The principle employed is, 
that the areas of similar figures are to one another as the squares of their 
homologous sides, and vice versd. 

For, (fig. 20, VI.) A ABE : A FGL = AB* : FG«; 

A BCB : A GHL = BC? : GH»; 
and A CDE : A HIL = CD^ : HP, 

Hence, As ABE + BCE + CDE : As FGL + GHL + HIL 

= AB^ : FG«. 

i.e. fig. ABCDE : fig. FGHIL = AB* : FG*; 

rrx.^.x.^»-- FGHILxAB^ ^, _ ABCDExFG^ . 
ThusFG»= ^^^^ ', Ali j^^jgj^ , 

A^^r.T^x. FGHI L XAB« . 

Area ABCDE = j^^j ; 

ABCDE xFG* 



and Area FGHIL = 



AB« 



Ex. 1. Two similar hexagons are respectively of the Areas of 2500 sq. 
yards and 3000 sq. yards; a side of the first is 5 lineal yards; required the 
length of the corresponding side of the other hexagon. 



Here, the unknown side * = ^ 3600 X 5X5 = v^ 36 = 6 lineal yardii. 

2500 

Ex. 2. One of the sides of the base of a pyramid measures 50 yards, and 
the area of the base 7500 sq. yards;— in a similar pyramid, what is the area of 
the base when the corresponding side is 60 yards ? 

-^ . 7500 X 60X60 _ 270000 

The Area x = — ^^ ^ ^q — = g^ = 10800 sq. yards. 
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Prop. 21. — Theor. 

Rectilineal figures which are similar to the same rectilineal 
figure, are also similar to one another. 

Dem. Defl, VI. Ax, 1,1. 11, V. 



E. 1 
2 

D. 1 



2 

3 

A 
5 



Hyp. 
Cone. 

H.Def.l,VI. 



H.Def.l,VI 

Ax. 1, I. 
11, V. 
Def. 1, VI. 
Rec. 



Let figures A & B be each sim. to fig. C. 
then fig. A is sim. to fig. B, 




.A A 



•/ A is sim. to C, 

.". A is eq. ang. 

with C, & their 

homol. sides are 

proportionals. 
•/ B is sim. to C, /. B is eq. ang. with C, 

and their homol. sides, propls. 
.*. A & B are each eq. ang. with C, and their 

homol. sides propls. 
/. recti, fig. A is sim. to recti, fig. B. 
Therefore, Rectilineal figures which are similar, ^c 

Q. E. D. 



ScH. This proposition foUows evidently firom Def. 1, VI., of similar recti- 
lineal fignres; it is equiyalent to an Axiom, and in this respect agrees with 
Prop. 30, L St. Lines parallel to the same st. line are parallel to each 
other. 

„ 11, VI. Batios that are the same to the same ratio are the same to 
one another; 

rariations of the General Principle,— Things eqoal to the same thing are equal 
to one another. 
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Prop. 22.— Thboe. 

If four 8t. lines be proportionals ^ the similar rectilineal figures 
similarly described upon them shall also be proportionals ; and con- 
Tersely, if the similar rectilineal figures similarly described upon 
four St. lines be proportionals, those st, lines shall also be propor- 
tionals. 



Con. 11, VI. 12, VI. 18, VI. 

Dem. 11, V. 22, V. Cor. 2, 20, VI. 9,V. Magnitudes which have 
the same R to the same M are eq. to one another; and those to which 
the same M have the same R are eq. to one another. 

7, V. Eq. Ms haye the same R to the same M ; and the same has the 
same R. to eq. Ms. 



Case I. Let four st, lines be proportionals, &c. 



E. 1 

2 

3 
4 

C. 



D. 1 

2 
3 



Hyp. 1. 
2. 



)> 



j> 



3. 



Cone. 



11, VI. 



H. 1. 

11, V. 

22, V. 
Cor. 2, 

20, VI. 

11, V. 




Let AB : CD = 

EF : GH ; 
on AB & CD let sim. 

rect. figs. KAB &LCD, 

be similarly described; ^ 
& on EF & GH sim. rect. 

figs. MF & NH, be also similarly described ; 
then KAB: LCD 

= MF : NH. M 



B<3 D 



To AB, CD take 
a 3rd propl. X, 
& to EF,GH a uj- 
3rd propl. O. 






•/ AB : CD = EF : GH, 

/. CD: X= GH: 0; 
•. ex aq. AB : X = EF : O. 
but AB : X = fig, KAB : fig. LCD ; 

and EF : := fig. MF : fig. NH ; 
/. fig, ItAB : fig LCD = fig. MF : fig. NH, 
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Case II, If the stm, rectilineal, figures, ^c. 



E. 1 
2 


Hyp. 
Cone. 


C. 1 


12, VI. 


2 


18, VI. 


D. 1 


C. 1. 


2 


C. 2. 


3 


C. 2. 


4 




5 
6 


Hyp. 
9, V. 


7 


C. 2. 


8 


C. 1. D. 7. 


9 


7,V. 


10 


Rec. 



Let fig. KAB : ^g. LCD = fig. MF : fig. NH; 
then AB : CD = EF : GH. 

Make AB : CD = EF : PR, 

and on PR descr. fig. SR sim. and similarly 

situated to MP or NH. 
V AB: CD = EF: PR; 
and on AB, CD are sim. and sim. desc. figs. 

KAB, LCD ; 
and on EF, PR „ „ figs. 

MF and SR. 
/. figs. KAB : LCD = MF : SR. 
But KAB : LCD = MF : NH; 
/.rect. fig. NH = recti, ^gy SR. 
and *.* they are sim. and sim. situated, 

.-. GH = PR. 
And •.• AB : CD = EF : PR, and PR = GH; 
.-. AB : CD = EF : GH. 
If therefore four st, lines be proportionals, j-c. 

Q .E. D. 



Cor. As a particular case, if four st, lines A,B,C,D, be pro- 
portionals their squares A^, B*, C*, D^, shall also be proportionals ; 
and conversely ; i. e., 

if A : B = C : D ; then A« : B^ = C2 : D^; 
and if A^ : B^ = C^ : D^; then A : B = C : D. 

ScH. Thus, this proposition is equivalent to the theorem, that, " if two 
ratios be equal, their duplicates and subduplicates will also be equal," or in 
other words their powers and roots. 

UsB & App. The principle contained in this Theorem is often employed 
in Arithmetic and Algebra; for if a 3 : & 4 = c6 : d8 ; then a^9 : h* 16 
= c* 36 : rf ^ 64. If four quantities or numbers are in proportion^ their like 
powers or roots are also proportionals. 
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Lemma. — Theob. 



If rectilineal figures he equal and similar their homologous sides 
are equal. 



Dbm. 16, V. 20, VI. 



E. 1 
2 

3 

D. 1 

2 

3 

4 



Hyp. 1. 1 Let fig. AC be =& sim. to fig. DF ; 
9 I & let BC : B A = 
EF : ED ; 
then side EF = side BC. 



» 



2. 

Cone. 

Sup. 

H. 2.16, V. 

D. 1.20, VI 
H. 1. 
Cone. 



nri 



If EF 9^ BC, 

let EF > BC. 
•/ EF : ED = BC : BA ; 

.-. altern. EF : BC =ED : BA; 
butEF>BC /. ED>BA; /. fig.DF>fig. AC; 
now fig, DF also = fig. AC; — ^which is impossible ; 
/. EF not iz BC ; i . e., EF = BC. Q. E. D. 



Prop. 23. — Theob. 



Equiangular parallelograms have to one another the ratio which 
is compounded of the ratio of their sides. 

Ck)N. 14, L 31, L 12, VL 

Dem. Def. a. V. of Compound Ratio. When there are any no. of Us 
of the same kind, the l^t is said to hare to the last of them the R 
compounded of the B. which the 1st has to the 2nd, and of the B 
which the 2nd has to the 3rd, and of the B. which the 3rd has to the 
4th, and so on unto the last magnitude. 1, VL 11, V. 12,7. 
ex csquali. 
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E. 1 
2 

C. 1 
2 
3 

D. 1 

2 

3 



5 
6 

7 

8 

9 

10 

11 



12 



Hyp. 
Cone. 
Pan. 14,1. 
31,1. 
12, VI. 

C. 1. 



Let / 7 AC be eq. ang. to / 7 CF, having 

ZBCD= ZECG; 
then / 7 AC : / 7 CF = R compounded of the 



B 



r 



B 



ratio of the sides, BC : CG & DC : CE. 
Place BC & CG in a st. line 

and also DC & CE ; 
complete the / 7 DG ; 

and take a st. line K; 
make BC : CG = K : L ; 

& DC : CE = L : M. 



I> H 



K x,M E gp 



Now K : L & L : M = BC 
: CG & DC ; CE ; 
Def. A.V.I but K : M is compounded of K : L & L : M ; 

/. K : M is a E compounded of the R of the sides. 

I, VI, And •/ BC : CG = Z=7 AC : ZI=7 CH, 
C. 3, but BC : GC = K : L; 

II, V. /. K : L = CZ7 AC : CZ7 CH. 
C. 3 Again v DC : CE =:/zZ7 CH : 



11, V. 
D. 5&7, 
22, V. 

Remk. 



Rec. 



CF 

but DC : CE = L : M; 
.-. L : M = nn CH : /z=7 CF. 
And V K : L = CU AC : /ZU CH; 
/. ex. igg^. K : M = / — 7 AC : / — 7 CF. 
But K : M is compounded of the R of the sides ; 
.'. / 7 AC : / 7 CP is compounded of the Rs of 

the sides * 

i. e. of BC : CG and DC : CE. 
•. Equiangular parallelograms have ^c. 

Q. E. D. 



N, B. This 23rd proposition would follow as a Corollary from the 
Theorem, " that any two rectangles are to one another in the ratio which is 
compounded of the ratios of the sides." 

A more brief demonstration would be, 



E. 1 Hyp. 
C. 1 31, I. 



Let AC & CP be two eq. ang. parallelograms ; 
Complete the / — 7 CH. 



OBADATIOKS IH BDCLID. 

•/ £IZ7 AC : I — 7 CF has the R compomicled of 
the ratio of AC : CH, and of CH : CF ; 

bat Z=7 AC : CZ? CH = BC : Ca, 
and CZ7 CH : c=7 CF = DC : CE ; 

.-, OZI AC : CL' CF is a ratio compounded of Ks 
irhich are the eame with the Ss of the eide-s. 

Aritk. Bgp. Let BC = 8, CG = 5, DC = 4; and CE = 7. 

tben 4:7 = 5: 8.75; and of tbe three nombeis 8, 5, & S.7S. 
8 :5 = CZ7*X 8 ;CZ7 4 X 6; 

and 5 : 8.75 = ; 7 4X5 ; I 74 X 8.75; 

thus 8 : 8.75 \b Oie latio compounded ot both; or 32 : 35. 



Cob, 1. If the terms of two analogies are tines, the rectangles 
vnder their corresponding terms are proportional. 

Cor. 2. Hence, also, Rectangles whose bases are proportional 
and also their altttttdea, are themselves proportionals. 



Draw / 7 AC = p;iren figure R. 

and with /.BAD = Eiven Z_h; 
Produce BA, DA, indefinitely to G & F; 
Make AF ^ AD; and on BF desc. a Bemidrcle; 
from A raise a perp. AE cutting the semicircle in 1 
make AG, AU each = AE; 
and AG, AH aie aides ot the required rbombns. 
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D. 1 
2 

3 
4 
5 
6 



C. 1, 2. &C. 
23, VI. 

Bemk. 
17, VL 
Bemk. 
Cone. 



•.' the I 7 8 AC, AK are eqaiaBgolar; 

AC : r 7 AK has a ratio compounded of the 



ratio of the sides; 
Thus AB : AH or AE = AG or A£ : AD; 
/. AGP = AB . AD. 
Now AG is a side of the rhombns AE; 
/. the rhombus AK = the rhomboid AC. Q. E. F. 



Pbop. 24. — Theob. 



Pcanllelograma about the diameter of any parallelogram, are 
similar to the whole and to one another. 



DsK. 29, L If a St. line fall upon two || st limes, itmi&es the alternate 
/^s = to. one another; and the ext. /_ = the int. and opp. /_ upon 
the same side; and likewise the two int /,s upon the same side = 2 rt. 
Z_B. 4. VI. 

34, L The opp. sides and /.s of ' /~"~7 s are eq. to one another, and the 
diam. bisects them. 7. V. Def. 1, VL 
21, VL Bectl. figures sim. to the same, are similar to each other. 



E. 1 
2 



Hyp. 1. 
2. 



>> 



3i Cone. 



D. 1 
2 
3 
4 



H. 29, I. 

H. 29, 1. 

34, L 



Let BD be a / — 7 of which AC is the diam ; 
& EH, GF /IZ7S about 

the diam. ; a tt n 

then dJ EH is sim. to ^ ? P 

ZZIJGP; ^/Xk L 



& each sim. to / 7 BD. ** 

•/ BC II EF, 

.•.ZABC=ZAEF; 
& vDC||HK, orHG, 

.•.ZADC=ZAHK; 
And •/ Z DCB = /_ BAD, 

& ZHKE = ZBAD; 
.-. ZDCB = HKE = ZBAD; 
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D. 5 Cone. 
D. 2. 



8i 
9 



10 



11 
12 
13 
14 



4, VI. 

34,1. 

7,V. 



Def.l,VI. 



Sim. 

21, VI. 
Rec. 



s BD & EH are equiangular. 



And V Z.ADC= z. AHK, & z. D AC com. ; 
.', A DAC is eq. ang. to A H^K ; 

& .-. AD : DO = AH : HK. 
And •.• opp. Bides of / 7 s are equal ; 
.-.AD: AB = AH: AE ; 

BC: CD = EK: KH; 

& BC : BA = KE : EA; 
/. sides of ZIZ7S BD, & EH about eq Z.B are 



proportionals. ; 

& CZJ BD sim. to CZJ EH. 
So CZJ BD is sim to dJ GP. 
• • £Z78 EH & QF are each sim to CZJBB ; 
.'. OZJ EH is sim to nu GF. 
Wherefore parallelograms about ^c. Q. E. D. 



ScH. F roposition 24 should have changed places with Prop. 25. ' 

Use &; App. In Perspective this proposition is available to show that a 
copy is drawn like the original, hy the help of a parallelogram. 



Prop. 25. — Prob. (Of extensive use.) 



To describe a rectilineal Jigure which shall be similar to one and 
equal to another given rectilineal Jigure, i. e. in area. 



Con. Cor. 45, 1. To desc. a /~"~7 equal to a given rectil. fig. and haying 
an Z_ equal to a given rectil. /_. 
29, L 14,1. 13, VI. 18, VI. 
Dem. Cor. 2, 20, VI. 1, VI. 11, V. 14, V. K the 1st has the same 
B to the 2nd which the 3rd has to the 4th ; then, if the 1st be > = oi* 
< the 3rd, the 2nd shall be > = or < the 4th. 



E. 



1 Data. 

2 QuaBS. 



Given rectil. fig. ABC, and rectil. fig. D; 

to desc. a recti, ^g, sim. to ABC, and eq. to D. 
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C. 1 



Cor. 45, I. 



)> 



4 
5 

6 

D. 1 

2 

3 

4 



29, 1. 14, 1. 



13, VI. 
18, VI. 

Sol. 
C. 4. 
Cor.2.20,VI 

1,VL 
11, V. 
C. 1.14,V. 

C. 

Sol. 




On BC descr. 

BE = fig. ABC ; 
and on CE, i 7 

CM = fig. D, B 

and having L 

FCE = z CBL. \~ 
Now BC, CF are ^ 

in a St. line BF, 

and LE, EM, in st. line LM ; 
find then GH a iMan propl. to BC, and CF ; 
and on OH descr. a recti. ^^, KGH, aim. to 

ABC, and similarly situated, 
then the fig. KGH is the recti- fig. required. 
•/ BC : GH = GH : CF ; 
/. BC : CF = fig. ABC : fig KGH; 



but BC : CF = 



BE 



EF; 
BE : ZZZ7EF. 



/. ^^, ABC : ^^. KGH, = 
And •.• fig. ABC = CHI BE, 

/. fig. KGH = £=7 EF ; 
but fig. EF = fig. D, 

/. KGH = D and is sim. to ABC ; 
Therefore ^^* KGH is sim. to ABC and equal 

to D. Q. E. F. 



Or, varying the figures. 



C. 1 
2 
3 



14, XL 
12, VI. 

18, VI. 



D. 1 
2 
3 
4 



20, VI. 
C. 1. 
C. 3. 
Cone 



Find L,M, the sides of squares eq. to the figures ABC & D ; 

take GH a 4th propl. to L, M, & BC; 

and on GH desc. the fig. KGH sim. to ABC. 





•/ fig. ABC : fig. KGH = BC : GH« ; «. e., as L« : M»; 
and •/ fig. ABC = L^, and fig. KGH = M« = fig. D; 
and •.• also KGH is sim. to fig. ABC. 
/. KGH is the fig. required. 
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ScH. The chief point of this prohlem is to find, as in the last fig. but 
one, a mean proportional to BC, a side of the given figure to which a similar 
one is to be constructed, and to CF, a side of the rectangle made equal to fig. 
I>; — that mean proportional is GH, which becoiiieB the side of a figure similar 
to ABC, and equal to D. 

Use & Afp. By this proposition, while we keep always the same area, 
we may change the form or shape of the figure, — a process of great use in 
Practical Geometry; and especially convenient, if we do, what has yery often to 
be done; i. e., reduce an irregular rectilineal figute^ to its equivalent square. 



Prop. 26.--Thkor. 

If two similar parallelograms have a common angle, and be 
similarly situated ; they are about the same diameter ; 



*( 



If from a parallelogram a parallelogram, be taken away similar to the 
whole, and similarly placed and having a common anglb with it, — it is abobtthe 
same diameter with itie whole. "-^Euclid. 



Ck)ir. Pst. 2, L 31,1. Dbm. 24, VI. Def. 1, VL 11, V. 9,V. Ax. 9,1' 



E. 1 



C. 1 
2 



Hyp. 1. 
„ 2. 



Cone. 



Sup. 1. 
2. 



» 



3 Pst. 2, 1, 

4 31, 1. 



Let / — 7 BD be sim. to / — 7 EG, having Z A com.; 
& let AE, AG, sides of CZJ EG 

fall on AB,AD, homologous 
sides of CIJ BD; 
then diags. AF,AC are in 

one line, 
i' «. / — 7 S BD & EG are about 

the same diam. : 

If not, and it be possible, let AHC be the diag. 

of /— 7 BD ; 
& AHC be different from AF the diag. of 

£=7 EG; 
let GF meet AHC m H, 
& through . H draw HK || AD or BC. 
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D. 1 

21 
3 



5 
6 



0.1—4. 

24, VI. 
Def.l,VL 
ff. Def. 1, 

VI. 

11, V. 
9,V.Ax.9 
Cone. 



s BD & KG are about the same diag. 
AHC; 
/. / — 7 KG is sim. to / — 7 BD ; 
& DA : AB = GA : AK ; 
but •/ / — 7 BD is sim. to / — 7 EG, 
/. D A : AB = GA : AE ; 
GA: AE = GA: AK; 
'. AK = AE, — ^which is impossible : 
diag. of / — 7 BD through Z. A cannot be 



8 Rec. 



& 



otherwise than on AP, 
t. e., AP & AC are in the same st* line. 
Therefore, If two similar parallelograms ^c. 

Q.E. D 



ScH. — This Proposition is the converse of Prop. 24, and properly should 
follow it immediately, or be incorporated with it. 



Prop. 27. — Thbor. 

Of all parallelograms applied to the same st. line, and deficient 
hy parallelograms similar and similarly sittuited to that which is 
described upon the half of the line ; that which is applied to the half 
and is similar to the defect, is the greatest. 

K. B. More easily to understand fhis and the two following propositions, 
attention must be given to the Subsidiary Definitions D,E, & F. p. 251, 2. 



Cox. Pst. 1. 1. 31, 1. Dbm. 43, 1. The complements of the / 7 8 
which are about the diam. of any £ZZJ> are eq. to one another. 26. VI. 
Axs. 1, 2, 9. 1. 34, 1. 36, L / J 8 upon eq. bases, and between the 
same |ls are eq. Ax. 4, L 
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E. 1 
2 



Hyp. 1. 
2. 



If 



Let the st. line AB be bisd. M, 
inC; 

& on the half AC let a czi G 
AD be applied, deficient 
from / — 7 AE on the 



]> 3D 



:» 






K 



\ 



whole line AB, by the X cK — t 

/ — 7 CE on the other 

half line CB ; 
then, of all / — 7 s applied to any other pts. of AB, 
deficient by / — 7 s sim. &similarly situated to / — 7 CE, 

AD shall be the greatest. 



Cone. 1. 



Hyp. 3. 



^ ^ KH being sim. and similarly situated to / — 7 OE; 

Cone 2. then /zn A.D on AC is > /zu -^F. 

Case I. Suppose AK, hose of CU AF, > AC the half of 
AB; and •/ by Hyp. 3, CZJ CE is sim, to CU HK, 
.*. by 26. VI., they are about the same diam. DB. 



Let any / — 7 AP be applied to AK, a pt. of AB 
and z^ AC or CB, so as to be deficient from 
AH on AB by ZII7 KH,— 



C. 

D. 1 
2 
3 

4 

5 



31, L 
43, L 
Ax 2, I. 
H.l.Ax. 1. 

Add, Ax. 2, 

Ax. 9. 



Draw diag. DB, and complete the scheme. 



•/ CU CF = CU FE, to each add 
/, the whole CU CH = the whole 
But •/ AC = CB, 

CH = ^=7 CG = KE ; 



KH, 
KE; 



to each add CF, 

AF = gnomon CHL ; 
CE or AD > CU AF. 



C. 

D. 1 
2 

3 
4 



Case II. Let AK, hose of 
31, L 

H. 1. 34, I. 



36, L Ax. 9. 
43, L 
Add. Ax. 4. 



A similar construction is 

to be made. 
•/ BC = CA, 

.\ HM = Ma; 
and •/ CU DH = CUDQ. 
DH > ZIZ7 LG. 



w4jP, he < AC^ the half of AB. 



• • 



but CUDR^CU DK, 

and £=7 DK > ^Z7 LG; 
to each ad CU AL, .-. CU AD > 




AF. 
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D. 5 
6 



Cone. 
Bee. 



Thus in both cases / — 7 AD > i — 7 AF. 

Therefore, of al l/ i s applied to AB, and deficient 
hy I 7 s each sim, and similarly situated to AB, 
the I 7 AD is the greatest, Q. E. D. 



Otherwise the Proposition may be enuneiated ; — Of all the 
rectangles contained hy the segments of a given st. line, the greatest is 
the square which is described on half the line. 



E. 1 



D. 1 
2 
3 



Hyp. 



Cone. 

H. 
5,11. 

Cone. 



c 



D 



Given AB bisected 

in C and unequally j^ 

divided in D ; " 

then AC2 > (ZZJ 

AD . DB. 
•/ AB is div. equally in C and uneq. in D ; 
/. AD . DB + CD2 = AC2 
.-. AC2 > AD . DB. 



B 



ScH. De Chales, Lardner, and some other geometricians recommend 
that Propositions 27, 28, and 29 should he omitted as unnecessaiy ; bat they 
were frequently employed by the ancient mathematicians, and are required es- 
pecially for the solution of several problems. 



"Use and App. — In a given aABL to inscribe the greatest parallelogram 
possible, having an angle, A, in common with the triangle. 



Complete the / 7 AE of which LB is the diag. 
bis. AB in C, AC in K ; AL in N and LN in G ; 
and through . s K, C, I, draw ||s to AL, 
and through . s G, N, P draw ||s to AB. 

then parallelog. AD, with /.A com. to aABL, is the greatest 
parallelog. possible in aABL. 



C. 1 


31, L 


2 


10, L 


8 


31, L 


4 


>» 


5 


SoL 



Ij 
<i 








N 




^^\^ 




P 








■ 


^S^^ .1^ 



ir^: — cT 
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D. 1 


24, VL 


2 


26, VI. 


3 




4 


C. 2-4. 


5 


27, VL 



'.* the defects of parallelogs AO, AD &c. are parallelogs. sim. 

to parallelog. CM ; 
.*. those parallelogs. are about the same diag. BL ; 
.'. pargs. AO, AD, AF &c. are inscribed in the given aABL; 
And *.* parallelog. AD is described on AO half the base, 
.*. parallelog. AD is the greatest parallelog. in the A ABL, 
and the ^A is com. to t£e parallelog. & the A. Q. ^'^• 



Prop. 28.— Prob. 



To a given 8t. line, to apply a parallelogram equal to a given 
rectilineal figure^ and deficient by a parallelogram similar to a given 
parallelogram ; but the given rectilineal figure to which the parallelo- 
gram to be applied is to be equal, must not be greater than the 
parallelogram applied to half of the given line, having its defect 
similar to the defect of that which is to be applied; that is, to the given 
parallelogram. 



" To given rt. line to apply a parallelogram equal to a given rectilineal figure 
and deficient by a figure similar to the given parallelogram."— Euclid. 

Con. 10, I. To bis. a given finite st. line, 18, VL 31, L 25, VI. 3, 1. 
Dem. 21, VI. 26, VL Ax. 3. .43,L 36, L Ax. 1. 24, VL 



H 



G 

\ 
\ 



O F 



^ !«»■■■■»■ .>»iWt».^»»«»».» J 



E 
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E. 1 
2 



C. 1 
2 



Dat. 1. 
„ 2. 



» 



3. 



Quaes. 

10, I. 
18, VI. 
31, I. 



Let AB be the given st. line, and C the given fig. 

to which the parallelogram is to be equal ; 
let fig. C be 5> the I 7 on the half line AIJ, of 

which the defect is sim. to the defect of that 

I 7 which is to be applied ; 
and let ^g. D be the i 7 to which this defect is to 

be similar. 
To apply to AB a i 7 = C, and deficient from 

the I 7 on the line AB, by a i 7 sim. to fig. D. 



Bis. AB in E ; and on EB desc. / — 7 EF sim. 

and similarly situated to fig. D ; 
complete the OIJ AG, either = C, or > C. 



D. 



Casbi I. Suppose I 7 AG "==- fig- C ; 



Cone. 



then on AB is applied / 7 AG = fig. G, 

and deficient by / — 7 EF sim to fig. D. Q.E.D. 



Case II. Suppose nzjAG ^ %. C, hut >C ; and by 3C, I, 
/ — 7 EF == [ZD AG, & .-. CU EF also > ^g. C. 



C. 
D. 1 

2 

• 3 

4 

5 



25, VI. 

C.1.21,VI 

Sup. . 
0.3. 

3,1.31,1. 

G. D. 1. 



8| 26, VI. 
9 Sup. 31, 1 



10 



D. 3, 6. 



Make / — 7 KM = excess of nzj EF above fig. C, 
& sim. and simly situated to fig. D. 
•/ fig D is sim. to dJ EF, 

7 KM is sim. torn? EF. 



• • L. 



Let KL be homol. to EG, & LM to GF. 
And •/ z=7 EF = C + KM, /. EF > KM, 
:. line EG > KL, & GF > LM. 
Make GX = LK, GO = LM ; 

and complete / 7 XO. 
•.• / — 7 XO is = & sim. to / — 7 KM, & KM sim. 

to OU EF, 
/. ZZI7 XO is sim. to / — 7EF, 



& /. /CZ7S XO & EF 6o^A are about diag. GB. 
Let GPB be their diag. ; and complete the 

scheme, 
then •/ CZJ EF = C 4- KM, and apart 

I — 7 XO = / — 7 KM a part of the other ; 
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D.ll 

12 
13 
14 

15 

16 



Ax. 3. 
43,1. 

C. 1,36,1. 

Ax.l. 
Add. 

D. 11. 
Rec. 
24, VI. 



/. rem. gnomon ERO= rem. C. 

And /. / 7 OR = parlm. XS, .'.on adding/ZI7SR 

to each, / 7 OB = parlm. XB ; 
but AE = EB; .-. parlm. XB = parlm. TE 

& parlm. TE = parlm. OB ; 
to each add parlm. XS ; 

/. the whole CZ] TS = the gnomon ERG; 
but ERO = fig. C ; .'. also parbn. TS = fig. C. 
•, parlm. TS = fig. C is applied to st. line AB, 
deficient hy parlm. SR sim. to Jig. D, 
because SR is sim. to EF. Q. E. F. 



ScH. 1. The Proposition may be thus enimciated ; To divide a given tt 
line ABf so that the rectangle contained by the segments may be equal to a givtn 
spacef a« the square on C; but that given spa^e must not be greater than the 
square of half the given line. 



E. 1 



C. 

D. 1 
2 



C. 



D. 1 
2 
3 
4 
5 



Dat. 



Qoffis. 



10,1. 
Sup. 1. 
Sup. 2. 
Sim. 

3,1.11,1. 
3,1. 
Pst.3&l,I 
Sol. 

C. 

5, n. 

47, 1. 
Ax. 1. 1. 
5'wi6.Ax.3 



Given st. line AB, & C? the 
space to which the seg. 
of AB must be equal, 

butC«>(:^)' 

to divide AB so that the 
I I contained by 
the segs = C^ 



£ 



K 



F 



D 



^^ 5 



Bis. AB mD. 

If AD2 = C* the Problem is solved ; 

but if AD« i^ C^ & AD > C ; 

then the Solution though differing in form will be like the 

foregoing Prop. 28 in substance. 
At rt. /.s to AB draw DE= C ; 

& prod. ED so that EF = AD or DB ; • 

from E with rad, EF cut AB in G, and join EG; 
then AB is div. in G so that AG . GB = C* 

*.• AB is divided equallv in D and unequally in G ; 

.-. [IZ] AG . GB 4- DGP = DB« = EF* = EG* ; 

but ED* + DG^ = EG* ; 

.\ CZJ AG . GB + DG« = ED» + DG« ; ' 

take away DG*, & {ZD AG . GB = ED2= C?. Q. E. F. 

ScH. 2. Prop. 28. bk. VI. is equivalent to the Problem;—" To inscribe 
in a given A a parlm. equal to a given figure not greater than the maximvm 
inscribed parlm. and having an /_ in common with the A*" Manual of Euclid, 
Pt. n,/). 98. 



PROP. XXVIII. BOOK VI. 



353 



The Demonstration is similar to that in Use and App. 27, VI. 

Use & Appl. There are two cases of this Proposition which are not 
unfrequently employed hj geometers. 

1°. A variation of Sch. 1, 28, VI. To a given st line AB to apply a 
rect. AH, deficient hy a square GK, which rect. shaJl be equal to a given square, 
that on line C; hut the given square on C must not be greater than the square 
on the half AD of line AB. ' 



C. 1 10, 1. 
21 Sup. 

3 11,1. 3,1. 

4 3,1. 
5P8t.3&l,I 



6J 46, I. 31,1, 
7, Sol. 



H K 



D. 1 
2 

3 
4 
5 
6 



c. 

5,n. 47,1, 

Sub. Ax. 3. 
C. 6. 

Cone. 



r 



A' 



L 



.—-I——. 



•C 



E 



D /frv B 



Bi8.ABinD; and if AD* = 

C?, the prob. is solved. 
But if AD* :^ C? and AD 

>C; 
draw DE _[_ AB, and make 

DE = C; 
produce ED so that EF = 

ADorDB; 
from cen. E, with EF desc. 

arc meeting AB in G ; and 

join EG; 
on GB desc. the square GK, and complete rect. GL; 
then i 1 AH = C^ and deficient by GK, has been applied 

to AB. 
•/ AB is div. equally in D, and unequally in G; 
.-. AG.GB + DG' = DB* = EF* = EG* = ED* + 

DG*. 
Take DG* from each, /. AG . GB = ED*, i. e. = C*. 
But AG . GB is IZZI AH, .'. GH = GB; 
.-. HZ] AH = C*. 



•. I I AH = C* has been applied to AB, deficient hj the 
sq. GK. b. E. F. 



2°. To a given st line to apply a rectangle^ which shall be equal to a given 
rectangle^ and be deficient by a square ; but the given rectangle must not be 
greater than the square upon half the given line. 

Let AB be the given line, and on lines C &; D a given I I 



E. 

2 
C. 1 

2 
3 



Dat. 

Quaes. 
11,1. 

2, 1. 10, L 
Pst 3, 1. 



not greater than ( ) ; 

to apply to AB a d] = C . D> 
deficient by a square. 

On the same side of AB, at 
A & B, draw AE, BF each 

JLAB; 

make AE = C and BF = D; 

join EF and bisect i^in G; 
from G, with rad. GE, desc. a 

meeting AE in H; 



•^••. 
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4 
D. 1 



31,1. 



31, in. 

Ax. li, T. 
2] 28,1. 34,1. 

3 Rem. C. 2. 

4 C. 2, 4. 

34,1. 3,111. 



4 

8 
9 
10 
11 
12 
13 



Cone. 
Add. 47, I. 



join HF ; and draw GK H HF, 

and 6L {| AE, meeting AB in Lw 
•.* /_ EHF in a sem. c. is a rt /., and = /_ EAB ; 

.-. AB II HF and AH fl BF, •. AH = BF; 
and CU EA . AH = CU EA . BF, i. e., CD. 
and •/ EG = GF, and AE || LG || BF; 

/. AL= LB, & EK = KH; and CD > AL« or (^)'j 



•. E A . AH > AL», I. e. KG'*; 

add KE*, /. AK^ > EK» + KG«. i. c. EG^ 

and /. AK or GL > GE. 
Def. 2, m. Now if GE = GL, © EHF touches AB in L; 
36, UL /. AU = EA . AH, t. e. C . D. 

Sup. But if EG :^ GL, and EG > GL; /. EHF cuts AB ; 
Sup. Let the © cut AB in . s M and N; 
46, 1. 31, 1. on NB desc. NB* and complete the I f AP. 



H;3,m. Ax. 31 '.• LM = LN, and AL = LB, /. AM = NB, 



15 
16 
17 



C. 

c. 

Rec. 



and .-. AN.NB =:NA.AM, t. c. EA. AH or C .D. 
But AN^ . NB is rZ] AP; /. PN ^ NB; 
/. ( I AP = C. D, and AP has been applied to AB, 
deficient by BW, Q. E. F. 



This last Problem may be thus enunciated ; " Jb cut a f/iven 
line AB in the point N so as to make the rectangle AN . NB equal to 
a given space.' ^ 

Or, which is the same thing, " Having AB the sum of the 
sides of a rectangle given, and also its magnitude^ or area, to find the 
sides.^^ 



Prop. 29.— Prob. 

To a given st line to apply a parallelogram equal to a given 
reGtilineal figure, and exceed inghy a parallelogram similar to another 
given jjarallelogram. 



Cox. 10,1 18, VL 25, VI. 21, VL 
Dem. 26, VL 36, L 43, L 24; VL 



2, L 31, L 
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^O 



E, 1 
9 



Dat. 
Quaes. 



Given AB, ZZZ? X, & rectil. fig. Z, 
to apply to AB a l 7 = Z, and 
exceeding by a / 7 sim. to i — 7 X, 



a 



F LM 



Ar 



£ 



\ I 
« I 
\ I 



"T 1 

I 
I 



B 



t \ 
I « 




Z 



€. 1 



3 
4 



C N PX 



10, 1. 18, VI., Bis, AB in E, and on EL descr. ZZI7 EL sim. 

& sim. sit. to / 7 X ; 
make ZZU GH = EL + Z, & sim. & sim, 

toziZ7 X. 
'. / 7 GH is sim. to / 7 EL. 



H 
9 

10 
11 
12 



25, VL 
21, VL 
C. 2. 



Pst.2J.S,l. 

31, L 
C, 6,7. 
C. 3. 
26, VL 
31, L 
Sol. 



D. lC.2,8.Ax. 1 



Sub. Ax, 3. 



;}; C. 1, 31, L 

i 43, L 
4 Add. Ax. 2, 

5j D. 2. 
6i Cone. 



Let KH be homol. to FL, & KG^^io FE ; 

then •/ / — 7 GH > / — 7 EL, 
.-. HK > FL & KG > FE ; 

Produce FL & FE, & make FLM == KH, 
& FEN = KG ; 

& complete the / 7 MN ; 

/. / — 7 MN is eq. & sim. to / — 7 GH ; 

but GH sim to EL, . . MN is sim to EL ; 

& /, EL & MN are / 7 s a^out the same diag. 

Draw their diag. FX, & complete the scheme, 

then to AB is applied / — 7 AX = Z, <S: ex- 
ceeding by / 7 PO sim. to / 7 X. 

V GH==ELh-Z,&^iz7GH= ZIZ7MX, , 
/. .ri7MN=z=i7EL + ^=7 Z ; 

take away / 7 EL ; 
.•. rem. gnomon NOL= Z. 

And •.• AE = EB 
/. /ZU AN= z=j NB ZZ3^ BM. 

Add ^::^ NO, /, the whole CZJ AX = the 



whole gnomon. NOL ; 

but NOL = Z, /. ZZIZ AX =: ^g. Z. 

•. to AB is applied a / — 7 AX = ^g. Z, 
exceeding by dJ PO, sim. to %. X ; ' 
dJ PO is sim. to £Z7 EL. Q. E. F. 
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N.B. — In the diagram, X by mistake of the engraver occnrs twice, 

ScH. — Of the thirteen books of Elements written by Euclid, the tenth 
bears evident traces of the greatest attention having been bestowed to render it 
complete. The doctrine of Incommensurables there receives its developement, 
and is treated with great exactness. "The most conspicuous propositions of 
elementary geometry," says an eminent writer, "which are applied in the tenth 
book, are the 27th, 28th, & 29th of the sixth book, of which it maybe use^l to 
give the algebraical signification. The first of these (the 27th) amounts to 
shewing that 2 x — ar^ has its greatest value when ;r =: 1, and contains a limi- 
tation necessary to the conditions of the two which follow. The 28th propo- 
sition is a solution of the equation ax — x^=z by upon a condition derived fi-om 
the preceding proposition, namely, that ^ a* shall exceed b. It might appear 
more correct to say that the solution of this equaticm is one particviar case of 
the proposition, namely, where the given parallelogram is a square ; but never- 
theless, the assertion applies equally to all cases. Euclid, however, did not 
detect the two solutions of the question ; though if the diagonal of a parallelo- 
gram in his construction be produced to meet the production of a line which it 
does not cut, the second solution may be readily obtained. This is a strong 
presumption agtdnst his having anything like algebra ; since it is almost im- 
possible to imagine that the propositions of the tenth book, deduced from anr 
algebra, however imperfect, could have been put together without the discovery 
of the second root. The remaining proposition (the 29th) is equivalent to a 
solution of ax -f aj' = 6 ; but the case of x* — aar = 6 is wanting, which 
is another argument against Euclid having known any algebraical reasoning. — 
Penny Cto. XII, p. 38. 

Use and App. — Several Problems of a like kind to Prop. 29, and ia some 
respects equivalent to it may be here advantageously introduced ; 

I'rob. 1°. e.x scribe To to a given triangle ABC, a 
parallelogram equal to a given rectilineal figure, AX, and 
having an angle equal to one of the angles of the given 
triangle. A 



Here AX is the inscribed I 7 & AY the exscribed 



N.B. This Prob. is equivalent to to the foregoing Prop. 29. Manual of 
Euclid, p. 100. 



Peob. 2®. To a given st. lijie ABto apply a rectangle which shall be equal 
to a given square, that on C and exceeding by a square.. 
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C. 1 

2 

3 

4 

D. 1 
2 
3 
4 
5 
6 



10, Lll,I. 
Pst 1, 3, 1. 

36, 1, 31, L 

Sol. 

C. 

6,11 

Sub, Ax. 3,1. 

a 3. 
Cone. 



-^ 



Bis. AD in D, and draw BE 

_L to AB so thatBE = C ; /C 

join ED, and from D with /"L 

DE desc. a © meeting AB / I 

produced in G ; / ^ 

on BG desc. the sq. BH, and l?* A D 

complete \ i GL 
then i I AH = C^, & exceeding by GK is applied to AB. 



■ A'- 

■LMSC 

ID 

B Q 



•/ AB is divided equally in D and produced to G, 
/. AG . GB 4- DB* = DG^ = DE.« = EB« + BD^ ; 
from each take DB*, /. rem. AG . GB = BE«= C» 
but •/ GH = GB, /. AG, GB is rectangle AH ; 
/. CZD AH = 0» 
,". AH = C*, and exceeding by GK, is applied to AB. 

Q. E. F. 



N.B. — ^This Problem is the same as, " To produce a given st. line, AB, so 
that the rectangle contained by the external segments of Uie given line may be 
equal to a given space, as C^" The foregoing Con. and Dem. may be used, 
and then it will appear that the problem is, to produce AB so that AG. GB 



C. 1 
2 
3 

4 
5 

6 

7 



2, L 11,1. 
Pst 1, 1. 31,1. 
Pst 3, 1. 

P8tl,31,L 



46,1,31,1. 
Sol. 



D. 1 C. 1, 28, 1. 

2 34,1. 

3 3, m. Ax. 3,1. 

4 35, ni. 

5 Ax. 1, 1. 

Cone. 



Draw AE = C, & BF = D, J_8 AB on contrary sides ; 

join EP & bisect EF in G ; 

from G with GE desc. . .^' ''..^ 

meeting AE in H ; J^\' •? — 

join HF, & draw GL || AE. 
Let the meet AB produced* 

in M,N ; 
on NB desc. sq. NO, 

& complete \zn NQ. M!'vA 

to AB is applied a ' I AP =: 



X 



\G. 



K 



% 



OP/ 



XK; 




..^-^ 



C . D & exceeding by square H5" 

BP. *-«. -• 

•.• ZEHF a rt. ^ = ^ EAB, .-. AB || HF; 

/. AH = BF ; & EA . AH= EA . BF= C .D, 

And •/ ML = LN, & AL= LB, /. MA = BN ; 

& .-. ANr.NB=MA.AN=EA.AH = C.D; 

.-. AN . NB, i,e., AP = C . D. 

•. to AB is applied AP = C . D & exceeding by sq. BP. 

Q. E. F. 



N.B. This Problem is tbe same as,—" To find a point N in a given st. 
line AB produced, so as to make the rectangle AN. NB = a given space." 

Or, which is the same thing, — ** Having given AB the difference of the 
sides of a rectangle and the magnitude of it, to find the sides." 
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Prop. 30. — Prob. 



To cut a giveti st. line in extreme and mean ratio ; i. e., so that the whole 
line shall be to the greater segment as the greater segment to the less. 

Cox. 46, I. To describe a sq. on a given st. line. 

11 , IL To divide a given st. line into two pts, so that the rect. con- 
tained by the whole and one of the pts, shall be equal to the 
sq. of the other part. 

Dem. Ax. 3, 1. 14, VI. 34, 1. Def 30, 1. A sq. has all its sides eq. and 
all its /_s rt. /_a. 14. VI. 17, VI. Def.3, VL 



E, 1; Dat. 
2) Quaes. 



Given AB a st. line ; 

to cut it in extreme and mean ratio. 




C. 1 45, 1. I On AB construct a square AD ; 

2 29, YI. to AC apply CZD CG = CZI AD, exceeding 1)t 

fig. AG, sim. to AD ; 
:]\ Sol. i then AB is cut in extreme & mean ratio in . H. 

D. ij C. 1. ! •/ AD is a square, .*. AG is a sq. 
21 C. 2. Ax., •.• sq. AD = c=3 CG, 



:^, I. 



3!C.14,YI. 



/. rem. BK = rem. AG ; 
& •/ BKiseq, ang. to AG, /. KH; HG = AH:HB; 
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4 34,1. but KH = AC = AB ; 
iDef.30,1. &HG=AH; 

5 .-. BA : AH = AH : HB ; 

6 Ax. 9, I. but AB > AH ; 
14, V. AH > HB. 

Con.Def. .'. AB is cut in extreme and mean ratio, 

3, VL! L e., AB : AH = AH : HB. Q. E. F 



Otherwise^ 



-B 



c. :n, n. 



D. i 

9 



C.17,VI. 
Def.3,VI. 



H 

Divide AB in H so that AB . BH = AH^. 

•/ AB . BH=r AH*, /. AB : AH = AH : HB ; 
.*. AB is cut in extreme and mean ratio in . H. 



ScH. 1. A St. line thus divided is also said to be divided medially^ an 
the ratio of its segments is called the medial ratio. The same division take 
place in Prop. 11, bk. H, when the rectangle of the whole and one of its parts 
is equal to the square on the other part. 

2. The dividing a line into extreme and mean ratio belongs to a class of 
Problems which relate to incommensurable magnitudes. The following is the 
General Theorem respecting them. 

" Let there be two Magnitudes of the same kind, P& Q; and let P he con- 
tained in Q a certain number of times which is to ^ as V is to Q ; then the 
Magnitudes P ^ Q shall be incommensurable. 



C. I Sup. 
I), l] Hyp.l5,V. 
2 16, V. 17,V. 



3i6,V.23,V. 

4 A, V. 

.5 

7 Sim. 

s sch. N, v; 

9 Cone. 

1 



Let 5 P = Q — R a remainder. 

Then •/ R : P = P : Q, and 5 R : 5 P = P : Q; 

.-. a/^. 5R :P = 5P : Q, 

and div. 5R oo P : P = 5P no Q : Q. 
But P : R = Q : P, 

,\ex ceg. 5 R oo P : R = 5 P oo Q or R : P. 
Now R < P, .-. 5 R oo P < R; 

i.e. 5 R := P with a rem. .5 R oo P or R. 
AndR2:R = R:P; * 

.•.5 R2 = R, with a rem. Ra. 
So 5 times every Rem. = preceding Rem. with a new 

Rem.; 
,'. No Rem. is contained exactly in the preceding Rem. ; 
/, P & Q have no common measure. 
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Now the segments AH, HB of a line AB, medially divided are magnitudes 
like P and Q; for the gr. seg. AH is contained in the whole line AB once, with 
a rem. HB; and HB : AH = AH : AB; ,*, HB also is contained once in AH 
wilii a rem.; and R : HB = HB : AH; /, AH and HB are incommensurable. 

2 

3. Or, the dividing of a line into extreme and mean ratio may be conBidered 
as a particular case of the following more general problem; 

To divide AB so that the rectangle under the whole line, and one part »haU 
bear a given ratio, as m. : n, to the square of the other part. 



1 

2 

3 

41 

.5 

6 



10,I.P8t.3,l. 

13, VI. 
17,in. 12,VL 

Pst 1, 1. 

Sol. 



With EF as diam. let a © be described; 

take / a mean propl. of mjr n, 

and on tang, at E take EG a 4th propl. to /, m and EFv 

through cen. C, draw GH, 

and cut AB in D so that AD : DB = HI : IG. 

then AB will be cut as m : n. 



D 1 



3 
4 
5 



C. 3, 

36, in. 

C. 5. 
Cone. 




H •- 



•/ EG^ : EF* = wi J n. 

.*. EG : EF = m : /, i e. in the subduplicate ratio of 

m : n. 
but EG* = HG. Gl; /. HG. Gl : HI* = m : n; 
,*, HG is cut as required at I. 
and AD : DB = HI : IG, 
.*, AB also is cut as required in the . D. q. e. f. 



N. B. In the solution of this problem it is assumed that if HI : IG = 
AD : DB, then HG . GI : HP = AB . BD : AD». The proof is simple, and 
is given in Lakdner's Euclid, p. 220. 

" Hence, if two lines be cut in extreme and mean JR, they are cut similarly ; 
and if a line be cut in extreme and mean R, any line cut similarly will be aUo 
cut in extreme and mean JR" 



A. 



a 



t "The ratio ^ is subduplicate of ^ when it is equal to the ratio of a to 
B o 

mean proportional between a and b. 
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4. NumericaJly, as in Sch. 2., we may approximate to the ratio of incom' 
mensurables by a process similar to that of Continued Fractions ; thus, 

Take tiffo magnitades P & Q; and let 2 P + Bern, (remainder) =£ Q; 

also let Rem. : P = P : Q: 

Then, by making each new term = 2 last, -\- the last but one, 
P : Q lies between any two consecutive ratios of the series, 

1 : 2, 2 : 5, 5 : 12, 12 : 29, 29 : 70, 70 : 169, &c., 

t. e.f the rat. P : Q shall lie between 1 : 2, and 2:5; again between 2 : 5 
and 5 : 12 &c.; the ratios of each successive pair approaching always more 
nearly to one another, and therefore to the ratio sought. 

In the same manner, by makiag each new term == 5 last -\- the last but one, 

when 5 P + Rem. = Q, 
we may approximate to the ratio P : Q by means of the series 

1 : 5, 5 : 26, 26 : 135, 135 : 701, &c. 

N. B. In the case of the medial ratio the series is the simplest possible ; 
namely, 1 : 1, 2 : 3, 3 : 5, 5 : 8, 8 : 13, 13 : 21, 21 : 34, 34 : 45, &c., where 
each successive term is equal to the sum of the last two. 

UsB & App. This Proposition is employed in Euclid's 13th Book, 
treating of the construction of the five regular or Platonic solids, — the Tetrahe- 
dron, me Cube, the Octahedron, the D(^ecahedron, and the Eicosahedron: it 
enables us also to solve the following, among other Problems :— 

Pkob. 1°. On a given line, AB, to construct art, /_d triangle, the sides of 
which shall be in continued or geometrical progression. 



C- 1 
2 

3 

4 

5 



D. 1 
2 
3 
4 
5 



Pst. 3, 1. 
30, VI. 

11,1. 

31,111. 

Sol. 



C.2.Def.lO,V. 
8, VI. 
9,V. 
8, VI 
Cone. 



AL 



'^ ji — ^ 



B 



On AB construct a semicircle. 

divide AB medially in E, 
i.e.AB: AE=AE : EB; 

from E raise a perp. EC 
cutting the semic in C; 

on joining CA & CB, ACB 
is a rt. /_', 

and the sides of A ACB are 
continued proportionals, 
I.e. AB : AC = AC : CB. 

•.-AB : AE = AE : EB, /. AE a mean propl.; 

and •.• AB : BC = BC : EB, .*. CB a mean propl. 

and .-. AE = CB. 

But AB : AC = AC : AE, and AE = CB. 

.-. AB : AC = AC : CB. 

I. e. the sides of the rt. ^d A are in continued pro- 
portion. Q. B. F. 
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N. B. In this Demonstration, steps 1 —3, it appears, that if the perp. CE 
cuts the hypotenuse AB, in extreme and mean ratio, then the less side CB = 
the alternate segment A£, and vice versa. 

Prob. 2. " The altitude EC of a rt. /_d A being given^ of which the sides 
are in a given ratio, to find the sides. 

By aid of the alt. EB, and from the ratio of the sides the segments AE 
and EB may be found; for 



E. 1 

2 



D. 1 
2 

3 
4 
5 



Dat. 1 
2 



if 



Quaes. 

8, VI. 
E. 2 & 1. 



D. 1. 
By last Prob 



Let M : N represent the R. of the greater side to the less. 
& let G & L represent the gr. and less segs* of AB, 

CE being the altitude ; 
to find the sides of thert Z.d A. 

HereM : N = CE : L, & N : M= CE :G. 
And •/ CE is given, and M : N known ; 
,•. G and L the segments may be found ; 

for L = £i^> and G = M^, 

Now G = the less side, & AB'-' — G = greater side. 

Q.E.F. 



Prob. 3°, Given, a, h, two sides of a A, and the diameter, d, of the 
circumscribing circle, to find the other side, c. 



C. 1 



a . b a . b a . b ^ 
Take , then a* — ( y & ^ — ( ) ; 



a . />. \ '* 



And ^a~ C-^\ + ^b'-i"-^-) 



c the third side 



1). l! U&A 16 VI For a . 6 = <f. alt. ; /. alt = -* -' 

I I a 



3' 



i And a' — alt* = greater Peg.' ; 6*— alt.* = less seg. 
then »y gr. seg.* + >/ less seg.* = c, the third side. 



Ex. Two sides of a A measure respectively 8 feet and 6 feet, the diameter 
of the circumscribing © being 10 feet j required the third side. 
8X6 

Here =4.8 ; then >^64 — 23.04 = iy40<96 = 6.4 ; 

10 
& y/S6 — 23 . 04 = 1^12 . 96 = 3. 6 
6 . 4 -f- 3 . 6 = 10 the third side. 
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Prop. 81. — Theor. (Important,) 

In right angled triangles^ the rectilineal figure described upon the 
side opposite to the right angle, is equal to the similar and similarity 
described figures upon the sides containing the right angle. 

Con. 12, 1. To draw a st. line _1_ a given st. line from a given . without it. 

Dem. 8, VI. 4, VI, Cor. 2, 20, VI. B, V. If four Ms are propls. they 
are propls. also when taken inversely. 

24, V. If the 1st has to the 2nd the same R. which the 3rd has to 
the 4th; and the 5th to the 2nd the same B. which the 6th has to the 
4th; the Ist and 5th together shall have to the 2nd the same H which 
th e Srd and 6th together have to the 4th. Ax. 8, 1. 

A, V. If the 1st of four Ms. has the same R. to the 2nd which the 
Srd has to the 4th ; then, if the 1st be > ^ or < the 2nd, the Srd 
also is > = or < the 4th. 



E. 1 
2 



Hyp. 1, 
2. 



)> 



C. 



D. 1 



2 

3 
4 



Cone. 



12, 1. 



C. 



8, VI. 

D. 2. 
4, VI. 

Cor. 2, 20, 
VI. 



Let ABC be a rfc. Z. d a , the rt. ^ being Z. B AC; 
and let fig. a on BC 

be sim. and similarly 

desc. to figures b ^ c 

on AC, AB; 
then ^g, a = ^g. b 

+ fig. c. 

Draw from . A, 
AD J_ BC. 

•/ from A, the ver- 
tex of the rt. Z. 
AD _L base BC, 

.', A s ABD, ADC, are sim. to A ABC and to 
each other. 

And •/ A ABC is sim. to A ADB, & to a ADC, 

/. CB : BA= BA : BD, &;CB : C A = CA : DC; 

and •/ in 3 propls, as 1st ; Srd so is fig. on 1st 
: fig. on the 2nd, 




364 



GRADATIONS IK EUCLID. 



7 
8 



10 

n 

121 



B. V. 
Sim. 
24, V. 

Ax. 8, I. 
A. V. 

Eec. 



D. I 
2 

3 



Or, 
23, VI. 



Cor. 1.20, 
VI 
4l 11. V. 
5 Sim. 

24, V. 

7 47, L 

8 Cone. 



,'. CB : BD = fig. a on CB : sim. and similaily 

desc. fig. c on BA ; 
and tnv. DB : BC = fig. c on BA : fig. a on CB ; 
So DC : CB = fig. 6 on CA : fig. a on CB ; 
.-. BD + DC : BC=: ^g, c on BA + fig. b on 
* AC : fig. a on BC 
bnt BD + DC = BC. 
.'. fig. a on BC = slm. and similarly desc. figs. 

c + ^ on BA and AC. 
Wherefore, in rt. L d triangles^ the rectilineal fig. 

^c. Q. E. D. 



.*. sim. figs. : one another in the duplicate B. of 

homol. sides, 
/. fig. a on BC : figc c on BA, in the duplicate R 

of CB to AB ; 
but BC8 : BA2 = BC : BA ; 

.-. fig. a on CB : ^g. c on BA = CB^ • AB^. 
So fig. a on BC : fig. J on CA = BC2 : GA«; 
.-. fig. a on BC : figs, c + 6 on BA, AC = BC^ 

: AB« + AC2; 
but BC« = BA2 + AC2 ; 
.'. fig. a on BC = fig. c on BA + fig 6 on AC. 

Q. E. D. 



Or, 



DB 



on BA 



Since 



: BC = 



DC 



onBC 



on CA, 



Therefore, 24, V. DB + DC : BC = CZD onBA + [II3o» 
CA : rzi on BC. 



ScH. 1. Proposition 31, bk. VI, is very comprehensive and renders Prop* 
47, bk. I only a particular case. There is however a theorem still more general; 
it is given in his Mathematical Collections by Pappus, one of the later of the 
Greek Geometricians, who flourished at Alexandria dnring the reiga of 
Theodosius, AD. 379—395 j 
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^^ If any r~~l s AFfBE^ he described on two sides, ACy BC, of any 
AACB; and if the sides of the I 7 g. Z>E, GF, he produced to meety as in H, 
and if that point of intersection H and the vertex C of the triangle he joined, and 
the line HC produced to N ; then these I I s AF, BE are equal in area to a 
CZJAL, described on the .ba^e AB, and having two of its sides AK, BL> 
parallel to CN the line produced through the point of intersection H and th» 
vertex C. and limited by the sides, DE, GF, of the two CZU^* 




D. 1 
2 
3 
4 
5 
6 
7 



C. 33, 1. 



C. 31, I. 
Ax. 1,1. C. 
35,1. 
35,»1. 



f •.' fig AKHC is a [ZU, .'. AK = CH ; 



& /. fig. ABLK is a dJy .'. AKL= LB ; 

.-. LB = CH ; & AL is a 

Now CU NL = znyBH = / — 7CD ; 

& /ZZJ NK = OZ7 AH = IZZl AF ; 
Ax 2,L I .•.ZZI7NL4- d7NK,i.e.,rz7ALr=/:37CD + d7AF 
Rec. I ,* If any I I s be described on the two sides; ^c. q. e. d. 



N.B. When ZABC is a rt. /., the b CD, AF 8c AL become 
squares, and the 47, 1 occurs, that the square on the hypotenuse is eoual to the 
squares on the sides including the rt. angle. 

2. Circles, as well as squares, are similar figures, and it described with 

the sides, AB, AC, BC, of a rt /.d A for p 

their diameters, then the circle with the hypo- / /e .^P^ \B[ 

tennse AB for its diameter is equal in Area 

to the two circles, that have AC, BC, the sides A. 

about the rt. /., for their diameters. See Cor. 

5 & 6 Pr. 20, VI. 
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Prop. 32. — Theor. 

// two triangles which have two sides of the one proportional to 
two sides of the other, he joined at one angle, so as to have their homo- 
logous sides parallel to one another ; the remaining sides shall be in a 
St. line. 



E. II Hyp. 1. 



j> 



3 Cone. 



D. 1 


H. 


2 


29, I. 


3 


Sim. Ax. 1, 1. 


4 


D. 3. & H. 





6, VI. 


6! D.2. Ax. 2,1. 

1 


7' Add. 




32,1. 


V 

10 


D. 8, 9. 


11 


14, I. 


12l 


Rec. 




Let AsABO, DCE A^, 

have BA : AC = 

CD: DE; 
and let AB be |t 

DC and AC II DE; 
Then BC, CE form 

one St. line BE. 
•/ AB II DC and AC meets them, 
.-. Z. BAC = Z_ ACD. 
So z CDE = z ACD, 

.-, Z BAC = /L CDE. 
And V AS ABC, DCE have Z A = Z I^. 

and BA : AC = CD : DE ; 
.•. A ABC is eq. ang. to A DCE, 

and Z.B = Z DCE; 
and •.' ZA = Z ACD, 

.-. whole Z ACE = z ABC + Z BAC : 
add ZACB; 

then ZsACE + ACB= Zls A + B-f ACl^. 
But Zls A + B + ACB = 2 rt. zs ; 
.-. ^s ACE + ACB = 2 rt. z.s; 
and •'.• at C in AC, the lines BC and CE on 

opp. sides of Cmake adj. Zs = 2rt. Z^- 
.". the lines BC, CE are in one st. line BE. 
Therefore, if two triangles which have two f^idti' 

i'C. Q. E. D. 



Scu. The position of the given sides AC, DC, which are not homologou*' 
should be such as to form an angle, ACD, at the point of junction C; otherwise 
BC and CE may not be in one and the same st. line BE. 
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Prop. 33.— Theor. 

In equal circles angles^ whether at the centres^ or circumferences 
have the same ratio which the circumferences^ on which they standi 
have to one another; so also have the sectors 

Con. 1, IV. In a given © t'o place a st. line equal to a given st. line 
which is not greater than the diam of the 0. Pst. 1, 1. 

Dem. 28, m. In eq. 0s, eq. st. lines cut off cq. arcs. 

27, III. In eq. 0s the /.s on eq. arcs are equal, whether they be at 
the centres or 0cc8. 

Bef. 5, V. 20, m. The /. at the cen. is double of the /. at the 
0ce upon the same base. 

15, V. Magnitudes have the same K. to one another which their equi- 
multiples have. 

4, I. Def. 11, in. Sim. segs. of 0s are those in which the /.s are 
equal. 

24, III. Sim. segs. of 0s upon eq. st. lines are eq. to one another. 
Ax. 3, I. 



£. 1 
2 



a 



Hyp. 1. 

"2 



Couc, 1. 

4i Hyp3. 

1 
5l Cone. 



Let ABC = DEF, having G & H as centres. 

l"". On arcs BC, EF let there be at the centres 

Z.S BGC EHF, and at the 0ces /.s BAC, 

EDF; 
then arc BC : arc EF = /. BGC : Z EHF, 

and Z BAC : Z EDF. 
2°. Also on arcs BC, EF let there be sectors, 

BGC and EHF ; 
then arc BC : arc EF = sect. BGC : sect. EHF. 




X C 
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Case I, Of angles at the centres or Qces of equal circles. ' 



In © ABC take any eq. arcs BC = CK = KL, 
and in © DE any eq. arcs, EF = FM\ = MN ; 
and join GK, GL, HM, HN. 

•/ arcs BC = CK = KL, 

.-. ^sBGC = CGK = KGL; 
.'. the mult, which arc BL is of arc BC, that same 

mult, is £ BGL of BGC. 
So the mult, which arc EN is of arc EF, 

that same mult, is ^ EHN of /_ EHF ; 
and if arc BL = > or < arc EN, ^ BGL = 

> or < Z EHN. 
Now •/ there are 4 Ms, arcs BC, EF, and / s 

BGC and EHF ; 
and of arc BC and /_ BGC equims, arc BL and 

Z_ BGL are taken; 
and of arc EF and /_ EHF equims, arc EN and 

ZEHN; 
and •/ if arc BL > = or < arc EN, /_ BGL > 

= < Z EHN; 
/. arc BC : arc EF = Z BGC : Z EHF. 
and •/ z BGC = 2 Z BAC, and z EHF = 

2 Z EDF, 
/. Z BGC: Z EHF = Z BAC : Z EDF; 
.-. arc BC : arc EF =;^ Z BGC : /. EHF = 

Z BAC : Z EDF. 



Case IL Of angles at the vertex of equal sectors. 

Join BC, CK, and in arcs BC, CK take any . s 

X,0; 
and join BX, XC, CO, OK, 

•/ in A GBC, GCK, BG, GC = CG, GK, and 

Z BGC = zCGK. 
/. base BC = base CK, and a GBC = A 

GCK. 



C. 1 

2 
3 


1, IV. 
Pst. 1, 1. 


D. 1 
2 


28, IIL 
27, IIL 


3 


Sim, 


4 


27, in. 


5 


H. 1. 


6 


D. 2. 


7 


D. 3. 

1 


8 


D. 4. 


9 

10 


Def.5,V. 
20, III. 


11 
12 


15, V. 

Cone. 



C. 1 


Pst. 1, 1. 


2 


Pst. 1, 1. 


D. 1 


H. 


2 


4,1. 
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3C.1.AX.3, 1 



27, III, 
Def.ll, III. 
D. 2. 
24, III. 
D. 2. 



7 
8 



Sim. 
Sim, 
9 Cone. 



10 

11 

12 

13 

14 

15 

16 
17 



Sim, 



Hyp. 

D. 9. 

D. 10. 

D. 11. 

Def. 5, V. 
Kec. 



And arc BC = arc CK, 

/, rem. arc BLC = rem. arc CLK; 
/. Z. X = Z. O, and seg. BXC is sim. to seg. 

CKO. 
and •/ BC = CK, 

.\ seg. BXC = seg. CKO. 
And A BGC = A CGK, 
/, the whole sect. BGC = the whole sect. CGK. 
So sectors KGL = BGC == CGK, 
and sectors EHF = FHM = MHN"; 
/, the mult, which arc BL is of arc BC, that same 

mult. sect. BGL is of sect BGC ; 
and the mult, which arc EN is of arc EF, that 

mult. sect. EHNis of sect EHF; 
and if arc BL = > or < arc EN, the sect, BGL 

= > or < sect. EHN. 
Now •/ there are 4 Ms, the arcs, BC, EF, and 

the sects. BGC, EHF ; 
and of arc BC and sect. BGC, arc BL and sect. 

BGL are equims.; 
and of arc EF and sect. EHF, arc EN and sect. 

EHN are equims.; 
and *.• if arc BL > = or < arc EN, the sect. 

BGL > = or < sect. EHN; 
.-. arc BC : arc EF == sect. ^GC : sect, EHF. 
•. In equal circles, angles, ^c, 

Q. E. D. 



Cor. 1. The sectors are to each other as their angles. 

For, if arc BC : arc EF = Z BGC : Z EHF ; 
and arc BC: arc EF = sect. BGC : sect. EHF, 
then 11, V. sect. BGC : sect EHF = Z BGC : /. EHF. 

CoR. II. Similar sectors of the same or equal circles are equal. 



CoR. III. An angle at the centre of a circle is to four rt, angles 
as the arc on which it stands to the circumference of the circle. 
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For, the Z. at the centre : one rt. Z. = arc subtending central L 
: arc subtending a rt. Z_ or quadrant ; 

Then, 4, V. Z. at cen. : 4 rt. Z. s = arc of central /_ : whole 
©ce. 

Cob. IV. In different circles the arcs of equal angles at the 
centres or circumferences are similar. 

Cor. V. Hence, similar segments are contained hy similar arcs 
and vice versd, 

ScH. 1. If the arcs and sector had all been in one circle the proof woald 
have been the same, — for H would have coincided with G, and I),E,F,M,N 
would have been points in the circumference of circle ABL. 

2. The second part of the Proposition was added hj Teuson, the 
Ptolemaist, and father of the renowned but nnfortunate HypatiA, of Alexan- 
dria, in the time of the elder Theodosius ; — ^it is given in the Commentaiy on 
Ptolemy 's Almagest. 



3. That the angles at the circumferences are as the arcs on which the? i 
stand, follows also as a Corollary fix)m Prop. 20, bk. lU. ' i 

i 

Prop. 33 . a. In the same or in equal circles AGB, CHD angles, whether I 
at the centres, as /_s AEB, CFD, or at the circumferences, /_s AGB, CHD, 
have the same ratio as the arcs, AB, CD. on which they stand. 



E&C.l 
2 



Def. 1, V. 
Pst. 1, 1. 



Let AM or CN be a com. meas. of arcs AB, CD ; 
& arc AMB = 4 arc AM, and arc CND = 3 CN ; 

then join EM and FN. 
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D. 



1 

2 

3 
4 
5 



27, m. 

7aV. 

11, V. 
20,IIL 
15, V. 



•/ /:AEM = Z.CFN, & ^ AEB = 4 Z. AEM, 

&Z.CFD = 3 Z^CFN ; 
/, Z.AEB : ^CFD = 4:3; 

t. «.,arc AMB: arc CND = 4:3; 
/. ZAEB : l_ CFD = arc AMB : arc CND. 
And •/ Z.S AEB, CFD are mults. of /.s G & H by 2, 
/. Z.G : Z H = arc AMB : arc CND q. e. d. 



Cob. Since the /.s and arcs are proportional when commensurable, 
.'. they are also proportional when incommensurable. See Sch. 3 — 5 & Use 1, 
16, VI. 

Pbop. 33 b. In the same circle, ABK^ or in equal circles, the sectors 
BGC, GCK, that stand on equal arcs, BC, CK, are equal. 

Take any . s X,0, in the arcs 

BC, CK, 
& join BX, XC, CO, OK. 
From ABK take separately arcs 

BC&CK, 
/, rem. arc. BAC = renu arc 

CAK; 
/. Z.BXC is sim. to /.COK, 

and seg. BXC to seg. CKO. 
Again '.• BG = GC = GK, 

& Z BGC= Z.CGK, 
.-. A BGC = aCGK, & base BC = base CK. 
And ".• seg. BXC is sim. to seg. CKO, 

& their bases, BC, CK cqaal. 
.-. seg. BXC = seg CKO, & sect, BGC = sect CGK 
So, if sect. CGK were in a © which is equal to ABC, 

sect. CGK =sect BGC. 

Prop 33 c. In the same circle ABK, as in fig. to 33 b. or in equal circles, 
ABG, CHD, as in fig. to 33 a, sectors AEB, CFD, have the same ratio as the 
arcs, AMB, CND, on which they stand. 



c. 


1 




D. 


2 

1 


Pst. 1, L 
Sub. 




2 


Ax. 3, L 




3 


27,111. 




4 


27, TIL 




5 
6 


4,1. 
D. 3. 5. 




7 

8 


24, ni. 

Sim' 




E.&C. 1 

2 
3 

D. 1 

2 



Fig. 33, a. 



Pst. 1,1. 

33, b. VI. 
C. 2. 

7aV. 



4 11, V. 



Let arc AM = arc CN, & be a com. measure of arcs 

AB, CD ; 
& let arc AB = 4 arc AM, & arc CD = 3 arc CN, 
then join EM and FN. 

•/ sect. AEM = sect CFN ; 

& •/ sect. AEB = 4 sect. AEM, & sect. CFD = 3 

sect. CFN ; 
.*. sect. AEB : sect. CFD = 4:3; 

and arc AB : arc CD = 4:3; 
/, sect. AEB : sect. CFD = arc AB : arc CD. 
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Cor. Since the arcs and sectors are thus proportional when commensn- 
rable^ ,',they must also he proportional when incommensurable. 

4. From this 33rd Proposition it results, that the angle at the ctntre of a 
circle is said to be measured by the arc on which it stands. 



Use and Appl. 1. If arcs ACB, AEB, of different circles have a com- 
mon chord, AB, the lines, AC, AD, diverging from one of its extremities^ A, will 
cut the arcs proportionally ^ i. e. BF : F£ = BD : DC. 



D. I 

2 
3 

4 



Ax. 8, 1. 
33, VI. 

n It 

11, VL 



•//.sBAFjBAD are identical, 

and also Z_s EAF, CAD ; 
.-. arc BF : arc FE = /. BAF : 

ZEAF, 
also arc BD : arc DC = /.BAF Al 

z^EAF; 
/. arc BF : arc FE = arc BD ; arc DC 




Q. E.]>. 



2. The arcs. A, A' of unequal circles are in a ratio compounded of their 
central angles a, fl' and their radii, R, R'. 



C. 1 

2 

D. 1 
2 
3 



H. & C. 2 

C. &H. 
Cor. 5, 20, VI. 

D. 1 & 2. 



With rad. = R desc. an Z = a', 
and let the subtending ai'c be m. 

•.• arcs A and m have an eq. R, .*, A : m = a :a '; 
and •.• m and A' have eq. centrsJ /_a ; 
.-. TO : A', = R : R' 

But A : A' is compounded of I ^ / ?/ 

^ m I A. , 

or of the equivalent, ratios, a : a' and R : R'. 



3. Central angles a, a', are in a ratio compounded of the direct ratioof their 
arcs A, A', and the inverse ratio of their radii R, R'. 



D. 1 

2 



Use 2, 33, VI.| For A : A' = I ^ ; ^/' 



D. 1 and 2 

Sch. 1, 16, VI. 
Cone. 



Let each of the equal ratios be compounded with B' : B; 

of 



, \ jn ?- is a ratio of equality, 

: A') 

: R } = « ^ « 



ButR 
R 

,', A : A J ^ 
R' 



See LjlBdhxb'b Euclid, p. 224. 



J 
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Obs. "And herewith," remarks Captain Thomas Kndd, Chiefe Engineer 
to Charles L, " is the first six Books of Euclidb ended. There be hereafter 
added certain Propositions, which although they be not Euclidbs, yet 
becanse they are both witty and usefull, I thought it good not to omit." 
Budd's Euclides Elements, A.D. 1651, p. 253. 



SUBSIDIARY PROPOSITIONS. 



Prop. B. — Theor. 



If an angle of a triangle he bisected hy a st, line which likewise 
cuts the base; the rectangle contained hy the sides of the triangle is 
equal to the rectangle contained hy the, segments of the base, together 
with the square of the st. line which bisects the angle. 

Con. 5, IV. To desc. a about a given A. Pst 2, 1, 1. 



Deh. 21, m. The /.s in the same seg. of a © are equal. 

3, n. If a St. line be divided into any two pts, the I \ contained 

by the whole and one of the pts is eq. to the r^~[ contained by the 

two parts together with the square of the aforesaid part. 

35, in. If two St. lines cut one another within a the rect. contained 

by the segs. of one is eq. to the rect. contained by the segs. of the 

other. 

32, 1. 4, VI. 16, VI. 



E. 1 
2 

C. 1 

2 



Hyp. 
Conc- 

5, IV. 
Pst. 2 1, I. 



In A ABC let /. A be bisected by AD; 
then BA . AC = BD . DO + AD^. 

About A ABC describe ACB; 
prod. AD to 0ce E, and join EC; 
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- G 



D. 1 



2 



H. 21, III. 
32, I. 4, VI. 
16, VI. 3,1. 



4 35,111. 

5 Cone. 

6 Kec. 



Then •/ L BAD = / C AE, & L ABD = 

ZAEC; 
/. A ABD is eq. ang. "with a AEC, 

& /. BA: AD =EA:AC; 
& /. BA . AC = EA . AD, 

/. e., = ED . DA + AD2. 
But ED . DA = BD . DC. 
.-. AB. AC = BD . DC + AD^. 
.". If an angle of a triangle^ ^c, Q. E. D. 



Cor. From the hypothesis, that the exterior vertical angle, 
CAF^is bisected by GA, which also cuts the base produced BCGin G 
and the circle in H, the conclusion follows, that the rectangle of the 
sides together with the square of the line which bisects the exterior 
angle is equal to the rectangle of the whole line produced and the ex- 
treme segment ; i. e BA . AC + AG^ e= BG . GC. 

SoH. Prop B and its Corollary combined, may be thus enunciated ; " if 
the vertical or ex t vertical /_ of a A be bisected by a st. line, which cuts the 
base, or the base produced, the square of the st. line shall be equal to the differ- 
ence of the rectangles under the two sides and under the segments of the base 
or of the base produced." 

In the case of the bisection of the vert. /.BAG, AD* = BA . AC— BD . DC 
And « ext. vert. /_ CAE, AG* = BG . GC <x; B A . AC 



Prop. C. — Theor. 

If from any angle of a triangle a st, line he drawn perpendi- 
cular to the base ; the rectangle contained by the sides of the triangle 
is equal to the rectangle contained by the perpendicular and the dia- 
meter of the circle described about the triangle. 
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Con. 5, IV. Dem. 31, m. 21, m. 4, VL 16, VI. 



E. 1] 



C. 



2 Cone. 



4, VI. 



D. 1 

2 

3 
4 



Hyp. 



31,111. & 21 III. 

4,VL 

16, VI. 
Rec. 



.-« • " " ^ 




In A ABC, from Z. 
A let AD be _L base 
BC, ,, / 

then BA.AC= AD^^ 
.AE. 



About A ABC desc. 

Q ACB anditsdiam. 

AE, & join EC. 
•/ rt. z BDA = z ECA, & z ABD 

= Z AEC; 
/. A BDA is eq. ang. with A ACE ; 

.& /. BA: AD = EA : AC; 
.-. BA . AC = EA . AD. 
If therefore from any angle, ^c, Q. E. D. 



CoB.' — If two A 5, ABC, ACE, he inscribed in the same or in 
equal ©s, the red, under the two sides of the one, BA . AC, shall 
he to the rect. under the two sides of the other, EC . CA, as the perp. 
AD, which is drawn from the vertex A, to the hase, BC, of the one, is 
to the perp.which is drawn from the vertex C to the hase, AE, of the 
other : i. e. B A . AC : EC . CA = AD : perp, from C, 



Prop. D. — Theor. 



The rectangle contained hy the diagonals of a quadrilateral 
figure inscribed in a circle, is equal to both the rectangles contained by 
its opposite sides. 

CoK. 23, 1. Dem. 21, IH. 4, VI. 16, VI. 1, EL If there be two st. 
lines, one of which is divided into any number of pts. ; the rect. con- 
tained by the two st. lines is equal to the rectangles contained by the 
undiv. Ime and the several pts. of the divided line. 
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E. 1' Hyp. 



2: Cone. 



I 



C. 

D. 1 
2 

3 

4 

5 

6 
7 
8 
9 



In a let a qa. lat. 

ABCD be insc with 

diags. AC, BD ; 
then AC.BD = AB. CD 

+ AD . BC. 



23, L , Make L ABE=z:DBC. 



Add. 
21, III. 

4, VL 

16, VL 

C. 21, III 

4, VI. 

16, VI. 

D. 3. 
1,11. 
Rec. 




Add l_ EBD to the equals, 

/. ZABD= ZEBC. 
and •/ /. BDA = L BCE 

/. aABD 18 eq. ang. with aEBC; 
•. BC : CE = BD : DA, 

and /. BC . DA = BD . CE. 
Again, •/ Z ABE = L DBC, and Z. BAE = 

L BDC, 
/. A ABE is eq. ang with A BCD, 

.-. BA : AE = BD : DC; 
•. BA.DC= BD.AE. 
ButBC.DA = BD.CE; 
/. the whole I — i AC .BD = AB . CD + AD.BC. 
Therefore, the rectangle contained, i'C. 

Q. E. D. 



ScH. This Proposition is named Ptolemy's Theorem, and is a Lenuns 
at p. 9 of his Almagest, or MsyaXfi Zwra^i^ of which it is said, '' PtolemT 
appears as a splen^d mathematician, and an (at least) indifierent obserrer." 

It iscnrions to note how editor after editor of Euclid has followed the iden- 
tical diagrams of the earliest printed editions. Ptolemt's thirteen books 
** MamuB Conatructionis, Id est, Perfectcs ccdestium motuum, pertractationis" 
pabUshed at Basle hy Symon Grvnoeus in the rear 1538, contain sereral dia- 
grams, and the one to Prop. D, hk. V I, among the number, which have scarcelj 
undergone any change since that time. Billing8ley*8 English Euclid also fiir- 
nishes yexy many examples from which to prove the imitaHveness of sncceediDg 
Editors, and by which to justify, if need be, the continuation of the practice. 
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Prop, E. — Theor. 

The diagonals^ AB, CD, of a quadrilateral ACBD, inscribed 
in a circle, ABO are to one another as the sums of the rectangles 
under the sides adjacent to the extremities of those diagonals : i. e., 
AB: CD: = CA . AD + CB.BD: AC.CB4- AD.DB. 

Cow. 12, 1. Dem. Cor. C, VL Sch. 3, 24, V. In any number of ma^ 
mtades of the same kind forming two series, if the ratios of the 1st to the 
2nd, of the 2nd to the 3rd, of the 3rd to the 4th, and so on, be the same in 
the two series ; then any two combinations whatever, shall be to one ano- 
ther as two similar combinations of the correspondii)g magnitudes of the 
second series. 4, 5, VI. 11, V. 

C. I Sup, I Let AB, CD, cut one another in the . E. 
Case I. Suppose that AB cuts CD at rt. L *• 



D. 1 



Hyp. 



Cor. C, VI 



Sch. 3, 
24, V. 



V AS ACD, BCD, CAB, 

DAB are in the same ; 

/. perps. AE, BE CE and 
DE are to one another as 
thei — IS AC. AD,BC .BD, 
CA.CB, DA.DB; 

.-. AE + EB, or AB : CE 
+ ED, or CD, = AC. AD 
+ BC . BD : CA . CB + 
DA.DB. 




Case II. Or, Suppose that AB cuts CD not at rt, L s- 



c. 


12,1. 


D. 1 


Sim. 


2 


C. 



Draw the perps. Aa, Bb, Cc, T)d, 

As before, Aa + B5 : Cc + D ^ = AC . AD + 

BC . BD : CA . CB + DA . DB ; 
but •/ AS AEa, BEb, CEc, and DEd areeq. ang.; 
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D. 3 

4 
5 

4 

6 



4, 5, VL 



11, V. 
Rec. 



.'. Aa, Bb, Cc, Dd, are to one another, 

as AE, BE, CE and DE; 
/. Aa, + Bb : Cc, + D<^ = AE + BE : CE -h DE 

= AB : CD. 

/. AB : CD = AC . AD + BC . BD : CA . CB 
+ DA . DB. 

Therefore, the diagonals of a quadrilateral^ ^c. 

Q. E. D. 



Use and App. By aid of the last two Propositions, D & E, bk. VI, the 
folloviog Froblem may be solyeiL 

Given four st. lines f any three of which are together greater than thefourth, 
to construct a quadrilateral, of which the sides shaU be equal to those four given 
si, lines, in a given order, ea^h to each, and of which also its angular points lie 
in the circumference of a circle. 

By E, VL The ratio of the diagonals is given; they are as the snms of 
the rectangles under the sides ; 

By D, VL The rectangle of the diagonals is given, being equal to the sum 
of the rectangles under the opp. sides ; 

By Prob. 6 Use and App. 13, VL, we find the two st lines; in this case, 
thej are the two diagonals equal to a given rectangle ; 

And by 22, 1, having now the sides and diagonals of the quadrilateral, we 
construct two triangles the sum of which will eq^ the required quadrilateral 



Prop. F. — Theor. 



7/* AB, a segment of a circle^ ABD, be bisected in C, and from the 
extremities, A, B, of the base of the segment, and from C the point of 
bisection, st. lines be dawn to any point D in the circumference; the 
sum of the two lines AD + DB drawn from the extremities of the 
base, will have to the line DC drawn from the point of bisection the 
same ratio which the base B A, of the segment has to AC the base of 
half the segment. 
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Bem. D, VL 1, n. 14, VL 




'/ ADBC is a qu. lat. inscribed 

in a 0, of which AB and CD 

are diagonals; 
.-. AD.CB + DB.AC = 

AB . CD. 
but •/ AC = CB, .-. AD . CB 

= AD, AC 
.-, AD . AC + BD . AC = 

AB . CD. 
But AD . AC, & BD . AC are the rectangles 

contained by AC & AD + DB ; 
/. rect. AC . (AD + DB) = rect. AB C. D; 
& •/ the sides of eq. rectangles are reciprocally propl; 
/. AD + DB : DC = AB : AC. 
Therefore, if a segment of a circle he bisected ^c. 

Q. E. D. 

ScH. This and the following Subsidiary Propositions hare been adopted, 
with some slight alterations from Bell's Plane Geometry, p. 194 — 198. 



D. 


1 


H. 




2 


D. VL 




3 


H. 




4 


D, 2, 3. 




5 


1, IL 




'6 
7 
8 
9 


14, VL 

Cone. 
Bee. 



Prop G. — Theor. 



If two points^ E & F, 5c taken in the diameter AC of a circle^ or of 
the diameter produced^ CF, such that the rectangle^ ED.DF, contained 
by the segments intercepted between them and D the centre of the circle 
be equal to the square of AD the semidiameter ; and if from these points 
two St. lines, EB, FB, be inflected to any point whatever, B, in the 
circumferenece of the circle, the ratio of the lines inflected, FB :BE, 
tvill be the same with the ratio of the segments, FA : AE, intercepted 
between the two first mentioned points and the circumference of the 
circle. 
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Dbm. 17, VL 6, VI 4, VI. 16, V. altem. 17, V, diuidendo, 11, V. 
C I Pst. 1 & 2. 1, i Join DB, CB, AB & prod. FB to G. 




D. 1 


H. 


2 


17, VI 


3 


D. 2. 


4 


6, VI. 


5 


4, VI. 


6 


16, V. 


7 


D, 2. 


8 


17, V. 


9 


16, V. 


10 


D. 6. 


11 


11, V. 


12 


Rec. 



•/ FD . DE = AD2 = DB2 ; 

V FD:DB= DB : DE; 

& •/ in A s FDB, BDE the sides about the 

common /. D are propl. ; > 

/, A FDB is eq. ang. with a BDE, 

ZDBF= ^DEB,& DBE = ziDFB. 
/. FB : BD = BE : ED, 
& alt, FB : BE = BD : ED, or AD : DE. 
But V FD: DB or DA = DA: DE; 
/. div, FA : DA = AE : ED. 
& alt FA : AE = DA : ED. 
Now FB : BE = AD : DE, 
.-. FB : BE = FA : AE. 

• • If two points be taken in the diameter, 4rc. 

Q. E. D. 

Cor. 1. '/ FB : BE = FA : AE, /. on joining AB, by 3,VI., 
Z. FBE is bisected by AB. 

Cor. 2. Also on joining BC, the ext, vert, L EBG is bisected 
by BC ; for 

V FD : DB or DC = DC : DE, 
/. comp, FC : DC = CE : ED ; 

& •/ FA : AD or DC = AE : ED, 
.-, ex, aq. FA : AE = FC : CE. 

But FB : BE = FA : AE, 
/. FB : BE = FC : CE ; 

/. ext, z. EBG is bisected by BC. Q . E. D. 



D. 1 


17,VI.&18,V. 


2 


17, V. 


3 


G,VI. 


4 


A, VI. 
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Prop. H. — Theor. 



If from one extremity^ A, of AC the diameter of a circle ABC, 
a chord AB he drawn, and a perpendicular DE, to the diameter, cut 
both the diameter and the chord either internally or externally in D 
and F, the rectangle, CA . AD, under the diameter and its segm>mt 
reckoned from that extremity A, is equal to the rectangle BA . AF, 
under the chord and its corresponding segment, 

Dem. l,in. 15,1. 4, VI. 16, VI. 



D. 




1 

21 

3 

4 

6 

6 



H. 31, III. 
H. 15, I. 

4,VL 
16, YI. 
Eec. 



•.• Z. ABC is in a semic, .•. /_ ABC is a rt. /_ ; 
but ADF is also a rt. /_, & /. B AC = Z, D AF; 
/. A ABC is eq. ang. with a ADF; 
.\BA:AC = AD:AF: 
/. B A . AF = AC . AD. 
•. If from one extremity of the diameter, ^e, 

Q. E. D. 



Prop. K. — Theor. 

If the angles, A ^ B, at the base AB of a triangle ABC, be bi- 
sected by two lines, AD, BD, that meet, as in D, and the exterior 
angles at the base, formed by producing the two sides CA,CB, be 
similarly bisected by AG & BG ; then the two points of concoursCy 
D & G, and the vertex, C, shall be in one st. line, which shall bisect 
thi vertical angle, ACB. 
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Pbeumuumt Theobem, that ma^ be demonstrated bj luperpoiitioit, " If 
two AS have two aides of the one respectiTd; equal to two sides of the othra, 
■nd tlie l_ opp. one of the eidea in the fir«teqiu1 lo the Z.opp. to the equal ud> 
in the Becoud, thew AB are equal whea Ihe; ore of the eame ipecies or afiec- 
don, I. e.y when tbev are both actite-angled, botb right-angled, or both obnue- 
angled. See Soh. P, 7, VL 

Cov. IS, I. Dev. 8S, L & FreL Theor. 



I Draw DE, DF, DL J. to the sides 
AC, BO & AB ; 
& GM, GN J. to the sidea prodnced AM, BN ; 
I & GK ± to the side AB. 



J). 1 


Hjp. 


2 
3 
i 


26,1. 
Sim. 


5 


D, 2, 3. 


6 


D. 6, C. 


7 
8 

10 


Prel.Thmr. 
Sim. 
Cone. 
Eec. 



in AS ADE, ADL, /EAD = zDAL, 

Zs at E & L also equal, & AD common. 
AL = AE & DL = DE. 
BL = BF, &DL = DF; 
also AM = AK, GM = GK, BN = BK, 
& GN = OK. 
•/ DE & DF each = DL, 
.-. DE = DF, & sim. GM = ON 
Again, -.-in as CED,CFD,CD,DE=CD,DF, 
& Zsat E & F arert. /.a; 
A CED = aCPD, & Z.ECD = zFCD. 
I aCMG= aCNO,& zMCG = NCG; 
the lines CG & CD coincide. 
I/the angles at the base, &c. Q.E. D. 
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Prop. L. — Theor. 



In a triangle ACB, as in the last proposition, the segments, CM or 
CN, of each side produced that are intercepted between the vertex, C 
and the external perpendiculars, GM, GN, are each equal to S, the 
semiperimeter of the triangle ; the segments, CF or CE, of these sides 
next the vertex, C, are equal to S — AB, the excess of the semiperimeter 
above the base AB ; and the segment AE or BF, of each of these sides 
next the base is respectively equal to S — BC, or to S — AC, the excess 
of the semiperimeter above the other side. 



Dem. 26, 1. Ax. 6 §• 7, L Ax. 2, I. 



D. 1 
2 



4 
5 
6 
7 
8 



9 
10 
11 
12 



13 



26, 1. 

26,1. 

Ax. 6, I. 

D.5,K.D.2,K 
Ax. 6 & 7, I. 
Add. Ax. 2. 
D. 5 & 4. 
Cone. 1 



D. 7, 6&K,4 
Cone. 2. 
D.7,&K3.D.2 
Cone, 3. 



Rec. 



•/ AK = AM, & BK = BN, 

/, CM -f CN = perimeter; 
& CM = CN = S, the semiperimeter, 
& AM = S — AC. 
Also 2 CE + 2 AE + 2 AM = perimeter 

= 2 CF + 2 AL + 2 BL. 
Now CE = CF, & AE = AL ; 
.-. 2 AM = 2 BL, & AM or AK = BL; 
adding KL to both, /. AL = BK. 
And •/ AM = BL, & AE = AL, 
/. ME = AB, & CE = S - AB, 
*. e., CE = excess of semiperimeter above 

the base. 
And •/ AE =AL = BK = BN; 
.-. AE = S — BC; 

&/.AM = AK=:BL=BF,&AM=S-AC, 
/. BF = S-AC 

i. e., each seg. of the side next the base is 
equal to the excess of the semiperimeter 
above the other side. 

.• the segment of each side, 4'C, Q. E. D. 
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Prop. M. — Theor. 

The area of a triangle is a mean proportional between two 
rectangles, the sides of one of which are equal to the semiperimeter and 
its excess above the base, and the sides of the other equal to the excessess 
of the semiperimeter above the other two sides. 

Dem. K & L, VL 4, VI. 29, 1. Cor. 1, 23, VL 41, L 13, L 32 .1 
16, VI. 

E. 1 Hyp. 1 Let ABC be a a , of 

which in the sides ^ 

CA&CB produced 

CM = CN = S, 

the Semipenmeter; 
S— AB =CE; 

S— AC = AM 

& S— BC = AE, 

i. e. the excesses of 

S above AB, AC 

&BC; 
then CM . CE : 

aABC=:a ABC 

: AM . AE. 

C K & L, VI. The fig. being con- 

stmcted as in Pr. 
K & L, VI. 



D. 1 
2 
3 
4 



11 



Cone. 



29, I. 4, VI. 

Corl,2S,VL 
C. 




5 41, 1. 



13, I. 32, 1. 



7 
8 



Ax. 3, I. 
C. 



•/ ED II MG, /. CE : ED = CM : MG; 
but CM : CM = ED : ED; 
.-. CE . CM : ED . CM=CM . ED : MG . ED. 
But A ABC = AS ADC, ADB, & CDB; 
& these AS =A^:l^ + ABJDL 

2^2^ 

2^-iH = ED . CM. 

2 

And V Zs EAL + MAK = 2 rt. z s, 
.-. Z.S EAD + MAG — 1 rt. z = Zs AGM 
+ MAG; 

.-. Z EAD = z AGM; 

& •/ Zs at E & M are. rt. Zs, 
.*. AS AGM, EAD are eq. ang*; 
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10 



11 



4, VI. 16,VI. 
D3. • 



H. 1, 2. 



.-. AE : ED = MG : AM, 

& /. AE . AM = MG . ED. 
But CM . CE : ED . CM =CM . ED: MG . ED 

becomes CM . CE : A ABO = A ABC 

: AE . AM* 
.-.* S (S-AB;': ABC = ABC:(S-AC) (S— BC) 

Q. E. D. 



then 



Coil. Let the sides opp. Zs A, B, C, be denoted hj a, h,& c; 



s (5— c) : A ABC = A ABC ; (s—a) (s—h); 
.•. Area of A ABC = v^ 5 (5 — c) (s — a) (5 — b). 



Use and App. From this Prop, the Solution is obtained of the Problem 
Given the three aides of a triangle to ^ find the Area ; for, as in Cor. M. VI, the 
continual product of the Semiperimeter into the excesses of the semiper. abore 
the three sides is equal to the square of the Area ; whence the extraction of the 
square root gives the Area. 

£x. The sides of a triangle, ABC, are AB 221, BC 255 & AC 238 feet ; 
required the Area. 

Here 221 + 255 -f 238 X i = 357 the Semiperimeter. 

And 357—221 = 136 ; 357-255 = 102, & 357—238 == 119, the Excesses. 

Then Area^ = 357 X 136 X 102 X 119 = 589324176. 



/. Area of given A = ^'^893241 76 = 24276 square feet 



REMARKS ON BOOK VI. 



1 . In a general way it may be said that the Sixth Book, 
being an application of the Theory of Proportion propounded in 
the Fifth, treats chiefly of similar rectilineal and curvilinear figures, 
or of figures that differ in size, but not in form. 

A 2 
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2. The Book contains 33 propositions by Euclid, of whkh 
10 are Problems, and 23 Theorems ; to these have been added 13 
Subsidiary Theorems. 

3. The 11th, 12th, 13th, 18th and 25th Propositions are the 
most important among the Problems ; and the 4th, 5th, 8th, 16th, 
19th, and 31st, among the theorems. 

4. As an approximate Classification for the Sixth Book, it 
may be divided, or rather arranged ; 

1°. — Into Propositions which treat of the Proportion existing between the 
sides of triangles ; as Prop. 2, 4, 5, 6, 7, 8. 

2°. — ^Into Propositions showing the Proportions between the surfaces of 
rectilineal figures ; as Prop 1, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 26, 27 
and 31. 

3^. — Into those which relate to lines in Harmonical Progression ; as 
Prop. 3 & A. 

4°.— To the angles at the centres or circumferences of circles ; as Pr. 33. 

5°. — To Rectangles under the segments of chords ; as Prop. B, C, D, E, F, 
G,H. 

6°. — To certain Properties of the triangle when its angles are bisected, 
and its Semiperimeter compared with its sides ; as Prop. E, L, & M. 

5. In addition to the 10 Problems which Euclid gives, 
there are several other very useful Problems evolved from the 
Principles established, as 

1. To divide any rt. lined surface, Use P. 1. 

2. To measure the height of an inaccessible object which casts an acces- 
sible shadow. Use 2, P. 2. 

3. To divide a given line into proportional parts. Use 3, P. 2. 
4. — To find a harmonic mean. Use 1, P. A. Use 2, P. 10. 

6. — ^Eight Problems for ascertaining heights, distances, &c. Use P. 5. 

6. — ^By aid of a square to measure inaccessible distances. Use 2, P. 8. 

7. — To divide a given line into any number of equal parts. Use 1, P. 9. 

8. — To divide a A into any number ef equal parts. Use 2, P. 9. 

9.— To divide a given line in a given ratio. Use 1, P. 10. 

10.~To find a third harmonical progressional. Use 3, P, 10. 

11. — To construct a triangle, one side, tlie angle opposite to if^ and the 
ratio of the other sides being given. Use 4, P. 10. 



REMARKS OV BOOK VI. 387 

12. — ^To draw a line which, if two other lines were produced, woold pam 
through their point of intersection. Use 5, P. 10. 

13. — To continue a series of Katios in progression. Use 1, P. II. 

14. — ^From the two first terms in a series to ohtain the snm of the series. 
Use 3, P. 11. 

15. — Problems relating to the Use and Application of the Sector. Use P, 12 

16. — ^Problems relating to a mean Proportional. Use 1 —6, P. 13. 

17.— To eonstmct an isosceles triangle equal to a given scalene triangle and 
with the same vertical angle. Use P. 15. 

18. — Application of the Theory of Limits. Use P. 16. 

19. — Application of the Theory of Proportion in Prop. 14, 15, 16 & 17. 

Use 1 — t, P. 19. 

20. — ^The practical methods of drawing Plans, Maps, &c. Use P. 18. 

21. — Methods for ascertaining the relative areas of similar figures. Use 1 
2, P. 19. 

22. — To increase or diminish art. lined, or a circular figure in any ratio. 
Use 1, 3, P. 20. 

23. — From the areas and corresponding sides of similar figures to deduce 
the part not given. Use 4, P. 23. 

24.— To describe a rhombus eqaal to a given rectilineal figure, and with an 

angle equal to a given angle. Use P. 27. 
25. — ^In a given triangle to inscribe the greatest possible parallelogram. 

having an angle equal to a given angle. Use P. 27. 

26. — Several Problems for applying rt. lined figures to a given line. 
Use P. 29. 

27. — ^To divide a line, so that the rectangle under the whole line and one 
part shall bear a given ratio, as m : n, to the square of the other part. 
Sch. 3, P. 30. 

28. — Problems depending on a given st. line cut in extreme & mean ratio, 
Use P. 30. 

29. — The construction of a quadrilateral under certain conditions. Use P. E. 

30 — Given the three sides of a triangle to find the Area. Use P. M. 

6. — As there are several useful Problems, so are there many 
important Theorems referred to, or contained in the Notes to Bk. VI. 

1. — ^The Theory of Transversal Lines. Sch. 2, P. 2. 

2. — The Equation of a rt. line in Analytical Geometry. Cor. 2, P. 6. 
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3. — The Criteria of similarity in Triangles. Use P. 7. 

4.— The General Principle, if from, ihe vertex of a triangle two lines be 
dxawn to the base making the angles at the base or their supplements 
each eqnal to the vert, angle then the triangle formed by those lines 
and the segments shall be similar to the whole triangle and to one 
another. Sch. 1, P. 8. 

.5. — Series of Magnitudes in continued proportion. Use, 2, P. II. 

6. — Parallelograms are equiangular when their areas and sides are reci- 
procally proportional. Sch. 1, P. 14. 

7. — Reciprocal ratios, and ratios of equality, Sch. n, P. 16."' 

8. — The conversion of the equality of two ratios into the equality of two 
rectangles. Sch. HI, P. 16. 

9.— The leading Theorems for the Doctrine of Limits. Sch. IV, P, 16. 

10. — ^Various deductions and processes stated in other words than the 
original propositions, as Use HI, P. 17. Sch. P. 22. Sch. P. 28. 
Use 2°, P. 28. Use 2° and 3°, P. 29. 

11. — The Greneral Theorem respecting incommensm-able Magnitudes. 

Sch. 2, P. 30. 
12. — The General Theorem, by Pappus, under given conditions, of the 

equality in Area of a parallelogram or a circle on the base of a triangle 

to the sum of the parallelograms or circles on the other two sides. 

Sch. 1, 2, P. 31. 

13.— Three Propositions substituted for P. 33, VI. Sch. 4, P. 33. 

14. — The cutting of arcs proportionally. Use, 1, P. 33. 

15. — The ratio of arcs in unequal circles, "and of central angles: Use 2, 3, 
P. 33. 

N. B. — Additional Corollaries will be found under their respective 
Propositions. 

7. — The importance of the sixth Book to the Mathematician 
can scarcely be over-estimated; it is the head and crown of Plane 
Geometry. Whoever has mastered it, has added no little to his 
amonnt of useful knowledge, and consequently to the power of his 
mind. Whether or not he adopts the quaint Motto round the 
Effigies of an old English Geometer,— "Liefe is Deaths akd 
Death is Liefe,^^ certain it is that he has planted his feet on one 
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of the summits of Human Wisdom, and as he looks around, either 
to survey the Country already traversed, or to take note of the 
Heights still rising hefore him, he may inscribe upon his work, 
in the spirit of devotion ; 

/ thank Godj and take courage, 

so NOW so EVER. 
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FOURTEEN FROBLEMfi : 
Prop. 1, 2, 3 ;— 9, 10, 11, 12 ;— 22, 23 ;— 31 ;— 42 ;— 44, 45, 46. 

Prop 1. p. 47. To describe an equil. A on a given st. Line. 

Use ob App. 1°, — To solve 2, 3, 9, 10 & 11, 1 ; 2°. draw an isosc. A- ; 
3°. approximate to an oval ; and 4° to measure an inaccessible distance. 

2- 48. To draw from a . a st. Line = a given st. Line. 

ScH. — ^Eight Solutions of this ProbleuL 

3. 50. From the gr. of two Lines to cut oflF a part = the less. 



on 
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ScH. — To lengthen the less to eq. the greater; Use. — toconstmct a Scale 
of eq. parts, and to apply the 'principle of Representative values. 

9. 63. To bisect a rectil. /_ , i, e, to diride it into two eq. parts. 

ScH. — ^To bisect an are of a ; & by gnccessive bisections to diride an 
/_ into any parts indicated by a power of 2. Use. To bisect the base of 
an isosc A ; and to construct the Manner's Compass. 

10. CC. To bisect a give st. Line. 

Sen — ^By snccessire bisections to divide aL. into parts, indicated by a power 
of 2. 

11. C7. From a . t7» a L. to draw a L. at rt. Z,s to it. 

Cor. Two lines cannot have a common segment. 

ScH. — To draw a Perp. fr<)m the extremity of a L. Use 1. — To constmct 
a square ; 2. On a given line to describe an isosc. A of which the perp. 
height = the base. 

12. 69. From a . without a L. to draw a Perpendicnlar. 

ScH. — ^When the . is over the extremity of the L. Use. This Prop, indi- 
spensable to all artificers, &c. 

22. 86. To make a a of which the sides shall be eq. to three 

g^yen st. Ls., any two being > than the third. 

Sen. — Assumed that two 0s will have at least one . of intersection. 

Use.— Of most extensive nse, — to make one rect. fig. = or similar to 
another; And, on a given L. to describe an isosc. A with sides each 
= twice the base ; &c. 

23. 88. At a given . to make a rectil. £ = & given rectil. /_ . 

Use 1. — Of the widest nse in Practical Mathematics ; 2. To constmct 
a Line of Chords ; and by it to make an /, of a certain magnitude ; 
At the end of a L. to draw a Perp. ; to find the measure of an /. ; and 
to draw As with certain parts given. 

31. 103. Through a . to draw a st. L. parallel to a given st. L. 

ScH.— Demonstration of the 12th Axiom. Use. — ^Prop. 31 required in all 
branches of Practical Mathematics ; — it enables the Surveyor to ascertain 
inaccessible distances. 

42. 125. To descr. a / — 7 = a given a, and having one Z. = a 
given Z.' 

ScH. — Or, a A = a given CZJ> ^^^ having an ^ = a given /^, 
44^ 127. To a given L. to apply a / — 7 =» a given A , and having 
an Z. = a given /_ . 

UsB. — Oeometrical Division illustrated. 
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45, 130. To descr. a / — 7 = a given rectil. fig., and having an i_ 

= a given L - 

Use. — To measure the superficial content of any rectil. fig. ; 2, To change any 
rectil. fig. into a A, and then into a rect. of eq. Area ; and 3. To 
straighten a crooked boundary without changing the dimension. 

46. 132. To describe a Square on a given st. L. 

CJoB. 1. The squares on eq. Lines are eq. ; and conversely. 

2. Every parallelogram with one rt. /_ has all its 2.S rt /.s. 

ScH. — Given the diagonal to construct a square. 

Use. — The Geometrical Square ; its construction; its use in ascertaining in- 
accessible distances, as heights. 



THIKTT FOUR THEOREMS.^-ONE LEMMA ; 

Prop. 4, 5, 6, 7, 8 ;-13, 14, 15, 16, 17, 18, 19, 20, 21 ;-24, 25, 26 ;-Lemma ;- 
27, 28, 29, 30,-32, 33, 34, 35, 36, 37,.38, 39, 40, 41, ; -43 j 47, 48. 

4. 52. Important. — ^^If two as have each two sides and their 

included Z. eq. the bases and other l_ s are eq. and the 
AS equal. 

ScH. — The equality is perfect, not in Area only. Use. — The first criterion 
for establishing the equality of As ; very firequently applied ; and useful, 
along with the Theory of Bepresentative Values, for ascertaining inacces- 
sible distances. 

5. 54. The Zs at the base of an isosc A are eq.; and if the eq. 

sides are produced, the Z. s on the other side also are 
equal. 

Cob. Every equal triangle is also equiangular. 

6. 57. Conversely, If two /.sofa a are eq. the sides opp. the 

eq. Z. s also are equal. 

Cob. Every equiangular A shall be equilateral. 

See. 1, 2. — Converse Theorems not universally true. 3. Two modes of 
Demonstration, direct and indirect. Use. To determine the Height 
of an object by its shadow. 

7. 59. On the same side of the same base there cannot be two 

A s, with sides terminated in one extremity equal, and 
also the sides equal terminated in the other extremity. 

The Dilemma, or Double Antecedent^ Prop. 7, used only to . prove 8, 1. 
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8. 61. Important. — If two as have each the three sides eq. tlie 
Z_ contained by two equal sides in one A eqnals the /_ 
contained by the two corresponding eq. sides in the 
other A , and the a s are equal. 

ScH. — ^The second criterion for equality of As* Use 1. To determixM 
without a theodolite the /, at a given . , made by Lines from, tvo 
objects. 2. To measure and cut angles in a solid body. 

13. 71. The Z.S made by one st. L. with another on one side of 
it, are either rt. /.s, or together = two rt. /,8. 

ScH. — ^Any number of Lines conyeiging to a , in a L on one side of it 
make die /,& together = two rt. /,s. Supplement and complemeiU of 
an /. exphuned. Use Pr. 13 of frequent Use in Trigonometiy, to de- 
teimine tiie third /., when two /_% are given. 

14 73. Conversely. — ^If at a* in a st. L., two lines on the opp. sides 
of it, make the adj. /.s together = 2 rt /.s, tiie two 
Lines form one and the same st. L. 

15. 74. If two st. Lines cut one another, the opp. or yert. /. b 

shall be equal ; and conversely. 

Coa. 1'. The /.s formed by two lines crossing each other are together = 
4 It. /.s. 
2. All the /.s fonned by any number of lines diverging fixHn a com. 
centre are together = 4 rt /_%. 

Sol — A developement of the de£ of an /.. The Ccmverte true. 

UsB 1. — ^To find the distance between two inaooessible objects ; 2. To make 
one elastic ball strike another by reflection ; and 3. to detennine the 
number and kind of polygons which on bang joined cover a given spa/x, 

16. 76. If one side of a a be produced, the ext. /i is > either of 

the int. opp. Z.s. 

ScH.— Each /. of a A is < the supplement oi either of the other /,s. 
Use I Amongother coocliisionfi, — onfy one perp. fixim a . to a given L. 

2. 'Prop 16, of great use in reducing As and otiier rectiL figures to 

rectangles. 

17. 78, Any two /.s of a a are together < 2 rt. /_&. 
Explanatcny <^ Ax. 12. BothFr.l6& 17 included in Prop. 32. 

18. 79. The gr. side of cTcry a is opp. to the gr. /_ . 

An instance oi the argument ** aforOari^ 

1 9. 79. CbuMTseJ^y^—Hie gr. side of eroy a is subtended by the 
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ScH. — ^Prop. 5, 6, 18 & 19, combined, prove, " One /. of a A is, > =:, or 
< another /., as the side opposed is >, =, or < the other side oppo- 
sed ; and " vice versa." Use 1. The Perp. is the shortest L from a . to 
a given L. 2. From one , only two eq. lines to a given L. can be drawn. 

3. All heavy bodies free to move seek the . nearest the earth's centre. 

4. To constmct a A, having the base, the less /_ at the base, and the 
diff. of the sides given. 

20. 81. Any two sides of a a are together greater than the 

third side. 

Cob. The diff. of any two sides of a A is less than the remaining side. 

N.B. — ^More assumed in the Cor. than is expressed in Ax. 5. 

Use 1. — Of all lines from one . to another and reflected to a third ; those 

the shortest which make the /_ of incidence = the /_ of reflection. 2. 

Natural causes act by the shortest Unes ; hence, by means of a mirror 

to construct a A of which the Perp. is representative of the height of 

an object. 

21. 84. If from the ends of a side of a a two Ls be drawn to 

a . within the A . these lines are < the other two sides, 
but contain a greater / . 

Applied in Optics, Astronomy, and Architecture. 

24. 91. If two AS have two sides of one = two sides of the 

other, but the /. contained by the two sides of the one 

> the /_ contained by the two sides of the other, the 
base of that which has the gr. /_ shall be > the base 
of the other. 

25. 92. Conversely, — If two a shave two sides of one = two 

sides of the other, each to each, but the base of one 

> the base of the other, the /_ opp. the gr. base shall 
be > the z. opp. the less base. 

Pr. 4, 8, 24 and 25, may be combined ; **If two As have each two sides 
= two sides, liie third side of the one will be >, <, or = the third 
side of the other, as the /_ opposed in one is >, <, or = the /_ op- 
posed in the other ; and vice versa. 

26. 93. Important — If two a s have two Z. sand a side of the one 

= two Z. s and a side of the other ; the other sides 
shall be eq. each to each, and the third Z. of the one 
= the third /. of the other. 

ScH. — The third criterion of the equality of As. In two or more As, any 
three parts of which one must be a side, being given equal, the equality 
of the other parts will follow. 
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Use 1. — Applied to measure inaccessible distances ; — 2 & 3, by the Theory 
of Representative Values to find the distance of two stations ;— 4, to 
construct an isosc. A , the vert. /. and peip. height of the A being 
given. 

96. Lemma. A L., perp. to one parallel, is also perp. to the 
other. 

27. 97. If a L falling on two other lines makes the alternate Z.s 

equal, these two lines are parallel. 

Sen. — Since some curved lines, though thej never intersect, are not parallels, 
another demonstration is given. 

28. 99. If a L falling on two other lines makes the ext. L = 

the int. and opp. /. on the same side of the line ; or 
the int. /.s together on the same side = 2 rt. /.s; 
the two lines shall be parallel. 

ScH. — The principle in Ax. 12 really is, — ^that two st. lines intersecting 
cannot both be |i to the same L. 

29. 100. If a L fall on two || st. lines, it makes the alternate /.s 

equal ; and the ext. l_ ^ the int. and opp. L on the 

same side ; and the two int. Z. s on the same side 

together = two rt. Z.s. 
Converse of Pr. 27 & 28. 
ScH. — ^Methods of expressing Ax. 12, Definition of Parallel Lines. 
Use. — ^Pr. 27, 28 and 29 are applied to determine the earth's circumference. 

30. 102. Lines || the same L are parallel to each other. 

Cor. — Two lines || the same L cannot pass through the same point ' 
equival^t to Ax. 12. 

32. 105. Very important, — If a side of a A be produced, the ext. 

/, = the two int. & opp. Z, s ; and the three int. Z. s 
of every a together = 2 rt. Z.s. 
Cor. I.— All the int /_s of any rectil. fig., + 4 rt. /.s =: twice as many rt. 
/.s as the fig. has sides. This Cor. is of universal extent. 
2.— All the ext Z-S of any rectil. fig, are together = 4 rt. Z-S, 
Applicable only to convex figures ; not to figures with re-entrant /_s. 
S.—U two AS have two Z.s of the one = two /.s of the other; the 
third /, of the one = the third /. of the other. 

ScH. — ^Lardner's Euclid gives twenty four corollaries. 

Use. — This Theorem employed, 1. To determine the Parallax of a heavenly 

body ; 2, To give the representative height of a mountain; and 3, to 

construct any regular right-lined figure. 

33. 109. The lines joining the extremities of eq. and parallel 

lines, towards the same parts, are also eq. and parallel. 
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Use. — ^To ascertain the perp. height of a monntain, as \^olI as the distance 
from the base to the foot of the perp. 

34. 110. The opp. sides and z.s of i 7 s are eq. to one another, 

and the diagonal bisects them; and conversely, 

ScH. — If a qnadril. fig. have any two of certain ten data, it will also have 
the others. By combining the ten, 360 questions are raised, 

Use. 1. — The congtruction of the parallel ruler depends on this Prop. It is 
also useful, 2, to divide a line into any number of eq. x)arts ; 3, to con- 
struct the Sliding Scale, called the Vernier or Nonius for measuring 
minute parts ; 4, to obtain the distance between two objects ; 5, to con- 
titiae a st. line when an obstacle intervenes ; 5, to divide a ZZI7 into two 
eq. pts. from a * in one of the sides, &c. 

35. 113. Parallelograms on the same base and between the same 

parallels are equal, or rather equivjJent, to one another. 

ScH. — The equality of / 7 s proved by the Method of Indivisibles. 

Use. — The Prop, applied to convert a / 7 into a rect. of eq. area. The 

linear units in die base multiplied by the linear units in the altitude of 

a / 7 gives the Area. 

36. 116. Parallelograms on eq. bases, and between the same ||s are 

equal. 

Use. — The Construction of the Diagonal Scale, and its application. 

37. 118. Triangles on the same base and between the same ||s, are 

equal. 
Half the product of the base and altitude of a A gives the Area. 

38. 119. Triangles on eq. bases and between the same ||s, are eq. 

to one another. 

ScH. — By dividing the base into eq. pts., and joining the .s of division to 

the vertex a A is divided into eq. parts. 
Use. — This Prop, also enables us from any . in a side of a A to divide it 

into two eq. parts. 

39. 120. Eq. as on the same base and on the same side of it are 

between the same parallels. 

The loci of the vertices of eq. As on the same base, form a stliue 

40. 121. Eq. AS on eq. bases in the same st. line, and towards 

the same parts, are between the same parallels. 

ScH. Cob. 1. — A |{ to the base of a A through the middle . of ooe side 

will bisect the other side. 
2. — The lines joining the middle . s of the three sides divide the 
A into four eq, As. 
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3. — The L joining the poiots of bisection of each piur of Bides 

is eq. to half the third side. 
4. — ^A trapezium = a I 7 of the same alt and of which the 
base is half the sum of the || sides. 
The Area of a trapezium = \ the sum of the || sides x the altitude. 
The Area of a Square = the Square of the lineal units in one side. 
Many other corollaries maj be derived from Frop. 40. 

41. 123. Important, — If a i 7 and a a be on tlie same base and 
between the same || s, the i 7 shall be double of the 
A ; and conversely, 

Uae. — The Area of any figure iresolrable into As depends on this Propo- 
sition ; which enables us to find, — 1, the area of a A ; 2, tiie area 
of any rectilineal figure ; 3, the area of a polygon ; and 4th, the area 
even of a circle. 

43. 126. The complements of the / 7 3 which are about the diam. 
of any ZZI7, are eq. to one another. 

Cob.— The I 7 8 about the diag. and their complements are equiangular 
with the whole 



Use. — To find a I 7 = a given I 7 . and having one side ^ a given line. 

47. 135. Most important, — In any rt. /.d A, the square on the 

side opp. to the rt. /. is eq. to the squares on the sides 
containing the rt. L • 

Cob. 1. — ^Hence, if the sides of a rt. /.d A be given in numbers the 

hypotenuse may be found. 
2. — ^It the hyp. and one side be given, the other side may be found. 
3.— If any number of squares be given, a square may be found ^ their 

sum ; or the multiple of a sq. may be ascertained ; or the difference 

of two squares ; or a sq. may be made = the §, \ &c. of a given sq. 
4. —If a perp. be drawn fi:om the vert, of a A to fiie base, the difierenoe 

of the squares of the sides = the difierence of the squares of the 

segments. 
5. — ^If a perp. be drawn from the vertex to the base or base produced, the 

sums of the squares of the sides and alternate segments are equal. 

138. Sen — A Practical Illustration of Prop. 47. 1. 

139. Use 1. — Combined witii other propositions, the 47. L is applied 1**. 

to make a rectil. fig. similar to a given rectil. fig. ; 2^. to make 
a © double, or the half of another ; 2. To construct the Chords, 
Natural Lines, Tangents and Secants of Trigonometrical Tables; 
3. To find right triangular numbers ; & 4, 5, To ascertain 
heights and distances from the curvature of the earth. 

48. 142. Conversely, — If the sq. on one of the sides of a a be 

eq. to the squares on the other two sides of it, the 
Z. contained by the two sides is a rt. Z. . 
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Extension of the Proposition, — the vert. /. of a A is <, =, or > a rt. ^ 
as the sq. on the base is <}^=y or > the sum of the squares of the 
sides. 

Remarks. 

1. 143. The First Book founded entirely on the Defs. Posts. & Axioms. 

2. 144. Only a few of the properties of a mentioned. 

3. 144. A threefold Division of the Book ; 1°. from Pr. 1 to Prop. 26 the 

properties of As unfolded ; 2°. from Pr. 27 to Pr. 32, those of 
parallel lines ; and 3°. from Pr. 33 to Pr. 48, those of parallelo- 
grams. 

4. 144. The most important Propositions are Prop. 4, 8, 26, 32, 41 and 47. 
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The Pbopebties of bt. /_d. I 7 8y ob Bectangles. 

145. A L may be cut internally or externally. 

Magnitude the subject of Geometry, — Algebra and Arithmetic 
furnish, not proo&, but illustrations. 

The Numerical Area of a Bectangle = ah, the altitude being 
represented by a, the base by b ; that of a A = i o6. 

Def. 1 & 2. p. 146. A rect is contained by any two conterminous 

sides ; and in every / 7 , any / — 7 about a 
diam. -f the complements is called the 
Gnomon. 

Axiom, p. 146. The whole Area = the Areas of all the parts, 

TWO PROBLEMS. — Prop. 11 and 14. 

1 1. 171. To divide a L. into two parts, so that the rect. under the 
whole and one of the parts shall be eq. to the sq. of the 

TT 

other part; thus, in L A \ P the 

L. is cut in the . H so that AB . HB = AH2. 
Or, as in 30, VI. to divide a L. in extreme and mean ratio. 
The Algebraical and Arithmetical Solutions. 
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Cor. L To cut a L. as AB, in extreme and mean ratio, it mnst first be 

prodaced in extreme and mean ratio, i. e. CF . FA -^^ ,q. 

mnst = AB* 
n. — ^When a L- as AB, or its eqnal AC, is cut in extreme . , 
and mean ratio, the rect. under the whole L. and its •'*^ " 
less segment = the sq. on the greater segments ; thus, «-4*^ 
AC. (AC— AF)= AF», or AC . HB = AIP *^ 

TTT. — Also the rect. under the whole L. as AC or AB | 

and its greater segment := the difierence between C £1 D 
their squares, or AC . AF or AH = AC — AH'. 

ScH. — ^Let L. be a line cut in extreme and mean ratio, g, the ^^reater sejr. 

/ the less, and d the difference : then 1° L« + P= 3 ^ ; 2°. (L + /)* = 

5^; 3°.L.J= flr./;and4°.P=^.rf. 
Use. — This Proposition is of fiequent application, as for the construction 

of pentagons and the regular bodies called the Platonic Solids. 

14. 179. To describe a square that shall be eq. to a given rectil 
figure A; t. e. EH^ = rect. BD = A. 

Use. 1 To find a mean propL between two given lines ; 2 to approximate 
to the sq. of curye-lined figures ; 3. and to calculate the Areas of all 
plane figures. 



TWELVE THEOREMS. 

Prop. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ;^12, 13. 

1. 146. If there be two st. lines, one A, undivided, the other BC, 

divided into any number of pts. as BD, ED, EC, then 
A . BC = A . BD + A . DE + A . EC. 

K.B. The Alg. and Arith. illustrations are attached to each proposition. 

Use. Applied to the Demonstration of the Kule for the Multiplication of 
numbers. 

2. 148. If a St. line AB, be divided into any two pts. AD, DB 

then the rectangles AB . AD, -h AB . DB = the sq. 
on AB. 

Numerical Multiplication may also he proved by this Prop. 
149. If a line, AB, be divided into any two pts. AD, DB, then 
the rectangle AB . DB = AD . DB + DB^; or 
AB . AD = AD . DB + AD«. 

Cor. 1. AB«-DB» = (AB + DB) (AB-DB). 

2.— AD^— DB» > (AD— DB)» by 2 DB . (AD-DB). 

Also applicable to the proof of numerical MultiplicatioxL 



3. 
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4. 150. If a line AB, be divided into any two pts. AD, DB, then 

AB2 = AD2 + DB2 + 2 AD . DB. 

C6r. 1. The parallelo^ams about the diam. of a sq. are also squares. 

2. — The square of a line is four times the square of its half ; thus AB' 

8. — Half the sq. of a line = 2 the sq. of half the line ; thus — — = 

4. — The sq. of a line will be equal to the sum of the squares of the 
parts + double the rect. under every distinct pair of parts. 
Use 1*. — In Algebra the square of a binomial, as (x 4- y)* = x* + y'"* 
-f 2 xy. 

2.— This Prop, points out a practical way of extracting the Square 
Soot of a number. 

C D 

5, 154. If a line AB, A 1 ! B, be divided into 

two eq. parts, AC, CB, and two uneq. parts, AD, DB ; 
Hien the rectangle AD . DB + CD^ = CB^. 

Cor. The difference of the squares of two uneq. lines, AC, CD =: the rect. 
under their sum and diff. ; i. e. AC*— CD=» = (AC + CD) (AC— CD). 

Lardner^s; Corollaries to this Prop, are six. 

*ScH.— The principal properties connected with the eq. and uneq. division of 
a line. 

^SE, — ^We may apply this Prop. 1°. To find the diff. between the squares 
of two uneq. numbers without squaring them ; 2°. To find quantities in 
Arithmetical Progression ; 3°. To establish Prop. 35, III ; and 4°. To 
find the value of an Adfected Quadratic Equation in Algebra. 

-6. 157, If a L. AB be bisected in C, and produced, to any.D; 

as A. ^ 2 ? ' *^®^ ^® ^^^' 

AD . DB + CB2 = CD2. 

Cob. If a line AD be drawn from the vert. A 
of an isosc. A to the base or its production, 
the diff. between the squares of this line 
and the side of the A 'is the rect. under 
the segments of the base ; thus / / j \ 

AD» ~ AC« = BD . DC. ^4^-^, A ^ ^ ^^ 

F D E C B E CD 

UsB. — ^By aid of diis Prop, the diam. of the earth may be measnred^ 
b2 





402 INDEX. 

7. 160: If a L. AB, be divided into any two parts, as AI>^ DK 

tben AB2 + DB^ = 2 AB . BD + AD«; 
or AB2 + AD2 = 2 AB . AD + DB«. 

Cob. 1. If AB and BD be considerc d a gtwo independent lines, AT> being 
their diff.; then AB» + BD« :±: 2 AB . BD + (AB— BD)* 

2.— Al8o(AB + BD)»; (AB* + BD*); and (AB-BD)*a«&in Arith, 
Progression ; the coul diff. being 2 AB . BD. 

8. 161. If a L. AB, be divided into any tvro parts, as AB, DB,. 

four times tbe rect. under the L. and one of the pts. 

4- tbe sq. of tbe other pt. = tbe sq. of the L. made 

up of tbe wbole and that part; i. e. 4 AB . BD -f AD*^ 

=s. (AB + BD)2 

ScH. 1. Otherwise the sq. of the sum of two lines = 4 lines the"Pe»t. under 
tiiem 4- the sq. of their diff. i.e, (AD + DB)» =s 4 AD . DB -f 
(AD— DB)* 
2. — ^Four times the sq. of half the sran = 4 times the rect. under the 

lin«5 + 4sq. ofhalfthediff; i,e.4 (:^5jt^y sc 4 AD . DB 

Use. — ^The above principles are applied to Algebra and to the extraction ot 
the sq. iKX>t. 

9. 164. If a L. be divided into two eq. pts, and also into two un- 

C D 

equal parts, as A i 1 1 iB; then the 

squares of tbe twouneq. pts. together = double of tbe sq. 
of tbe balf line, ai&doi the sq. of tbe line between tbe . ». 
of section ; i. e. AD^ + DB^ = 2 (AC^ + GD^). 
ScH.-Or,l. AD^+DB»=x2 ( AD+DB y ^ ^ (AD^DBy 

2. iW3»+DB» ^ (AD±DB)» ^ (AD--DB y 

10 167. If a Ii. be bisected and prodaced to anj point,, a?. 

A C B 

D, 

then tbe sq. of ttie wboie line tiius produced + the 

sq. of tbe part produced = double of tbe sq. of the 

balf line + tbe sq. of tbe line made up of tbe balf and 

tbe pt. produced ; thus AD^ + DB* is 2 (AO+CD^) 

ScH. — ^Frops. 9 and 10 are applicable to Algebra. 

0SB. — ^Prop. 1—10 contain the whole theory of the relations of rectangles 
and i^panB fomed >7 IkiM and their parts. 
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1°. GiTeo I^LesTim and diff. of two Ms. to find them. 2°, If the Area b© 
divided by a side the quotient = the other side. 3°. Of the five quantities 
depending on a rect, any two being given, the sides can be found. 

12. 173. * Important ~-Jii obtuse Z.d a s, if a perp. be 

drawn from either of the acute / s to 

the opp. side produced, the sq. of the 

side subtending the obt. Z. is > the 

squares of the sides containing the obt. Z. ^ ' , 

by twice the rect. under the side on which ]B C I> 

the perp. falls, and the line intercepted 

without the A between the perp. and the obt / • i«i 

AB2 = BC2 + AC5 + 2 BO .CD. * ' 

or AB» > BC*4- AC» by 2 BC . CD. 

XJ8B.--By this Prop, the Area of a A. may be ascertained when the three 
sides are known. 

13. 175. Ineyery a, thesq. of the side subtending either of the 

acute /.sis < the squares 

containing that acute /_ 

by twice the rect. under 

either of these sides, and y/ 

the L. intercepted be- Gc// 

tween the perp. let fall y\ / 

uponitfrom the opp z., B C"" DB C 

and the acute z.; «. e,, 

r. AC2 < (AB2 + BCe; hr 2 BG.BD: 2°. or, bv 
2 BD . BC; and 3°. by 2 BC. BC. ' ^ 

Thus IS obtained the measure of the sq. of the side subtending au acute /. 

^""^^ ^{l"" *^? ^f ^*^nS^® II' ^ P®"^- ^^ ^ d»-awh froui / C to AB^ 
then the rect AB . GB = the rect. BC . DB ^ 4^ ^ ^ ^^> 

ScH.-Prop 12 and 13 cont^n the Elements of Trigonometrical Analysis. 
Use -To obtain the perp, when the three sides of a A are given: 1° \vhcn 
the perp. falls within the base ; 2°. without the base ' 

The ^m of the A = ?5i£C X AD 5 or^BziI^C^^ 

A 2 



EEauBKs. 



1. 181. 



Of the fourteen Propositions, the ten first contain the t?ieory 6i 
the relations of the rectangles and squares on divided lines ; 
the twelfth and thirteenth the theory of the relation between 
the sq ot any one side of a A, and the squares of <^e other 
two sides. 
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2. ISt. lioes cct into any faro ;y^r/«, in Fiop. 2, 3, 4, 7 and 8. 

3. 18 L lines cot into /iro ey. and two uneq. parts, in Frop. 5, 6, 9 and 10. 

Synopsis of Book IL 
Cm I— VnL Pages 182 — 186. 

Pbjlctical Besclts. 

L 188—197 Problems 1—31 for the Constroetion of Geom. Fig^mes 

bks. I and IL 
IL 197—199 Problems 1—10 „ ^ 

bk. UL 
200—203 Problems 1—18 ^ ^ 

bk.IV. 
204—207 Problems 1—11 „ „ 

IIL 207 — ^211 Principles of Constmction; 1°. For Creom. Instruments to 

measure Distances and Angles ; 2°. For Geom. Figures to 
exhibit the representative values of actual magnitude and 

qnce. 

nr. 211—213 Frindples which, wi&out requiring that we should measure 

all the boundaries of a Surfiice, enable us aocuratelv to 
calculate 1^, lines or Distances ; 2°. Angles ; and 3°. Mag- 
nitudes, or Areas. 

APFENDUE. 

I. 215 — 219 Creometrical Analvras, Bules for Conducting, and Examples. 
XL 219 — ^227 Geometrical Exercises ; Series I Problems and Theorems in 

Bk. I ; Problems and Theorems in Bk. IL Series II Pro- 
positions, including Problems and Theorems, not full v proved, 
or not inserted in Bks. L andIL 

PAET n. 

Containing Books III, IV, V, if VI. 

Fre&oe 

SSymbolical Notation and Abbreviations. 

BOOKIIL 

PBOPBKTIES OF THE CIBCLE AKD OF LIKES DT A:n> ABOUT IT. 

1 The word circle employed in two senses ; and certain Properties assumed 
from experimental knowledge. 

2 The foundations of Trigonometrv, Plane and SphericaL 

3 Snmmaiy of Book in from Billingsley*s Euclid. 

DcfL 1—12 pp. 3—6. Explanatory Notes. 
Ax. A, 6. 
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SIX PROBLEMS. 

Prop. 1 J— 17;— 25;— 30;— 33, 34. 

Prop. 1. p. 7. To find the centre of a circle. 

Cob. Kin a one L. bisects another at rt. /.s, the cen. of the Q i& in 

the bisecting line. 
ScH. — The rigour of the reasoning requires a previous proof of the 

conditions on which a point is within or without a circle. 

17. 39. To draw a L. from a given point, either without or in the 
0ce, which shall touch a given circle. 

ScH. — From the same . two eq. tangents may be drawn. 
Use.— Tangent Lines, how di'awn practically ; — of frequent use in Trigo- 
nometry. 

25. 54. A segment of a circle being given, to describe the drde 
of which it is the segment. 

ScH. This problem is equivalent to the following ; — to inscribe a A in a 
0; or, to make a pass through three given . s not in the same line. 

Use. — Applied for constructing an arch, — for cutting stone, wood, mctalft 
&c., and for finding the apogee of the moon, and the eccentricity of the 
earth's orbit. 

30. 64. To bisect a given arc of a circle. 

CoR, To divide an arc into any number of eq. pts. that are powers of 2. 
ScH. 1. — ^Except in the case of a quadrant an arc cannot be cut into 3, 5^ 
&c., eq. pts. 
2. To trisect a quadrant. 
The trisection of an /_ not effected by Euclid- s Geometry; — ^what required 
for the trisection of an arc ;— the trisectrix one of the trochoidal curves. 

33. 72. On a given L. to describe a segment of a circle^ which 
shall contain an ^1 = a given rectil. /. . 

ScH. — To divide a into any number of eq, pts. of which the perimeters 
also are equal. 

Use — Of extensive Application, as, 1. Given the distances ol three land- 
marks to find their distances from the place of observation. 2. To 
ascertain the distance from two stations ; 3. Given the base and vert. 
/. to find the locus of the vertex ; 4. Given the vert. /., the base, and 
the area to construct the A ; 5. Through three . s to draw lines so as to 
make an equil. A; 6. Given the /. = the verr. ^1, and the base^ 
to find the locus of the vertex. 7. Given the base, the vert. /. and the- 
perp. from one end of the base to the opp. side, to construct the A. 

o4. 76. From a given circle to cut off a segment, which shall 
contain an /. = a given rectil. /_ . 
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Use 1. — Bj Prop. 33 smU 34, if thzce obscrratioiiE be takeo, tbecxccsin^irr 
of the earth's annual orbit, and its aphelion maj be faaad. 2. Alao ii. 
optics, to asoeriain the . where two nneq. lines win appeaa: eqnaL 

TimrTT-OyE THEOCEVS. 

Prop. 2, 2. 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15. 16;— 18, U, 20, 21, 22, 23, 

24;— 26, 27, 23, 29;— 31, 32;--«5, 36, 37. 

2. 0. If any two . s be taken in the 0ce of a circle, the st lin^ 

winch joins tLem shall fall within the circle. 

Cci. I. A St. line cannor cat the 0ee of a in more tium two poinSE. 

2. A £1. line whijh toscLefi a circle ntcets it onlr in ooe poiDt. 

3. A chicle is concave towsids izs eentie. 

ScHL — CommaEdjiieV direct proof of "Prjp. 2. 

Usz. — ^A jrlcbe on a T>lane snrfeae toocbe& tie T^lanc in odr a sinsSe «»c.~ 

3. 11. If a St. line throngh the ccn. cf a Insect a st- 1in> :./. 

tLro:iirh the centre, it shall cut itaxrt./_s: an Icanter? < ■; 

O '£. L A L. bisecting a chord at it. /,« poases timoogh iIk esa. of t .^ 

circle. 

2. AH dbcris { to the tang., a£ e^iher f.7, mai irj of toe csasL. ^lt-: 

bi?«cSed by lit? disss. 
S. Tht T.'Tte Liseccmg tie com. ci-ord cf rw^ 0s ci, n. /^s pasce- 

4. Wiai ic a 2. J^^^t are sereral cbor J« | tr, eads oAer, the Jana r,:' 
ih<eir. $ o: Li^&csSoi: is in duLi dii.in, wljeia i» at it /,« to d^ea : £." i 
ifii!^ Lu irLSc^h bisects €mt chrjard. be a pezpu, liot Loe IfiflDctt all '. 

U>T. V^rkizs. £» 1. Grres a '[^ T.'-» fnd its eestR; 2L G5»«i ss ax. * 
±£>d 1^ om. of tlie 3 ^- widch h it em. aar:^ 3. Unwigh flnce.* 

■08; ic a £L line to^daw a -3 ; aad -C In Ti%aB»BetiT. 

i. 14- If in a ^ Two st. Imes cut one aajothcr. wMdi do not ras*- 

tLrcrrb the oenAine, tier d"j ret Hseet eadi odier. 

Csn — ^AT7Z:e.dt" oiLenLJui the c5£^Etnirv cf ibc &:!.'«■ a^jpanst pti.. 
5. 15. Iitw: cErdies csK^nt xi^odas:^ iLej dsall not hmre tl^ 

S:.;^. *">?. cnassffizir J[s flcr-^'X maes^ — sni tlarr witL &£ les :»i- * 
t>. 1 X I: osie ^^C^' to^^dJa ss^ika- iznessfiST, Aev daD sot bif e 
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7. 17. If any . which is not iheoen. be taken in the diam. of a , 

then, 1st, of all st. lines from it to the 0ce, the grecUest 

is that in which the cen. is, and the other pt. of that 

diam. is the least ; and 2nd, of any other st. lines, that^ 

which is nearer to the line through the centre is always 

greater than the one more remote.; also Srd, those 

lines which make eq. /_ s with the diam. are equal ; and, 

4th, from the same . there can be drawn o»Zy two equal 

st. lines, one on each side of the diam. 

SoH.— Maximum and mtntjnicin of a reTolying liae cut by a 0Ge/* 

Use.— Of the arcs of great 0s from the pole to the horizon the greatest is 

that part of the meridian which passes through the zenith. The Prop. 

mar be used for showing aphelion and perihelion distanoe. 

S. 20. If any . be taken without a 0, and at. lines be drawn 
from it to the 0ce, whereof one passes through 
the cen. ; 1st, those which make eq. /.s with the line 
through the cen, are equal ; 2nd, of those which fall upon 
the concave 0ce,the^r6a^e5Hs that which passes through 
the cen. ; and of the rest that nearer to the one 
passing through the cen. is always greater than one 
more remote ; but, 3rd, of those which fall upon the 
convex 0ce, the least is that between the given 
, without the and the diam., and of the rest, 
that nearer to the least is always less than one more 
remote ; and 4th, only two eq. lines can be drawn from 
the same . to the 0ce, one upon each side of the line 
passing through the centre. 
ScH. 1. The concave and convex pts of the0ce determined by tangents. 

2. What is meant by the distance of a . from or to a line. 
A)f all st lines from a . out of a line to a given line, the perp. is the least, 
and the lines nearer to the perp. arc less than those more remote ; and 
to a line on one side of the perp. there is only one eq. line on the other 
side of the perp. 
UsK.— If a tang, and sec. be drawn to the same . , the tang, is < aoc.,bat 

>> ext pt. of sec. 
2. By Pr. 7 & 8, and Ax. A, HI, 1st, When one is within another, withont 
toudiing, the distance of the centres, are < the diff. of the radii ; and 
conversely. 2nd, When two 0s lie. each without the other and do not 
m^t the distance of the centres is > the sum of the ladii ; and conversely. 

S. 24. If. a . be taken within & 0, from which there fall more 
than two eq. st. lines to the 0ce, that point ia the 
centre of the 0. 
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Cos. 1. !From any other i than the cen. onfy two eq. st. lines can be 
to the ©ce, whether the . be within, or without the 0. 

2. }<'rom three . s given not in the same st line the Qce of the 
maj be fonnd. 

ScH.— This Plop, gives the criterion for determining the cen. of a 0. 
Uses. Applied, Ist, To draw a through three given . s ; 2nd, To find 

the cen. of a given ; and Srd, To determine the centre of an arc of 

a©. 

10. 25. One ©ce of a © cannot cut another in more than two 

parts. 

ScH. — ^If the ©ces of ©s coincide in three . s thej will coincide in every 
point 

11. 26. If one © touch another internally in any ., the st. line 

joining their centres, being produced shall pass throQgh 
the • of contact. 

ScH. — ^When the distance between the centres = the diff. of the radii the 

©s touch internaily. 
Use 1. — ^A practically useful method for drawing an oval on any gireD 

major axis may be derived from this Prop. 
2. On the same principle a Spiral is described. 

A Spiral defined and some of its varieties. 

12. 29. If two ©s touch externally in any . , the st. line joinisg 

their centres shall pass through that . of contact. 

UsB.— The drawing of a Serpentine Line, or cima recta^ depends on tliis 
Prop. 

13. 30. One © cannot touch another in more points than one, 

whether it touches it on the inside or the outside. 

ScH. 1, 2. — A direct method of demonstration substituted for the indirect. 
Use. — Prop. 10, 11, 12 and 13, explain the motion of the Planets in 
Epicycles. 

14. 32. Eq. st. lines in a © are equally distant from the centre ; 

and conversely, 

Son. — A principle employed in Prop. 14 & 16 is tliis ; if A -f B = C + D, 
then if A = C, B = D ; if A > C, B < D ; if A < C,B >D. 

15. 33. The diam. is the greatest st. line in a © ; and of all 

others that nearer to the cen. is always greater than 
one more remote : and the greater is nearer to the oen* 
than the less. 

ScH. The longest chord is the diam. ; tlie sliortest through a giyen . , tbat 
perp. to the diam. 
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Use. Prop. 14 & 15 employed, 1°. To show that ©s of latitude ditaiinish 
towards the poles ; 2*^. In constructing the Astrolabe, 3°. In determi- 
ning the position of greatest efiect for a given lev€r. 

16. 36. The st. line at rt. Z.s to the diam. of a 0, froiri the ex- 
tremity of it, falls without the ; and no st. line can 
be drawn from the extremity between that st. line and 
the 0ce, so as not to cut the ; o?', which is the same 
thing, no st. line can make so great an acute Z. with 
the diam. at its extremity, or so small an Z. "with the 
st. line at i*t. /.s to it, as not to cut the 0. 

Cob. 1. If a St. line be drawn at rt /.s to any diam. of a 0, from its ex- 
tremity, it shall touch the at the extremity ; and a st. L. touching the 
at one , shall touch it at no other point. 

2. By 28, 1, st lines at rt. ^s to the extremities of the same diam. 
are parallel. 

3. Tangents to a &om the same , arc equal. 
ScH. The 16th Prop, may be proved directly. 

Use. By this Prop, we can prove, 1°. The infinite divisibility of linear 
magnitudes ; 2°. The distances and heights of objects on the earth's sur- 
iajcey when they are situated on the verge of the natural horizon. 

18. 41. If a st. L. touches a 0, the st. L. from the cen. to the , 

of contact shall be perp. to the line touching the 0. 

Sen. Prop. 16 & 18 may be regarded as the converse of each other. 
Use. To draw a tang, to each of two given circles. 

19. 42. If a st. L. touches a 0, and from the . of contact a st. 

L. be drawn at rt. /. s to the touching Hne, the cen. of 
the shall be in that line. 

ScH. In concentric 0s all chords of the gi-eater touching the less are 
eq. and bisected at the . of contact. 

Use. Tangent lines are employed, 1°. in Optics to determine the part of 
the earth enlightened by a meteor, &c. 2°. To ascertain the earth's 
diam. ; 3°. To explain the Phases of the Moon ; 4°. To trace the 
of the physical horizon, and 5°. in Dialling to calculate the Hour Lines. 

20. 44. The Z at the cen. of a is double of the Z. at the0ce 

on the same base, ,i e., on the same part of the 0ce. 

Cob. Any /. at the 0ce is measured by half the arc on which it stands. 

ScH. 1. The reasoning assumes, that among 4 Ms, A, B, C, D, if A = 2 B, 
and C = 2 D, then A+ C = 2 (B + D) ; also that if M = 2 M', and 
(M— a) = 2 (M— a) then the remainder of '^ = 2 the remainder of M'. 
Another method of proof given for Case 3, Prop. 20. 

2. If Euclid's def. of an /_ be strictly adhered to, Prop. 20 not universally 
true. 
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3. Demonstrations may sometimes be arranged as a Simple JSquatioQ. 
Use. This Prop, applicable to Trigonometry and Astronomy. 

21. 47. The Z.s in the same segmexit of a are eq. to one 

another. 

Cor. If on the base of a A* there be described a seg of a 0, the vertex 
of the A shall fall without, or within, or upon the arc, as the vert. /_ is 
<, >, or = the Z_ in the segment. 

Sen. The ^ at the 0ce has for its measure one half of the arc on which it 
stands. 

Use. Applied, 1°. To construct a building so that the spectators may 
all »ee'an object imder the same /_ ; 2°. To bisect an /_ ; 3°. To con- 
struct a fig, representative of the distance of the place of obaervation 
Irom an object. 4°. To draw the arc. of any on a large scale. 

i?2. 49. The opp. Z.s of any quadril. figure inscribed in a are 
together eq. to two rt. /. s ; and Cor. 1. conversely. 

CoR. 2. If any side of a quadril. in a be produced the ext. /__ = int- 
opp. /_. 

3. If two chords cut off sim. segments from the same or difierent 
0s, the other segments will also be similar. 

4. If opp. /.s of a quadril. be equal they must be both xt, /_s. 
Use. AppUcable to the Construction of the Tables of Cords, and in Trigo- 

nometiy. 

23. 51. On the same st. L. and on the same side of it there can- 
not be two sim. segments of s, not coinciding with 
one another. 
ScH. This Prop, the same in principle as the 7th bk. I. 

2i. 52. Similar segments of 0s on eq. st. lines are eqnal to one 
another. 
Con. 1. Sim. segs. having eq chords have also eq. arcs. 

2. Sim. segs. having eq. chords are parts of eq. circles. 

3. If the radii, and ^s of sectors are eq., the sectors themselTes are 
equal. 

Use. By this Prop, curved lined figures are often reduced to zectilineflU. 

2G. 5G. In eq. 0s, eq. Z.s stand upon eq. arcs, whether they be 
at the centres or the 0ces. 

CoB. 1. If the opp. /,s be eq. their opp. diagonal must be a diam., and the 
seg a semicircle. 

2. In the same or eq. 0s one central or circumferential ^ is <, =. 
or > another, as the arc of the one is <, =, or > the arc of the other. 

3. The diameters intersecting at rt 2.<b divide the 0ce into four eq. 
arcs. 

4. When the sum of the central ^s = 4 rt /.s, the soia of their arcs 
^ the whole 0ce. 
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5. When the snm of the ^s at the 0ce = 2 rt. /,s, the smn of 
their arcs also ^ the whole 0ce. 

6. Sim. arcs, of eq. Qs are equaL 

7. Par. chords of a intercept eq. arcs. 

8. If two, chords intersect within a 0, the sum of the intercepted 
arcs ^ the arc which the /_ would intercept at the 0ce, that is eq. to 
the Z_ under the chords. 

9. If two chords intersect at a . without a 0, the difference of the 
arcs which they intercept is = to the arc, which an /_ would intercept 
at the 0ce that is eq. to the /, under the chords. 

Us£. Applied to iind tJie true central /. of an imperfect theodolite. 

27. 59. In eq. 0s the Z.s which stand upon eq. arcs are eq. to 
one another, whether they be at the centres or the 
0ces. 

Cob. 1. In the same or eq. 0s, the sector^ on eq. arcs are equal ; and 
converseli/. 

2. If the chords of a are parallel, they intercept eq. arcs ; and 
vice versa. 
BcH. 1. What is true of eq, 0s, is true of eq. arcs in the same 0. 

2. The sum of the /_8 at the cen. of a = 4 rt /.s ; and the sum 
of the /.s at the circumference = 2 rt /.s. 
Use. By this Prop, a . parallel through a given . may be drawn. 
2. To ascertain the Area of a Sector. 

2S. 61. In eq. 0s, eq. st. lines cutoff eq. arcs, the greater = the 
greater, and the less to the less. 

29. 62. In eq. 0s, eq. arcs are subtended by eq. st. lines. 

CoR. 1. In the same or eq. 0s, eq. sectors stand on eq. arcs; and con- 
versely. 

2. St. lines which intercept eq. arcs are parallel ; and par. st. lines 
intercept eq. arcs. 

.Use. In Spherical Trigonometry Prop. 26, 27, 28 and 29, are of continual 
use. 

31. 66. In a 0, the /. ina semicircle is a rt. /., but the /. in a 

seg. > a semicircle is < a rt. Z ; and the Z. in a 

seg. < a semicircle is > a rt. /_ . 

CoR. If one /_ oi a, A^Q eq. to the other two, it is a rt /_. 

SCH. 1. Conversely f The seg, containing an acute /. is > a semicircle ; and 
the seg. containing an obtuse /_ is -^ & semicircle. 
2. Lardner*8 elegant and brief demonstration of 31. HI. 
68. • Use. Problems derived ; 1°. Prom a . m a line or at its extremity 
to draw a perp. ; 2°. Prom a . without a Une to draw a perp. ; 3°. 
Prom a , without a © to draw a tangent ; 4°. By means of a Square 
to find the centre of a ; 5°- To try if Squares are exact. 
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32. 69. If a St. L touches a ©, and from the . of contact a 
st L. be drawn cutting the © ; the £_ s which this line 
makes with the line touching the 0, shall be eq. to the 
/.s in the alternate segs of the 0. 

Cor. 1. Conversely, K from the end of a line cutting the 0, &c. 

2. If two or more 0s touch each other, and through the , of con- 
tact two St. lines be dra^vn meeting their 0ces, the chords of Uie inter- 
cepted arcs will be parallel. 

3. If two or more 0s touch each other, at a com. point of contact, 
any line passing through the . of contact will cut off sim. segs. from 
each. 

4. In an cquil. A, if the sides be bisected, and St. lines be drawn 
joining the . s of bisection, of those lines, two will be tangents to 
the 0, which passes through the ends of the other line, and the ang. 
point opp. to that line. 

5. Tangents through the extremities of the same chord, make the /_s 
on the same side equal. 

6. If tangents are par., the line joining the . s of contact is a diam. 

Use. 1. This Prop, preliminary to the 33rd, and required for yarions 
Theorems. 

35. 77. Veri/ important If two st. lines cut one another within 

a 0, the rect. under the segments of one of them ^ 
the rect. under the segments of the other. 
Cob. Conversely y If the rectangles be equal &c. 

ScH. Or, If two chords of a cut one another, the rectangles under their 
segs. terminating in the . of section shall t)e eq. 

The terms ordinate and abscissa explained. 

Use. 1. If of two eq. 03, the centres be each on the 0ce of the other, and a 
com. chord be di*awn || to the line joining the centres, then the lines joining 
the . s where the com. chord cuts the 0s and the exti'emities of the lines 
joining the centres, form / 7 s: 2. To find a line which is a fourth 
propl. to three given lines, or a third propL to two given lines. 

36. 81. Important, If from any . without a two st. lines be 

drawn, one of which cuts the 0, and the other touches 

it; the rect. under the whole line which cuts the 0, 

and the part of it without the 0, shall be = the sq. 

of the L. which touches it. 

^ Cor. 1. If from any . without a there be drawn two st. lines cutting it; 

then the rectangles under the whole lines and the parts of them wiUiout 

the shall be = to one another. 

CoR. 2. If from the same, two tangents be dra^vn to the same ©, they 

are equal. 
ScH, Or, If any chord of a be prod, to cut a tang, to the same 0, the 
sq. of the tang, shall be = the rect. under the segs. of the chord 
produced. 
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Use 1. In any semicircle if from the extremities of the diam. chords 
be drawn intersecting within the semicircle ; then the sum of the 
rectangles under any two such intersecting chords and the sections of the 
chords between the extremities of the diam. and the intersecting . , shall 
= the sq. on the diam. 

UsB. 2. The Art of taking a true Level is deduced from this proposition ; 
1° Plan of a Field Book; 2° The measuring of an Ascent. 3° Correction 
for curvature. 4° Deviation of the horizontal from the true level. 
6° Distances of the horizontal boundary. 6° Sum of the horizons when 
taken. 7° The earth's diam. ascertained. 

37. 85. If from a . without a there be drawn two lines, one of 

which cuts the ©, and the other meets it; if the rect. 

contained by the whole L. which cuts the ©, and the 

part of it without the ©, be eq. to the sq. of the line 

which meets it, the L. which meets shall touch the ©. 

Cor. Tangents from the same . without a © are equaL 

Use 1. Through two given . s to describe a © touching a given ©. 

2. Prop. 35, 36 and 37 are amongst the most important in Plane Geometry-. 

The earth's diam. calculated from them by Maurolico in the 16th 

century. 

Eemarks. 

The Propositions of Book III, classified under^wc general heads. 

Of the 37 Propositions six only are Problems. 

Twelve others have been deduced. 

Problems might be given for drawing ©s which are tangents to two 

or three given ©s, &c. 
5. 89. Several of tlie Principles of Levelling and Surveying, and of making 

Geographical and Astronomical Observations laid down. 
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METHODS OP CONSTRUCTING REGULAR STRAIGHT-LIKED FIGURES IN AND 

ABOUT A CIRCLE &C. 

91. Excepting Pr. A, Theor., the fourth book consists 
entirely of Problems. 

This book of essential service in Astronomy, and in Civil and Military 
.Engineering. 

Def. 1—7 pp. 92, 93. Euclid's Definitions. 

g — 10 97. Definitions additional to those of jE^wcZe J. 



1. 


87. 


2. 


87. 


3. 


88. 


4. 


88. 
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SIXTEEN PROBLEMS A2n> OKB THBOBSV. 

Prop. 1, 2, 3, 4, 5;-Prop. A;— Prop. 6, 7, 8, 9, 10, 11, 12, 13, 14, 

15, 16. 

1 . 94. In a given to fit exactly a rt. line =i a given rt. line, 

which is not greater than the diam of the 0, 

UsB 1°. Within a given to place a line of a given length, not greater 
than the diam. of the given 0, which line shall pass through a 
given . in the 0ce. 

2°. To draw that diam. of a which shall pass at a given distance 
from a givwi point. 

2. 95. In a given to inscribe a A equiangular to a given a . 

ScH. The analysis given. 

Use. An equil. A, being inscribed in a0, and through the angular . s 
tangents being drawn, these tangents will also form an equiL A, the 
area of which is four times that of the inscribed equil. A. 

3. 97. About a given to circumscribe a a equiangulixr to a 

given A. 

Sen. The analysis of the Problem. 

4. 99. To inscribe a in a given triangle. 

ScH. 1. Or, to describe a to touch three given lines not parallels. 
Analysis. 

Use. 1. If three /I s of a A he bisected by sL lines, these lines will inter- 
sect in the same point. 

2°. An expression deduced for the Area of a A; and for the Had. of the 
inscribed 0. 

3° The Properties of Circles exacrihed to a triangle.. 1. The bisectors of 
any int. /. and of the remaining two ex. /_%; 2. The rad. of the 
exscribed may be found in numbers; 3. A Formula for the Area of 
a A in the terms of the sides; 4. Expressions /or the radii of the three 

exscribed 0«; 5. Area of A = >/ r r' r^ r"; 6. In a rt. /.d A the 
diam. of the inscribed = the.diffl of the sum of the sides and the hjrp.; 
and the diam, of the exscribed to the hyp. =: the perimeter of the A- 

5. 102. To circumscribe a circle about a given triangle. 

Cob. 1. When the cen. of the falls within the A, each ^1 is an acute 
/_; when on a side of the A, the /_ opp. that side is a rt /_ ; and when 
without the A, the /_ opp. the side nearest the cen. is an obt. /^; and 
conversely. 

Cob. 2. The perps. bisecting the sides of a A meet at the een. of .the 
circumscribing 0. 

Cob. 3. Perps. from each ^ on tSie opp. side intersect in the tBme point 

ScH. With what this proposition is identical. 
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UsB. 1( one be inscribed in an eqnil. A and ano&er circntnsciibed 

flbdnt it, the 0s are concentric, and the rad. or the diam of one is douhh 
the lad. oor the diam. of the other. 

A. 105. Theor. a circle may be described about any reg. 

polygon, or inscribed within it; and conversely. 

Uml 1. The constraction of a r^. polygon ; 2. To inscribe a polygon in 
a given j 3. To circumscribe a polygon ; 4. The Area of a rejr. 
polygon ; 5. The Area of a 0. 

6. 106. Prob. To inscribe a square in a given circle. 

Con. The Sq. on the rad. of an inscribed is ^ the sq. inscribed in a 0, 

and \ the sq« on its diameter. 
Use. By bisecting the arcs, and joining the . s of bisection an octacon 

may be formed, &c. 

7. 107. To circumscribe a square about a given circle. 

Coa. In the same the circumscribed square = twice the inscribed square. 

UsB 1. To inscribe and to circumscribe a reg. octagon. 

2, A reg octagon inscribed in a = rect. under the sides of the 
inscribed and circumscribing squares. 3. If a quadril. be circum- 
scribed about a 0, any two of its opp. sides = ^ the perimeter. 

8. 109. To inscribe a circle in a given square. 
ScH. To inscribe a circle in a given quadrant 

0. 111. To circumscribe a circle about a given square. 

10. 112% To eoastruct an isosc. a, having each of the Z.s at the 

base double of the third, or vertical angle. 

Use 1. In the iig. constructed for Prob. 10, the side AC inscribed in the 
smaller 0ACD = the side of a pentcmn in that 0, and also = tlie 
side of a reg. decagon in'the larger BDE. 

2. On the side "DC being produced to meet the BDE in F, and 
11B being joined, the Z. ABF = three times /.BFD. 

3. To quinquisect, i- e., divide a quadrant into five equal parts, &c. 

11. Il5v To inscribe a& equil. and equiangular pentagon in a given 

circle. 

ScH. 1—4. Bemarks on reg. polygons* 5. Formal® for determining the 
relatiTe magnitudes of the /.s of isosc As to be used in the construc- 
tion of reg. polygons. 

Use. 1. To draw a A = in area to a given polygon. 

2. The lines joining the alternate /.s of a reg. pentagon, will form 
another reg. pentagon ; and the . s of intersection of the alternate sides 
produced will also form another reg. pentagon. 

12. 118. To circumscribe an equU. and equiang. pentagon about a 

given circle. 
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Sen. If the 0ce of a be divided into any number of parts, the chord 
joining the . s of division shall include a reg. polygon, inscribed in the 
; and the tangents through those . s shall include a reg. polygon of 
the same number of sides circumscribed about the 0. 

13. 120. To inscribe a circle in a given equil. and equian. pentagon. 

14. 121. To circumscribe a pircle about a given equil. andequiang. 

pentagon. 

ScH. 1. To circumscribe a reg. polygon about a given circle. 

2. To inscribe a circle in a reg. polygon. 

3. To circumscribe a circle about a given polygon. 

Addenda to 14, IV. 1. To analyze the conditions on which the 

drawing of a reg. decagon and a reg. pentagon depends. 
2. To demonstrate, that the sq. on the side of a reg. pentagon inscribed in 
a = the sum of the squares of the rad., and of the side of the inscribed 
decagon. 
15. 124. To inscribe an equil. and equiang. hexagon in a given 
circle. 

CoK. 1. The side of a reg. hexagon inscribed in a is = the rad., or 
semidiam, of the circle ; or the chord of 60° = the rad. 

2. An equil. A would he inscribed by joining the alternate . b in the 
hexagon. 

3. Every equil. fig. inscribed in a is equiangular. 
ScH. 1. The opp. sides of a hexagon are parallel. 

Use 1. On a given L. to describe a reg. hexagon. 

2. The inscribed hexagon in a is three-fourths of the area of the cir- 
cumscribed hexagon. 

4. Half the rad. = sine of 30°. 

5. The inscribed hex. and the successive bisections of its arcs, the 
ground-work for finding the approximate ratio of the Q; i. e.fO/aQ to its 
diameter, O r& Square may be taken as the ground-work of the process. 

16. 128. To inscribe an equil and equiang. quindecagon in a given 
circle. 
CJoB. The only reg. st. lined figures which can be placed, side by side, so as 
to make a continuous plane surface, are the equil. A, the square, and. 
the hexagon. 
ScH. 1. To circumscribe a reg. quindecagon about a circle. 

2. To find the arc subtending a side of a reg. thirty-sided figure. 
Use. This Prop, opens the way for the co7istruction of other polygons. 

Observations on Polygons. 

1. 130. 1. The /our known ways of dividing a geometricallj. 

2. 130. II. To many polygons we must apply an approximate 

process. 
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1. In a giren to inscribe any reg. rt. lined fig. ; or to divide the 0oe 
of a into any assigned number of eq. parts. 

2. Approximative Method,— for the Heptagon, Nonagon, &c. 

3. 132. III. 1st. To find the magnitade of an L at the centre ot 

a reg. polygon. 

2nd. To find the magnitude of an Z. formed by \mo 
adjacent sides of a polygon. 

4. 133. IV. On a given rt. Line AB to construct a reg. polygon. 

1. The Formula, rr = one of the eq. /. s of the polygon. 

2. The Line X tabular rad. = units of length in the rad. of the ckcnm- 
scribing 0. 

6. 134. V. The Area of a reg. polygon = — — - x the perp. 

from the^ centre. 

By using the Table, AB * X tabular Area = Area of reg. polygon. 

€. 135. VI. Dodson's Tables for calculating and constructing 
Polygons of not more than 12 sides. 
1**. When the length of the side = 1. 
2®. When the radius of circumscribed 0^1. 
3°. When the radius of inscribed 0=1. 
4°. When the area = 1. 

7. 137. VII. Polygonal numbers, their nature and construction. 
To find the numbers which bear the name of an n — sided figure. 

6. 138. VIII. The nature and Construction of Star-shaped Poll/- 
gons, I. €, reg. polygons with re-entrant angles. 

Ebmasks. 

I. 139. Classification of the 16 Problems under ^00 general heads. 
•2. 139. Theoretical Reasoning in Geometry guides to most imiwrtant 
Practical results. 
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'The Theory of Propobtio.v, or of the Comparatite MAONrruDES or 

Plane Fioures. 

141. Book V. independent of the preceding books, — ^its subjects, ratio and 
proportion. 
Illustrations to be derived from Algebra and Arithmetic. 

c 2 
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The Theoiy of Praportion an applicaticm of Nmnbers to tito imrposes 
of Plane Greometiy. 

SOMB FfiOPEBTIBS OF FjlOPaBTIQCIAL NUMBSSS, 

142. Knmbers compared either by their difference or their quotient. 

Identity in the diff. of three or more numbers constitates Arithmetical 
Proportion ; in the quotient^ Geometrical Proportion. 

Extremes, means, antecedent, consequent ; Batio how expressed. 

Various Knles, 1 — 6 modifying a Proportion, all depending on the 
principle, ** resulting equations are equaUy true, whenever the thing 
which is done on one side of an equation is also done on the other side." 

143. Essential Property, or Criterion of numbers in true Proportion. 
When three terms of a Proportion are given the fourth may be found. 

144. Other important Properties of numbers in proportion, — ^variatioas and 
combinations ; \°, Multiplicando, 8c Dividendo ; 2°, Alternando, & 
Invertendo; 3°. Componenao, & Dividendo; 4°, AddendOy & Suhtrahendo ; 

146. Compound IUtio ; resulting products of corresponding antecedents 
and consequents will be in proportion. 

Like Powers and Boots of Proportionals are also in Proportion. 

147. Irrational numbers and Incommensurablss. 

EUCLID'S THEORY OF GEOMETBICAL PB0P0BTlO». 

148. Named the Elements of Mathematical Logic. 

The Definitions and Propositions of Bk. Y. may be extended to etreiy 
species of quantity and magnitude. 

DEFINITIONS, POSTULATES, AXIOM0. 

1. 148, A part, — i. e., aliquot part, or stLbmnltiple. Magnitudes 

compared must be of the same kind. 

2. 149. A multiple. Equimultiples. Commensurable and In- 

commensurable magnitudes. 

3. 150. Batio, what. The how great the hinge on whicli the 

def. turns. 

A Batio expressed hj two terms, — antecedent, consequent Kcmerical 
Batio. Measure of a Batio. Inyerse or Beciprocal Batio. 

4. 151. Magnitudes, when said to haye a ratio to one anotber. 

Multiplication and Division in Geometry, what thej are. 

5. 151. Definition of Proportion, — magnitudefi haying the satne 

ratio. 
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The Criterion for determining the equality of Batios. 

Applicable to aU magnitudes, incommensurables and 4X>i9mQnsi2rablefi. 

Batios when thej are the same. 

6. 152. Magnitudes whi'sli have the same ratio are called propor- 

tionals, 

7. 153. When a Magnitude has a greater ratio, — ^when a less, 

8. 153. Analogy or Proportion is the similitude of ratios. 

9. 153. Proportion consists in three terms at least. 

10. 153. The Duplicate Baiio^-r-i^hsn. three magnitudes are pro- 

portionals. 

T^e Duplicate Katio expressed algebraically aKd arithmetically. 
Sach magnitudes in continued proportion. A mean Proportional. 
Double J^tioAnd Duplicate lUtio not to be confonnded. 

11. 154. Triplicate Batio, quadruplicate, (&c. 
A 155. Of Compound Ratio, — ^with examples. 

B. 155. Progression on the lengths of chords producing musical 

sounds. 

The Ist : 3rd c= 1st ou 2nd : 2nd rsj 3rd. 

Three st. lines when in Harmonical Progression. Harmonical Mean. 

12. 156. Terms when homologous, or corresponding. 

TECHNICAL WORDS TO DENOTE CHANGES IN THE ORDER OP 

PROPORTIONALS. 

l^.^For Four Proportumals, 

156 — 8. Def. 13. Permutando, or altemando ; Def. 14. Inver^ 
tendo ; Def. 15. Componendo ; Def. 16. Dividendo; D6f. 
17. Coiwertendo, Conjungendo. 

2°. — For any nwmber of Proportionals above Two, 

158-^160. Defp 18. Ex teqtiali (so. distantia) or ex aquo; 
jPef. 19. £Jx mquali^oT ex (Bquo ordinate; Def. 20. Ex 
mquali in proportione perturhatd seu, inordinatd, or ex cequo 
pertubate, 

FosTC^47lu» 1 And 2 p. 161. 

3. 173. Three Ms being given, A,B,C, there is a 4th M., as x, to which C has 
tiie same ratio, as A to B, t. e., A : B = C : a. 
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Axioms. — 1 — 4 p. 161. 

Algebraical Expressions, &c., p. 161. 

ONE PBOBLEM. — PROP. N. 

N. 237. To find a common measure of two lines. 

Cob. 1. The greatest com. meas. of the rem. and lesser M. is also the greatest 
com. measure of the two Ms. 

2. Any aliquot part or subm. of a com. meas. is a com. measure. 

3. By repeating the process with the rem. and 'the lesser M., and again 
with the new rem. (if there be one) and the preceding, and so on, the 
greatest com. meas. of two given commensurable Ms. may be found. 

4. Any two conunensurable Lines are to one another as the numbers 
denoting the no. of times that they respectively contain their com. mea- 
sure. 

239. ScH. When Ms are incommensurable. 

Use. To find the greatest com. measure of two nimibcrs. 

Euclid's theorems abe twentt-five,— the subsidiabt foubtben. 

Prop. 1, 2, 3, 4, 5, 6 ;-A, B, C, D ;— 7 A ;-7, 8, 9, 10, 11, 12, 13, 14, 15, 16. 
17, 18, 19 ;— E ;— 20, 21, 22, 23, 24, 25 ;— F, G, H, K, L, M ;— O, P. 

1. 162. If any no. of Ms be equims. of as many, each of each; 
what m soever any one of them is of its part, the same 
shall all the first Ms be of all the other. 

Cor. The sum of the equimultiples = the equimultiple of the sum. 

ScH. If to a m of a M. by any number a m of the same M. by any num- 
ber be added, the sum will be the same m of that M that the sum of the 
two numbers is of unity. 

OoR. 1, Thus, as A = m E, B = n E, C = p E, &c, A + B + C = 
(m + n 4- p) E. 
2. Also iiiE+?iE-fpE=(m+n+/>)E. 

2 164. If the first M be the same m of the second that the third 
is of the fourth, and the fifth M the same m of ihe 
second that the sixth is of the fourth ; then shall the 
first + the fifth be the same m of the second, that the 
third + the sixth is of the fourth. 

CoR. If AB, BG, GH, &c., be mults. of C. and as many, DE, EK, KL, 
&c., the same nw of F, each of each, then AH, i. c, (AB + BG + GH 
&c.) the same ms of C, that DL, ?. e., (DE + EK -f- KL) is of F. 
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ScH. If the 1st of three Ms contain the 2nd as often as there are units in 
a certain nmnher ; — and if the 2nd contain the 3rd also as often as there 
are units in a certain number, the Ist will contain the third as often as 
there are units in the product of these numbers. 

3. 165. If the 1st be the same m of the 2iid, which the 3rd is of 

the 4th; and if of the 1st and ord there be taken equims; 
these shall be equims, the one of the 2nd, and the other 
of the 4th. 

Cob. If A, A' be equims of B, B', and also of C, C ; and if B be a m of C, 
then B' is the same m of C. 

ScH. If A : B = C : D, and m A, m C, n B, » D be taken, then m A : 
nB = m C : n D. 

Cob. When » = 1, then m A : B = m C : D. 

4. 1G7. If the 1st of four Ms has the same ratio to the 2nd which 

the 3rd has to the 4th; then any equal ms whatever of 
the 1st and 3rd shall have the same ratio to any equims 
of the 2nd and 4th. 

Cob. 1. If the 1st has the same ratio to the 2nd, which the 3rd has to the 
4th, then also any equims whatever of the 1st and 3rd shall have the 
same ratio to the 2nd and 4th ; «o, the 1st and 3rd shall have the same 
ratio to any equims. whatever of the 2nd and 4th. 

2. If 4 Ms are propls, they will be propls by inversion. 

3. If A : B = C : D, then A : _2 = 2^ : E. 

' 2 2 3 3 

Appl. Hence in the rule for Simple Proportion in Arith., — divide the 1st 
and 2nd terms by any com. measure and make use of the results. 

5. 170. If one M. be the same m of another, which a SJ» taken 

from the 1st is of a M. taken from the other; the rem. 
is the same m of the rem., that the whole is of the 
whole. 

ScH. If from a »i of a M. by any number, a m of the same M. by a less number 
be taken away, the rem. wiU be tiie same m of that M. that the diifl of 
the numbers is of unity. 

CoB. When m — ra = 1, then inA=nA= ; or2A — A=A. 

6. 171. If two Ms be equims of two others, and if equims of these 

be taken from the first two; the rems are either = 
these others, or equims of them. 

ScH. Pr. 1—6 chiefly useful to establish, by the method of equims. the 

Props, which follow. 
Postulate. Three Ms, A, B, C, being given, there is a 4th'M., as Xy to 

which C has the same ratio as A to B ; i. e., A : B = C : x. 
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A. 173. If the 1st of four Ms has the same ratio to the 2nd which 

the 8rd has to the 4th; then if the list be > the 2nd, 
the 3rd is > the 4th; and if =, = ; if < <. 

Use. For 26, V ; 21, VI ; 34, XI, and 15, XIL Simson added Props.A, 
B, C, V. 

B. 174. Tnvertendo. If 4 Ms are propls. they are propls. also when 

taken inversely, 
ScH. Or the Pr. maybe stated, " The reciprocals of eq. ratios are eq. to one 
anotfao'.'' 

C. 175. If the 1st be the same m of the 2nd, or the same part, 

i. €., subm. of it that the 3rd is of the 4th, the 1st: 2nd 
= 3rd : 4th. 
ScH. Four Ms in proportion by Def. 5, V. ave also in proportion by Def. 

20, Bk. vn. 

D. 178. If the 1st be to the 2nd as the 3rd to the 4th, and if the 

1st be a m, or pt of the 2nd, the 3rd is the same m or 
the same pt of the 4th. 

7. A. 179. The ratio of two lines is the same as that of the 
numbers which express the number of times that any 
third line is contained in them respectively. 

7. 181. Equal magnitudes have the same ratio to the same M., 

and conversely. 

Cob. If a rat. A : C, compound of two ratios A : B, and B : C, be a rat. 
of equality one of them must be the inverse or reciprocal of the other ; 
i.^e. A : B ia the inverse or reciprocal of B : C. 

8. 183. Of two uneq. Ms, the gr. has a gr. ratio to another M. 

than the less has; and conversely. 

9. 185. Ms which have the same ratio to the same M. are eq. to 

one another; and those to which the same M. has the 
same ratio are eq. to one another. 
Cob. a ratio compounded of two ratios, of which one is the reciprocal of 
the other is a ratio of equality. 

10. 187. That M. which has a gr. ratio than another has unto the 

same M. is the gr. of the two; and that M. to which 
the same ratio has a gr. ratio than it has nnto another 
M. is the less of the two. 

11. 188. Ratios that are the same to the same ratio, are the same 
to one another. 
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CUm. I. if A : B = C : D, but C : D > or < B : F, then A TB > or < 
E : F. 

2. If A : B > or < C : D, and C : D = E : F, then A : B > or < 
E: F. 

12. 189. If any nnmber of Ms be propls, as one of the antecs is to 

its conseq., so shall all the anteceds taken together be 
to all the conseqs. 

13. 191. If the 1st: 2nd = 3rd : 4th, but the 3rd : 4th > 5th: 

6th ; the 1st : 2nd > 5th : 6th. 

CcHt K A • B > or < B : E, but C : D = E : F, then A : B > or < 
E : F. 

14. 103. If the 1st : 2nd = 3rd : 4th ; then if the 1st > 3rd, tiie 

2nd > 4th; and if =, =, and if <, <. 

Cor. If a : B = C : D, and if B > = or < D, then A > = or < C. 

15. 1 94. Ms have the same ratio to one another which their equims 

have. 

Cob. I. Ms hs^e the same ratio to one another which their eq. submnlts. 
have. 

2. If A : B = C : D, then mA: mBssnC: nD. 

3. Also ^:B = C, D 

2 2 3 3 

1€. 196. Alternando, If 4 Ms of the same kind be propls, they shall 
also be propls when taken alternately. 

197. Use 1. If to the terms of a rat. the same M. be added, the rat. will be 
unchanged, increased, or diminished, according as it is a rat. of equality, 
of less inequality, or of greater inequality. 

2. If an the terms, ur any two homol. terms, or the terms of either of 
the ratios c^ proportion, be multiplied or divided by the same number, 
the resulting Ms will remain propl. 

17. 199. Dividendo. If Me taken jointly, be propls, they shall also 
be propls when taken separately; t, e., if two Ms. 
together have to one another the same ratio which two 
others have to one of these, the rem. one of the first 
two shall have to the other the same ratio which the 
rem. one of the last has to the other of these. 

Con. 1. Convertendo. If A : B = C : D, then A:ArvB = C: CojD. 

2. The greatest of four propls + the least > the other two. 

3. If A : B : C, then A + C > 2 B ; and A±^ > B, 

Use. The arith. mean between 2 Ms is > the geom. mean. 
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18. 203. Componendo. If Ms taken separately be propls, thej dudl 
also be propls when taken jointlj, by composition ; 1. 1. 
if A : B = C : D, then A + B:B = C + D:D. 

Use. Addenda, If A : B = C : D, then A:A + B = C:C + B. 

19« 207. If a whole M. be to a whole, as a M. taken from the first 
is to a M. taken from the other ; the rem. shall be to 
the rem. as the whole to the whole. 

Cob. 1. Also the rem : rem. =. IC from the 1st : M. from the other. 

2. If A : B : C : D &c then AouB:Brx;C:C~D&c. will 
form a geom. progression, the snccessiye terms of which hare the same 
ratio with the successive terms of the former ; and Cor. 3, eonven^tf, 

£. 210. Convertendo, If fonr Ms be propls, they are also propls 
by conversion ; t. e. the Ist ts to its excess aboye the 
2nd as the 3rd to its excess aboye the 4th. 

XJsK 1. If any no. of Ms be in contd. proportion, the diff. between the 1st 
and 2nd terms Im to the 1st, as the diff. between the 1st and last is to the 
snm of all the terms, except the last. 

Use 2. In a series of contd. propls., the differences of the snccessire terms 
are also in contd. proportion. 

3. In an infinitely decreasing series of Ms in contd. proportion, the 
Ist term is a mean propL between its excess above the 2nd, and the smn 
of the series. 

20. 212. If there be three Ms, and other three, which, taken two 

and two, have the same ratio; then if the 1st be >, 
=, or < the 3rd, the 4th shall be >, =, or < the 
6th. 
SCH. Also, ifA :;B = C : D ; and B : E = D : F ; then C>, = or < F, 
as A >, =, or < B. 

21. 214. If there be three Ms and other three which haye the same 

ratio taken two and two, but in a cross order, i. e. in 
proportione perturbatd, in disturbed proportion ; then if 
the Ist M be >, =, or < the 3rd, the 4th shall be 
>, ==, or < the 6th. 

SCH. A variation of the Prop, If A : B= C : D ; andB : E =F : C; 
then F shall be >, =, or < D, a« A is >, = or < E. 

22. 216. £x aquali, or ex (Bquo, by equality. If there be any no. 

of Ms and as many others, which taken two and two 
in order, haye the same E. ; the first shall haye to the 
last of the first Ms the same B. which the first has to 
the last of the others. 
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Cob. Rs. compd. of any no. of eq. Rs. in the same order are equal to one 
another. 

ScH. Varied thus ;— If the Ist M be to to the 2nd, as the 3rd to the 4th ; 

and if the second M be to the 5th, as the 4th to the 6th ; then the 1st 

shall be to the 5th, as the 3rd to the 6th. 
TJsE. Proportionals remain propl, miscendoy by mixing ; t. e,', by nsing 

their sum and difference. 

23. 219. Ex cequo perturhato. If there be any no. of Ms, and as 

many others, which taken two and two in a cross order, 
have the same R. ; the first sliall have to the last of 
the first Ms the same R. which the first has to th§ last 
of the others. 

Scaa. Different ways of announcing; Prop. 23. 1 . Rs compd of any no. of 
eq. Rs, but in reverse order, are eq. to one another ; 2. Also for two or 
more series of Ms. 

24. 222. If the first has to the second the same R. which the third 

has to the fourth, and the fifth to the second the same 
R. which tlie sixth has to the fourth ; the first and 
fifth together shall have to the second, tlie same R. 
which the third and sixth together have to the fourth. 

Cob. 1. The excess of the 1st above the 5th, shall be to the 2nd, as the 
excess of the 3rd above the 6 th is to the 4th. 

2. In any no. of Proportions, — if the 2nd is the same throughout 

and aJso the 4th ; then the sum of all the first terms is to the com. 

2nd term, as the sum of all the third terms is to the com. 4th term. 

ScH. Or, " If two series of Propls. have the same conseqs., the sum of the 

first antecs : com. conseq. = siiin of the second antecs : their com. conseq," 

Cob. 1. If two proportions have the same consequents, as A : B = C : D, 

and E : B = F : D, then A-E:B = C — F:D. 

2. If four Ms form a ]M-oportion, A : B = C : D, miscendOf A + B : 
A — B = CH-D : C— D. 

3. In two series A, B, C, D, E, F, &c., and G, H, I, K, L M, &c., — 
if the ratios, A : B, or G : H ; B : C, or, H : I, &c., be the same in the 
two series, then any t^vo combinations of the first series shall be to one 
another as any two similar combinations of the second series. 

25. 226. If four Ms of tho same kind are propls, the greatest + 

the least are > the other two together. 
Cob. If three Ms be propls, the sum of the extremes > twice the mean, 
and half the sum > the mean. 

The Arith. mean is > the geom, mean. 

P. 227. Katios compounded of the same ratios are the same to 
one another. 
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ScH. Eatios compoanded in any order whatever are the same mtk one 
another. 

O. 229. If several Es. be the same to several Es., eacll to each ; 
the B. compounded of Ks. which are the same to the 
first Ratios, shall be the same to the R. compd. of Rs. 
which are the same to the other Bs., each to each. 

H. 280. If a R. compd. of several Rs. be the same to a R. eompd. 
of several other Rs, and if one of the first Rs, or 
the R. compd. of several of them, be the same to one 
of the last Rs., or to the R. compd. of several of them ; 
then the rem. R. of the ^rs^, or if there be more than 
one, the R. compd. of the rem. Rs., shall be the same 
to the rem. R. of the last^ or, if there be more than 
one, to the R. compd. of these rem. Rs. 

K. 231. If there be any no. of Rs., and any no. of other Rs., 
such, that the R. compd. of Rs. which are the same to 
ih^ first Rs., each to each, is the same to the R. compd. 
' of Rs. which are the same, each to each, to the last 
Rs. ; and if one of the first Rs., or the R. compd. of 
Rs. which are the same to several of the first Rs., 
each to each, be the same to one of the last Rs, or to 
the R. compd. of Rs which are the same, each to each, 
to several of the last Rs. ; then the rem. R. of the first, 
or, if there be more than one, the R. compd. of Rs. 
which are the same, each to each, to the rem. Rs. of 
the firsts shall be the same to the rem. R. of the iast, 
or if there be more than one to the R. compd. of Rs., 
which are the same each to each, to these rem, Rs. 
Sen. Propositions F, G, H, & K are frequently made use of ;-^<Si]iiso?('s 
remark. 

L. 234. A compound R. is eq. to the product of its component 
simple Rs. 

M. 235. If there be two fixed Ms., A and B, which are the limits 
of two others, P and Q, (that is, to which P and Q, by 
increasing together, or by diminishing together, ma^- 
be made to approach more nearly than by any the 
same given diff.), and if P be to Q always in the same 
given R. of C to D ; then A shall be to B in ^e 
same R. 



BOOK VI. 427 

« 

Use. This Prop, is extensively applied, and is one of the first steps to the 
higher Geometry. 

O. 240. The diagonal and side of a Square are inGommenstttabk. 

P. 241. If four st. Ls., A, B, C, D, be propls, (whether commen- 
surable or incommensurable,) the rect. under the ex- 
tremes, A . D, will be = the rect. under the means, 
B.C. 

Use The Theoty of Proportion in Arith. and Alg. is ftmnded on this 
tmth. 

243. Examples of Reasoning hy Proportion 1°. —11°. 

« 

244 Remarks on Book V. hy BnjjNOSLEir. 
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THE THEOBlT OF PROPORTION APPLIED FOR COUPARmO THB BIDES AND 

AREAS OF PLANE RECTILINEAL FIGURES. 

247. Billingsley's Summary. 

248. Identity of Form, not of size, the basis of the Comparison. 
The extension given to other truths. 

.249. What the sixth Book establishes stated in general terms. 

DEFrNITIONS. 

1. 249. Similar rectil. figures,— conditions to be fulfilled. 

2. 250. Reciprocal figures, — in what way the sides propl. 

3. 250. A St. L. cut in extreme and mean ratio. 

A L. divided medially, or in medial ratio. 

4. 251. The altitude of a figure. 

SUBSIDIARY DEF. A — F. 

A. 251. A L. harmonically diyided. 

B. 251. A ^g, given in species. 

C. 251. A fig. given in magnitude. 

D — F. 252,3. A CU applied to a st. L. 
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TEN PROBLEMS. 

Prob. 9, 10, 11. 12, 13 ;— 18 ;— 25 ; 28, 29, 30. 

9. 285. From a given st. L. to cut off any measure, or sub- 
multiple. 

ScH. Pr. 10, 1, a particular case of this Prob. 
- Use 1. To divide a given L. into any no. of eq. parts. 

2. To divide a A into any no. of eq. pts,, by lines from a given . in oae 
of the sides. 

3. Given the nth part of a L to find the (n + l)th part 

10. 288. To divide a given st. L. similarly to a given divided st. 

L. ; or into parts that shall have the rat. to one ano- 
ther which the pts. of the divided given st. line have. 

* • 

Use 1. To divide a given st. L. internally or externally, in a ^ven ratio, as 
of M : N. 
2. To find a harmonical mean between two given st. lines. 
0. To find a third harmonical progressional to two given st. lines. 

4. To construct a A oi which one side, the /__ opp. and the R. of the 
other sides are given. 

5. Through a given . to draw a L., which, on being produced, would 
pass through the . s of intersection of two given hues without their being 
produced to meet. The Centrolinead. 

11. 292. To find a third proportional to two given st. lines. 

ScH. Construction requiring the compasses alone. 

Use. 1. To continue a series of Rs. in progression, AB : BC, being the 
given antec. and conseq. 

2. Theorems allied to the last Prob. ; 1°, If a series of Ms. be in cont. 
proportion, their successive difierences are also in cont. proportion, and 
in the same R. 

2°. If a series in cont. proportion be an increasing one, there is no limit 
to the increase of its terms. 

3°. If a series in cont. proportion be a decreasing one, there is no 
limit to the diminution of its terms. 

4°. If a series of Ms decreasing in cont. proportion, be continued, or 
imagined to be continued, to an infinite no. of terms, the sum of all 
the terms, or the Sum of the Series, will be a finite and determinate M. 

3. Problems firom the foregoing principles. 1°. Gregory's Prob. , 
from the two first tenns in a series to obtain the sum of the terms. 2°. 
Of three quantities, the 1st and 2ud terms, and the Sum of the Series, it* 
any two be given, the rem. one may be found. 

12. 298. To find a fourth proportional to three given st. lines. 
ScH. Solution of the Problem by the Compasses alone. 

Use 1. The Sector,^** A large number of rairs of compasses packed up 
one." 
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2. Problems by aid of the compasses and sector ; 1°. To find a fonrth 

propl. to three given lines. 
2°. To find a chord to a rad., from a Sector the rad. of the chord of 

which equals 4 inches. 
3°. To divide a given L. into two pts, * and y, which shall be to each 

other as two lines or nnmbers. 

3. The various Lines on the Sector, and on Guntbr's Scale. 

4. Examples of the use of the Sector. 

5. Other applications, and caution. 

13. 302. To find a mean proportional between two given st. lines. 

ScH. Other constructions ; — formula for numerical calculations. 
Use. 1. Any rectangular parallelogram may be reduced to an equivalent 
square. 

2. Of three lines in cont proportion, any two being given, to find the 
unknown. 

3. Given one of three terms and the sum of the other two, to find the 
two unknown terms. 

4. Of three lines in cont. proportion, if one be given and the difF. of 
the other two, those other two may be found. 

5. To find two St. lines to contain a rect = a given rect. anc( to have a 
given ratio one to the other. 

6. To find any number of means represented by a power of 2, mintts 1. 

Addenda. I. To obtain two mean propls. between two given st. lines ; 
1°, Plato's method of a perp. moveable along a side of a sq. 
2°. Philo's method of a graduated ruler revolving round the vertex 
of art. /_. 
8°. The method of Dks Cartes, with a collection of rulei-s. 

308. U. The' Trisection of a rectilineal /_. 1°. The Trammel of 

NicoMEDEs, a T square with a moveable ruler. 
2°. By this instrument to trisect a given ^. 
3°. Cooley's Tentative Method. 

18. 324. Upon a given st. L. to describe a rectilineal figure, similar 
and similarly situated to a given rectilineal figure. 

ScH. 1. A more simple way for making a rectil. fig. sim. to a given rectiL fig. 

2. To construct a recdl. fig. sim. to a given recti!, fig., and having its 
perimeter = a given st L. 

3. Figures of the same species with different areas on the same rt. L. 

4. Sim. As and polygons are to one another as the squares of their 
homol. sides. 

UsB. Nearly all the practical methods of taking a Plan or Map, founded on 
this]^p. 

25. 844. Of extensive use. To describe a rectil. figure which shall 
be sim. to one and eq. to another given rectil. fig. ; t, e, 
eq. in area. 
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SoQ, The chief poisi hi this Frob. is to find it oaean propl. 

UsB^ While we keep the same area, we can change the fonn. 
28. 350. To a given st. L. to apply a paraUelogram :;= a given 
rectil. %., and deficient by a parallelogram sini. to a 
given / 7 j bnt the given rectil. fig. to whieh the 



to be applied is to be eq., mnst not be greater than tlie 
/ 7 applied to half of the given L, having its defect 
sim. to the defect of that which is to be applied ; t. e. 
to the given ZZZ7. 

ScH. 1. To divide a given st L., so that the rect, contained by the segs. 
may be eq. to a given space, as the sq. on G ; but that given space most 
not be gr. than the sq. of half the given L. 

2. To inscribe in a given A a r 7 eq. to a given fig. notgr. than the 
TnaxiTrnim inscribed / 7 . and having an /. in com. with the A. 

Use 1. To a given st. L. to apply a rect., deficient by a Sq., which rect. 
shall be eq. to a given square, that on line ; bnt the given sq. on C 
mnst not be gr. t^n the sq. on the half of the given L, 

2. To a given st. L. to apply a rect., which shall be eq, to a given 
rect, and be deficient by a square ; but the given reot mnst not be gr. 
than the sq. upon half die given line. Other enunciations. 

29. 354* To a given st. L. to apply a r 7 eq. to a given rectil. 

fig., and exceeding by a / 7 sim. to another given ZZI7. 

ScH. The algebraical signification of Pr. 27, 28, & 29, bk. VI. 

Use 1°. To exscribe to a given A, a /~~7 eq. to a given lectil. fig., and 
having an 21 = to one of the / s of the given A* 

2°. To a given st. L. to apj^y a rect which shall be eq. to a given 
square, and exceeding by a square. Or, To produce a given st L. so 
that the rect. under its external segs may be eq. to a given space, as (7. 

3°. To a given L. to apply a rect. that shfdl be eq. to a given rect, 
and exceeding by a square, as on BS. Yariations (tf the F^b. 

30. 358. To cnt a given st. L. in extreme aad mean ratio ; t. e. so 

that the whole L. shall be to the gr. e^. as the gr. 
seg. to the less. 
Sen. 1. A L. thus divided, divided medioEy % medial ratio. 

2. This Frob. belongs to a class whieh relate to incommen9urable Ms. 
Theor. Let there be two Ms of the same kind, P & Q; and let P be 
contained in Q a certain no. of times which istoPasP istoQ; then 
the Ms, P and Q shall be incommensorable. 

3. Or this 30th Prob. may be considered as a partienlar case of the 
Pbob. To divide a line so that the rect under the whole L. and one 
part shall bear a given ratio, asm: n, to the square of the other part 

4. Two lines in ext and mean B. are cut similarly ; and conversely. 

5. Numerically to approximate to the ratio of incommensurables. 
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TJbe. This Prop, employed in Eucus's 13th Bk. on the Platonic Solids. 
Pbob. 1°. On a given L. to construct a rt. ^d Aj the sides of which 
shall be in cont. or geom. progression. 

FsoB. 2°. The altitude of a rt /.d A being given, of which the sides 
are in a given B., to find the sides. 

Pbob. 3^ Given, a, b, two sides of a Ay and the diam. d, of the circum- 
scribing 0, to find the other side, c, 

BUOLID's THEOBBMS ABE TWENTT-THBBE ; THE 8UB6IDIABT TWELVE. 

Ptop. 1, 2, 3 ;— A,4, 6, 6, 7, 8 ;— 14, 15, 16, 17 ;— 19, 20, 21, 22 ;^Lemma. 
23, 24, 25, 26, 27 ;— 31, 32, 33 ;— B, C. D ;— E, F, G, H, K, L, M. 

1. 252. Triangles and parallelograms of the same altitude are to 
one another as their bases. 

Cob. 1. Triangles & / 7 s with eq. altitudes are one to another as their 
bases ; & conversely, 

2. Any two As or / 7 b. are to one another in the B. compounded of 
the Bs of their altitudes and of their bases. 

3. The rect. under two lines is a mean propl. between their squares. 

4. If two As or two / 7 s be as their bases, they have eq. altitudes ;. 
and if they have eq. altitudes they have eq. bases. 

ScH. 1. This Proportion might have been directly inferred. 

2. Propositions distinguished by the name Variant, 

3. One quantity does not vary as another, because it varies withit. 
Use. Prom a trapezium to cut off a third part 



2- 257. If a st. L. be drawn || to one of the sides of a A , it shall 
cut the other sides, or these produced, proportionally ; 
and conversely. 

Cob. If the sides of an /. be cut by any no. of parallels, any two pts. of the 
one will have the same B. to one another, as the corresponding parts of 
the other. 

ScH. !• The Enunciation not sufficiently explicit. 

2. The theory of Transversal lines is connected with this Prop. 

3. The ways in which a st. L. may be cut in a given Batio. 

4. Parallel lines cut diverging Unes proportionally. 

Use 1. For the measurement of the height of an inaccessible object which 
casts an accessible shadow. 
2. To divide a given L. into parts propl. to those of another It, 

3. 260. If the Z. of a a be divided into two eq. /.s by a st. L. 
which also cuts the base; the segs. of the base shall 
have the same B. which the other sides of the A have 
to one another ; and conversely. 



482 IKDEX. 

A. 262. If the outward Z. of a a, made by prodacing one of its 
sides, be divided into tTvo eq. /is, by a st. L., which 
also cuts the base produced; the segs. between the 
dividing line and the extremities of the base, have the 
same E. which the other sides of the A have to one 
another ; and conversely. 

Cos. 1. The segs. of the base produced made by the external bisector are 
propl. to the segs. of the base made bv the internal bisector. 

2. The two lines bisecting the vert. /. and its adj. ext. /., cut the 
base produced harmonicaUy. 

3. Also the two sides ot a A| and the lines which bisect the* vert. & 
ext vert /.s are liarmonicah. 

4. If BG, BC & BD, in the same st. L. beinharmonical progression, 
DC, DG & DB, will also be in harmonical progression. 

ScH. Case in which there is no point of external bisection &c. 

Use 1. The harmonic mean obtained from the harmonic proportion. 
2. Applied to Optics and Acoustics. 

4. 2G5. The sides about the eq. ^is of eq. ang. as are propor- 

tionals; and those which are opp. to the eq. /.s are 
homol. sides. 

Cob. 1. If diverging Ls, cut par. Ls, the par. Ls will be cut proportionally. 

2. If two par. st. Ls be cut by any number of diverging Ls, the 
parallels will be similarly cut in the . s of section. 

3. In a A) a L from the vertex, bisecting the base also bisects the 
parallel to the base. 

4. A par. to the base of a A cuts off a slm. A. 

ScH. 1. Homologous sides, — ^homologous terms. 

2. Only in As, if their /.s are eq. their sides about the eq. ^s are 
propl. 

5. 268. Important. Conversely, — If the sides of two as, about 

each of their /.s, be propls, the as shall be eq. ang.; 
and the eq. Z. s shall be those which are opp. to the 
homol. sides. 

269.- Sen. Pr 47, 47, 1, and 4, 5, VI contain the principles of every kind 
of rectilineal Measm-ement. 

Use 1. The Theory of Representative Value,— the Practice of Triangu- 
lation, and various other methods of Practical Geom. depend on Pr. 4 
& 5, bk. VI. 

2. For Practical Purposes Eight Problems and Pormulas deduced ; 
1°. Given the observed length of the shadows of two perp. objects, and 

the alt. of one, to find tke alt. of the other. 
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2°. By means of a mirror placed horizontallj, the l_ of incidence being 
= the /. of reflection, to ascertain the height of a perp. object 

3^. To find the height of a perp. object, by means of two nneq. rods or 
poles, placed perpendicularly on a horizontal line. 

4^. By means of a pole placed perp., to ascertain the alt, of a perp. ob- 
ject 

5^. By a Greom. Square to measure the height of an object. 

6^. By tiie same means, with an index to point to the extremities of two 
objects, of whic|i one is in the vertex of a rt /. ; to measure the 
diatanct, 

7° To find, by aid of the cross staff, or theodolite, the distance between 
two objects. 

8^. By means of a L. of which the lengdi is known, to find the length 
of its parallel, one end of which only can be approached. 

The Proportional Compasses, Pentagraph, and Eidograph. 

6. 275. If two AS have one Z. of the one = one Z. of the 

other, and the sides about the eq. /. s propl., the A s. 
shall be eq. ang., and shall have those Z.s. eq. which 
are opp. to the homol. sides. 

Cor. 1. The sides also about each pair of eq. ^s shall be propl. 

2. If through any . s of a rt L. parallels be drawn, proportional to 
distances from any . A in that st L., then their extremities will be on 
the rt. L. passing through A. 

U^ 1. Conditions of similarity between one reclil. figure and another. 
2. SiuL rectlL figures may be diyided into the same no. of sim. As. 

7. 278. K two AS, have one /_ of the one = one Z. of the 

other, and the sides about two other z. s propls. ; then, 
if each of the rem. Z. s be either < or <[ a rt. Z. , or 
if one of them be a rt. Z. , the a s shall be eq. ang. 
and shall have those Z.s. eq. about which the sides 
are proportionals. 

Sqh. Angles when of the same affection, 

UsB. The criteria of the similarity of two As > ^°« Equality of the three 
Z.S. 4, VI. 2°. Identity of the Bs of the respective sides, 6, VI. 3°. 
Equality of two /^s, one in each A> and the identity of the Rs of the 
contaimng sides, 6, VI ; 4°. Identity of the Rs of two sides in each 
A ; the equality of an /_ in each opp. one pair of homol. sides ; and 
ea^ of the rem. Z& opp* the other pair of homoL sides < a rt. Z.> or 
one of them a rt Z.* 

8. 281. Important, — In. a rt. Z.d A, if a perp. be drawn from the 

rt. Z. to the base ; the a s on each side of it are similar 
to the whole A and to one another. 

d2 
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Cob. 1. The perp. from the vert of the rt. /. to the opp. side, is a mean 
propl. between the segs. of this side ; and also each of the sides, including 
the rt. /. is a mean propL between the opp. side and the seg. of it adj. 
to that side. 

2. The segs. of the hyp. made hj the perp. are to one another as the 
squares on the sides of the rt /.. 

3. The squares on the sides about the rt Z_ and on the hyp. are to 
each other as the segments of the hyp. made by the pexp. and the hyp. 
itself. 

4. If the base of a A, the two sides, and the perp. be four propor- 
tionals, the A must he rt. ^d. 

ScH. Prop. 8 and its deductions are particular cases of the general principle ; 
** If from the vert of a At two Ls be drawn to the base, making the /_8 
at the base or their supplements each eq. to the vert. /_ ; then the As 
formed by those lines, and by the seg. which each cuts off, shall be sim. 
to the whole A and to one another. 

Use 1. A very clear and brief dem. of Pr. .47, Bk. L 

2. By this Prop, and a Square inaccessible distances may be measured. 

3. In a any chord is a mean propl. between the diam. and the seg. of 
the diam. which is drawn from one extr. of the ch., and cut off by a 
perp. let fall from the other extr. of the chord. 

14. 310. Eq. / — 7 Sj which have one Z. of the one = one Z. of the 

other, have their sides about eq. Z.s reciprocally propl. ; 
and conversely. 

ScH. 1. When two / — 7 8 have eq. areas and their sides reciprocally propI» 
they will be eq. ang. 
2. The Prop, applicable also to As. 

15. 311. Eq. AS which have one Z. of the one = one Z. of the 

other, have their sides about the eq. Zs reciprocally 
propl. ; and conversely. 

Use. To construct an isosc. A = a given scalene A» and with the same 
vert. Z' 

16. 314. Very important. If four st. Ls. be propl. the rect. con- 

tained by the extremes == the rect. contained by the 
means ; and conversely. 

Cob. Bectangles which have their sides about the rt. Zb. reciprocally 
propL are equal ; and conversely. 

ScH. 1. Definition of Rs reciprocaily proportional. 

2. Prop. 16 may be deduced from this Definition ; and 1**. A R. 
compounded of recip. Ks. is a B. of equality. 2°. If a R of equality be 
compd. of two Rs. they must be reciprocals ; 3°. The sides of.eq. 
rects. are four proportionals. 

3, The equality of the two Rs. converted into the equality of two 
rectangles. 



i 
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4. The doctrine of Limits needed for incommensarable Ms. 

5. Thbos. 1^ If there be two fixed Ms, A & B, which are the 
limits of two others, P and Q, and if F be to Q alw^s in the same 
given R. of C to D ; then A shidl be to B in the same R. 

Thbor. 2^. If four st Ls. be propls, (whether commensurable or 
otherwise) the rect. under the extremes will be = rect under the means. 

UsB. The Theory of Limits applied ; 1°. Rectangles having the same alt. 
are to each other as their bases ; 2°. Rectangles are to eadi other as the 
product of their bases by their altitudes ; 3°. Among other theorems the 
rect contained by any two sides of a A is eq. to the rect contained by 
its alt, or perp. to the third side from the opp. ^ and by the diam. of 
the circumscribing 0. 

17. 321. OoB. to Pr. 16. If three st. Ls. be propls, the rect. 
contd. by the extremes = the Sq. of the mean ; and 
conversely. 

Use. 1. The Demonstration of Proportion in Arithmetic, or the Rule of 
Three. 

2. A clear dem. of 47, L ; In a rt /.d A, Hyp}=^8id^ + sidt?, 

3. Deductions stated in other words. 

4. Instances in which Props. 16 and 17 shorten the demonstrations. 
1^ If £^m a . there be drawn two st Ls, one a tang, to a 0, the other 

a secant, then the tang. wiU be a mean propL between the whole secant 
and its extseg. ; 2^ If from a . there be drawn several st. Ls., cutting 
t^e 0, then the whole secants will be one to another invtrsdy as their 
ext B^ment 

19, 328. Very important, Sim. triangles are to one another in the 

duplicate R. of their homol. sides ; t. e., as the squares 
of their like sides. 
Cob. If three st Ls. are propls., as the Ist to the 3rd, so is any A on the 

Ist to a sim. and sim descnbed A on the 2nd. 
ScH. The duplicate R. of two st. Ls. is the same with the R^ of their 

squares. 
Use. a general method of reasoning thus supplied ; for, the areas of siuL 

As are to another as the squares for the corresponding sides. 
In sim. As, when any side of one A is double that of the other, the area of 
. one A = 4 times that of the other. 

20. 831. Bim. Polygons may be divided into the same no. of sim 

A s, haying the same E. to one another that the poly- 
gons haye ; and the polygons haye to one another the 
duplicate B. of that which their homol. sides haye. 

Gob. 1. Sim figures of four, or of any no. of sides, are to one another in 

the duplicate R. of their homol. sides. 
Cob. 2. If three Ls. be propls., then, the first shall be to the 3rd as any 

poL on the Ist to the sim. and similarly described poL on the 2nd. 
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Cob. 3. The B. of anj two squares to one another is the same with the 

dnplicate B. of the sides. 
Cos. 4. In sim. figures their perimeters are to one another cu the B. of 

the homol. sides. 
Cob. 5. Perimeters of sim. figures are as their homol. diagonals. 
Cob. 6. Circles are to each oSier (u the squares of their respectire diams. 

radii and 0ces. 
Cob. 7. If on the three sides of a rt /Jl a» sim. figures he described, as 

semicircles, the fig. on the hyp. := the sum of the Sim. figures on the 

two sides. 
Cob. 8. Hence, Lunes on the sides of a rt. /_^ ^ are equal in area to the 

rt. Z.d A. 
Use 1. A rt. lined figure may be increased or diminished in any B. 

2. The Proportion of one sim. figure to another is found by obtaining 
the 3rd propl. to any two corresponding sides. 

3. The increase or diminution of 0s efiectedin the same way. 

4. Of the areas and corresponding sides of sim. figures, any three 
being*giyen the fourth may be readily found. 

21. 337. Eectil. figures which are sim. to the same rectil. fig. are 

also sim. to one stnother. 

ScH. This Prop, similar to 30, 1. Knd II, VI. 

22. 388. If four st. Ls. be propls., the sim. rectil. figures similarly 

described upon them shall also be propls. ; and con- 
v&rsely. 

Cob. If four st. Ls be propls, their squares shall be propls ; and conversely. 
SoH. If t^o Bs be eq., their duplicates and subduplicates, or powers and 

roots shall be equal. 
UsB. This Pr. is often employed in Arith. and Alg. ; If four quantities or 

numbers are in proportion their like powers or roots are also propls. 

340. Lemma. If rectil. figures be eq. and sim. their homol' 
sides are equal. 

23. 340. Eq. d,ng. parallelograms hare to one another the B. com- 

pounded of the K. of their sides. 

Cob. 1. If the terms of two analogies are Ls, the rectangles mider their 

corresponding terms are propL 
2. Hence, Bectangles whose bases are propl, and also their alts, are 

prgpl. 
UsB. To describe a rhombus eq. to a given rectil. figure, and having an 

^ us a given /.. 

24. 843. Parallelograms aboTit the diam. of any /""^ are sim. to 

the whole and to one another. 
Usb. This Prop, is available in Perspective. 
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26. 346. If two sim. parallelograms have a com. Z. , and be simi- 

larly situated, they are about the same diam. 

ScH. This Prop, the converse of 24. VL 

27. 847. Of all r — 7 8 applied to the same st. line, and deficient by 

/~~7 s sim. and similarly situated to that which is 
described upon the half of the L. ; that which is applied 
to the half, and is sim. to the defect, is the greatest. 

Or, Of all the rectangles contd. by the segs. of a given st. 
L., the greatest is the square described on half the L. 

Use. tn a giyen A to inscribe the greatest parallelogram possible, having 
an /, in common with the A* 

31. 363. Important. In rt. Z.d as, the rectil. fig. described on the 

side opp. to the rt. Z , is = the sim. and similarly 
described figures on the sides containing the right £, . 

ScH. 1. A very comprehensive I*rop., but one stiU more general is,— If any 
/ 7 8 be described on the two sides of any A, and if the sides of the /~~7 s 
be produced to meet, and if that , of intersection and the vertex of the 
A be joined, and the L. produced ; then these / 7 8 are eq. in area to a 
described on the base, and having two of its sides parallel to the 



L. produced through the . of intersection and the vertex, and limited by 
the sides of the two / 7s. 

2. A circle with the hyp. of a rt. ^d A for diam. is equal in area to 
the two 08, having the oUier two sides for diameters. 

32. 366. If two AS which have two sides of the one propl. to two 

sides of the other, be joined at one Z. > so as to have 
their homol. sides par. to one another ; the rem. sides 
shall be in a st. L. 

ScH. The position of the given sides, not homol., must form an /_ at the 
. of junction. 

33. 367. In eq. ©s, /.s, whether at the centres, or ©ces, have the 

same E. which the ©ces, on which they stand, have to 
one another; so also have the sectors. 

Cor. 1. The sectors are to each other as their /_%, 

2. Sim. sectors of the same or eq. ©s are equal. 

3. An /i at the centre of a © is to four rt /.s a« the arc on which it 
stands to the ©ce of the ©. 

4. In difierent ©s the arcs of eq. ^s at the centres or ©ces are similar. 

5. Hence, sim. segments are contained by sim. arcs, and vice versa. 

8cH. Some Editors of Euclid substitute the three foUowing Ptopositionsf 
applicable to the sameoi equal circUs, 
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Prop. 33. a. /.s, whether at the cent, or at the 0ces, have the same R.ad 
the arcs on which they^ stand. * 

Cor. The arcs are also propl. when incommensniable. 

Prop. 33. b. The sectors on eq. arcs are equal. 

Prop. 33. c. Sectors have the same R. as the arcs on which they stand. 

Cor. They must also be propl. when incommensurable. 
The /. at the cen. of a is measured by the arc on which it stands. 

Use 1. If arcs of different 0s have a com. chord, the Ls diverging from 
one of its extremities will cut the arcs proportionally. 

2. The arcs of uneq. 0s are in a B, compd. of their central Z_b and 
then: radii. 

3. Central /_b are in a R. compd. of the direct B. of their arcs, and 
the inverse R of their radii. 



Subsidiary Propositions. 

B. 373. If an ^^ of a a be bisected by a st. L., whicb likewise cuts 

the base; the rect. contained by the sides of the A is 
eq. to the rect. contained by the segs. of the base + 
the sq. of the st. L. which bisects the base. 

Cor. The rect of the sides + the sq. of the L. which bisects the ext Z. = 

tie rect. of the whole L. produced and the ext. seg. 
Scir. Pr. B and its corollary may be combined. 

C. 374. If from any /. of a a a st. L. be draym perp. to the base; 

the rect. contained by the sides of the a = the rect. 
contained by the perp. and- the diam. of the described 
about the A . 

CoR. If two AS be inscribed in the same or in eq. 08, the rect. under the 
two sides of the one shall be to the rect. under the two sides of the other, 
as the perp. from the vertex to the base of the one is to the perp. from 
the vertex to the base of the other. 

D. 375. The rect. contained by the diags. of a quadril. fig. inscribed 

in a is eq. io both the rectangles contained by its 
opp. sides. 
ScH. Pt6lbmt*8 Theorem. Imitativcness of Eucli1>'s editors^ 

£. 377. The diagonals of a quadriL inscribed in a are to one 
. another as the sums of the rectangles under the fiidea 
adj^ to the extremities of those diagonals. 
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tTflE. To solve the Prob. ;— Given four st Ls, any three of which are 
together > the fonrth, to construct a qoadril, of which the sides shall 
be 3= those four given st. Ls., in a giVen oider, each to each, and of 
which also its angular .8 lie in the 0ce of a 0. 

P. 878. If a seg. of a © be bisected, and from the extremities of 
the base of the seg., and from the , of bisection, st Ls 
be drawn to any , in the ©ce; the sum of the two Ls 
from the extremities of the base, will have to the L. 
from the , of bisection the same K, which the base of 
the seg. has to the base of half the seg. 

G. 379. If two * s be taken in the diam. of a ©, or of the diam. 
produced, such that the rect. contained by the segs. 
intercepted between them and the cen. be eq. to the sq. 
of the semidiam. ; and if from these . s two st. Ls be 
inflected to any , whatever in the ©ce of the ©, then 
the R. of the Ls inflected will be the same with the R* 
of the segs. intercepted between the two first-men- 
tioned . s and the ©ce of the ©. 

Cob. 1. In the fig. ^ FBEis bisected by AB. 

2. Also the ext. vert. /. EBG is bisected by BC. 

H. 381. If from one extr. of the diam. of a © a chord be drawn, 
and a perp. cut both the diam. and the chord, either intr. 
or extr., the rect. under the diam. and its seg. reckoned 
from the extremity is eq. to the rect. under the chord 
and its corresponding seg. 

K. 381. If the Z.S at the base of a a be bisected by two Ls that 
meet, and the ext. Z_B&t the base, formed by producing 
the tyfo sides, be sim. bisected; then the two . s of con^ 
course, and the vertex shall be in one st. L. which shall 
bis. the vert. £ . 

L. 383. In a A , as with last Pr., K, the segs. of each side pro- 
duced that are intercepted between the vertex and the 
extn. perps. are each = the semiperimeter of tlje a ; 
the segs. of these sides next the rect. are =s the excess 
of the semiperimeter above the base; and the seg. of 
each of these sides next the base is respectively = the 
excess of the semiperimeter above the other side. 
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M. 384. The area of a a is a mean propl. between two rectangles, 
the sides of which are eq. to the semiperimeter and its 
excess aboye the base, and the sides of the other eq. to 
the excesses of the semiperimeter above the other two 
sides. 
COK. Let S denote fiemiperimeter, and a, b, c the sides opp. ^8 A, B, C ; 

the Area of A = /s/ s (s — c) (s — a) (s — b,) 
Use. The SoL of the Frob. Given the three sides of a A to find the Area. 



Bemarks. 

, 1. 385. The 6th Book treats chiefly oi similar rectiL and cnrviUneal fignres. 
2. 886. The Book contains 33 Frs. hj Euclid, of which 10 are Probs. & 
23 Theors ; there are 13 Subsidiaiy Theorems A— M. 

5. The most important Problems and Theorems. 
4. An approximate Classification of the 6th Book. 

6. Thirty-three nsefiil Problems additional to those of Ettclud. 

6. 387. Fifteen additional Theorems referred to in the notes. 

7. 388. The sixth Book the Head and Crown of Plane Geometry. 



CoBBIGENJbA. 

The errors to be foand in Mathematical works, even in those oi high repute 
prove the difficnl^ of avoiding them, especiaUy when signs and abbreviations 
axe freely used. Besides, the printing was undertaken by those who were not 
accustomed to mathematical work; and there was also an unavoidable change 
of workmen ; hence without much real blame to any one, the mistakes aie 
more than they would have been ; few, however, extending to any error in the 
reasoning. 

Along with the remark in the Pre&oe on the same subject, — will the Beader 
accept tiie quaint apology of an bid Editor of Euclid ? '< Some mistakes will 
still remain, which when thou chancest to meet with correct with the pen, so 
shalt thou do right to the Author, and supply the defects of the Bevisori and 
in both doe good to thyself^' — Budd's Nuclides Elements, 

N3. — ^In Column 1, the page is given, P ; in CoL 2, the line, L, the aiabic 
numeral on the left hand denoting the lino from the top of the page, — that on 
the rightj the line from the bottom ; in Col. 3, the collection, corr. ; and in 
Col, 4, the printed error, err. 
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P. L. 
8 20 
11 8 
17 2 
39 19 
44 1 
82 4 
85 1 
99 12 

104 17 

108 

110 2 

115 19 
22 

120 6 



6 



corr. fair err. 
Pst. 2. 3 
16, L 10, L 
FC; FG ; 

AC-CB;=OB; 

• • • 

• • • 

A AD 

FD ED 

DEB DEF 

rad, diam. 

in L ; in I ; 

IZZ]; D ; 

ZCADZ.CAG 

DB CB 



126 


4 


* arcE&c. F&c. 


128 


6 


30,TTT. 


?8,lll. 


172 




16 KC 


Kr^ 


176 




20 /. B 


m 
• • 


178 


7 


contains =; 






GH 


GA 


179 


11 


C=F 


C=E 


182 




11 or< 


or > 


187 




14 > 


< 


1«8 


1 


:C, 


:A. 






12 F, 


E, 


192 




7 C:D, 


B:E, 


194 3 


D> 


B> 


197 




20 f 


f 


198 


2 


>nD 


<«D 


201 


IG 


KX, 


KH, 


202 


14 


C:D 


C:C 



P. 

205 
206 
207 
208 
209 
210 



214 
219 

221 



272 



289 



L. corr. 

3 or< 
8 DF; 
13 CF 

6 A', 
12 ay 



for err. 
or > 

DE; 

CE 
A, 



211 7 ^-. 



222 

230 10 
235 



8 DF(6m) EF 

& 4th, & 5th, 
22 32 
a' ^ 

C b' 
14 A 12 Hl2 

iscompd. and 
7 continued con- 
tained 



8 iL 



236 11 ^B 
Jl fr; 
10 B 
8 A' 



5 B 

4 of B 
8 DE, 
areas 



238 

250 

255 

261 14 •/ 

264 21 GD, 

3,4 CB 

6 
2 



B' 
A 

R 

Of R 

EF, 

are 






C 

HC, 



302 6,11 BC ; 



CD, 

EB 

E 

AC, 

AC; 



12 ADC, ABC, 



P. 
311 
320 
325 
329 
330 
331 



L. 
2 
6 

14 

11 

3 



1 
6 

335 12 
15 

336 11 

348 12 
353 18 
356 4 

8 

356 9 

357 21 

358 8 
362 6 

15 
364 12 
865 9 
375 7 
a93 11 



402 
406 
413 
421 



13 
1 
1 
8 



423 10 
428 2 
432 8 



corr. for err. 

triangles angles 

Cor. 3. Cor.33. 
• • • 

omit EF or 
6480 3240 



6480 

.969 

AB 

AC 

2X2 



3240 

.973 

CB 

AB 

2X2 



EB EL 
36, L 31,1. 
To exscribe 
10, L 31,1. 
46,1. 45,1. 
EC EB 

CB AE 

• • • 

33,1. 31,1. 
5,rV. 4, VI. 

eqnil. equal 

4 times 4 lines 

5 and and 
93 97 
^A • ^ ; 
C:D B:E 
up into up 
47, 48, 47, 47. 
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46 
208 



L. 
1&3 



Errata, 
Involving an Error of Reasoning. 



remove the bracket. 
16 BouC, CooD, /oroj 
B : C CD 
255 1 add /. A* : A.B = 

A.B :B\ 
259 14 BG : AG /or AG :BG 

270 17 & 20 GB for CB 
276 7 Ac, Ad for 6c, cd 



P. 


L. 






332 3 






read in the duplicate 
ratio of AB : FG. 


354 6 






The full argument not 
given. 


359 




16 1 


{read) times with a re- 
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sndLjtiMai. 

Price 2s. id., 

EABLT OATS. Br SAMUEL BAMFOBD. Seoond Bditloii, 
Revised and Correoted by the Author. 

Now ready. Price Twopence, 

TRADE SOCIETIES AND STRIKES; their Rood and evil inflncaoeB on the 
Members of Trades' Unions, and on society at large. 

By JOHN WATTS, Ph. D. 
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Also, by the same Author, Price Twopence, 
ACHINERT AND THE WORKING CLASSES. 



rpHE ILLUSTRATED HISTOBT OF ENGLAHD, from the Earliest Periods to 
A the Present Time ; desij^ned and specially adapted for use in Schools and Priv&te 
Families. By Tbokas and Francis Bd&uxx, joint anthers of ** Popalar Education ** 
Opublished under the patronage of the QuMm) ; the former also author of ** Pictures el 
Genius,** '* Popular Sketches of Celebrated Characters,** &c., &c. 

In the preparation of this worlc the writers, long erperienced in the art ni Tuitio«, 
have spared no labour in ordef to supply a felt want. Among the various distinctive 
foatores of the History will be found such a collection of well-authenticated facts as can 
nowhere else be met with in an equal space; while the causes and consequences o^ 
the great events in History, with their bearings on the British Constitution, will always 
be carefully exhibited. "Hie numerous Illustrations, the simplicity* yet not childish- 
ness, of style, the convenience of arrangement, tile sustained life and spirit of History, 
na less than the price, wHl fit this claas-boolc for general use. As a text-book for 
Students preparing for the Oxford or other examinations it will be specially viklnablfO. 

The Questions may be had separately, in cloth, price 4d. 

Hancbxstsr: John Heywood. London : Simpkin, Harslian, & Co. 
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The Fonrtli Bditlon of the People's Dlotlonary of the Bible. 

NOW BRADY. Parts 1, 2, and 8 of THE PBOPLS'S DIOTIONABY 
OF THB BIBLE, Fourth Edition, revised, witii a ST7PPLBMENT, 
bringing down the contents to the present state of the most advanced seholarship ; to 
be completed in 42 montlllj nmUMn at OcU each, forming 2 vols., demy 8vo, 1$S9 
pages, double columns, with illustrative Mu», and above 1000 illustrative Engravings; 
price, neatiy bound in cloth, 22s : by JOHIT B. BEARD, D.D., ome of the contributors 
to Dr. Kitto*s " Cyclopaedia of Biblical Literature ;** and author of ** Self-Culture," &e. 

** We hi^vB becm led to form a very favourable opinion of the ddll and industry VMch 
have been put forth by the accomplished Editor.**^ EoangtUcal Magazine, 

** This mstionary contains a vast amount of information on almost every subjeet 
•OQDected with Biblical literature." Wutvnimter Rtmm. 

"It is firee from all doctrinal or sectarian peculiarities, and so is snited to the use ef 
•n Ghxistians." Christian Examiner , Boston (U.S.) 

MiOAhfliter: John Heywood. London: SiXQpkiii,Viun||«)l,liCo« 

Boston : (U.S.) Walker, Wise, ft Co. 



